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Abstract. In this paper, a q-analogue of r-Whitney-Lah numbers, also known as (q, r)-Whitney-
Lah number, denoted by Lm,r[n, k]q is defined using the triangular recurrence relation. Several
fundamental properties for the q-analogue are established such as vertical and horizontal recurrence
relations, horizontal and exponential generating functions. Moreover, an explicit formula for (q, r)-
Whitney-Lah number is derived using the concept of q-difference operator, particularly, the q-
analogue of Newton’s Interpolation Formula. Furthermore, an explicit formula for the first form
(q, r)-Dowling numbers is obtained which is expressed in terms of (q, r)-Whitney-Lah numbers and
(q, r)-Whitney numbers of the second kind.
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1. Introduction

The Lah numbers L(n, k) are the connection constants between the rising factorial
and falling factorial polynomial bases and count partitions of n distinct objects into k
blocks, where objects within a block are ordered (termed Laguerre configurations) [8].
The classical (signless) Lah numbers L(n, k) = n!

k! (
n−1
k−1) may be expressed in terms of the

Stirling numbers s(n, k) and S(n, k) of the first and second kind, respectively:

L(n, k) =
n∑
j=k

s(n, j)S(j, k). (1)
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Cheon and Jung [1] defined the r-Whitney-Lah numbers Lm,r(n, k) in terms of the r-
Whitney numbers of the first kind wm,r(n, k) and second kind Wm,r(n, k)

Lm,r(n, k) =

n∑
j=k

wm,r(n, j)Wm,r(j, k), (2)

which generalizes the identity for the Lah numbers in terms of the Stirling numbers of the
first kind s(n, k) and second kind S(n, k).

The importance of a q-analogue is related to a mathematical expression parameterized
by a quantity q that generalizes a known expression and reduces to the known expression
in the limit, as q approaches 1.

Corcino et al[5] established a q-analogue of Sn,k(a) denoted by σ[n, k]β,rq , given by

σ[n, k]β,rq = σ[n− 1, k − 1]β,rq + ([kβ]q + [r]q)σ[n− 1, k]β,rq

and obtained some properties including vertical and horizontal recurrence relation, hor-
izontal generating function, explicit formula, as well as exponential generating function,
rational generating function, and explicit formula in homogeneous symmetric form. It is
well-known that the Rucinski-Voigt numbers are also known as r-Whitney numbers of the
second kind, denoted by Wm,r(n, k) by Mező [10].

Corcino and Montero [5] defined a q-analogue of r-Whitney numbers of the second
kind which are exactly the same numbers with the Rucinski-Voigt numbers, in a form of
triangular recurrence relation.

On the other hand, Cheon and Jung [1] defined the r-Whitney-Lah numbers, denoted
by Lm,r(n, k), in terms of the r-Whitney numbers of the first kind wm,r(n, k) and the
second kind Wm,r(n, k)

Lm,r(n, k) =

n∑
j=k

wm,r(n, j)Wm,r(j, k),

which generalizes the identity for the Lah numbers in terms of the Stirling numbers of the
first kind and the second kind

(−1)nL(n, k) =
n∑
j=k

(−1)js(n, j)S(j, k).

Other properties for Lm,r(n, k) were established by means of its horizontal generating
function:

〈x+ 2r|m〉n =
n∑
k=0

Lm,r(n, k)(x|m)k,

where

〈x+ 2r|m〉n =

{
(x+ 2r) . . . (x+ 2r + (n− 1)m), n ≥ 1

0, n = 0,
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and the triangular recurrence relation

Lm,r(n, k) = Lm,r(n− 1, k − 1) + (2r + (n+ k − 1)m)Lm,r(n− 1, k),

with Lm,r(n, n) = 1 for n ≥ 0 and Lm,r(n, n) = 0 for n < k, or n, k < 0. We can use the
triangular recurrence relation to generate the first values of Lm,r(n, k).

Cillar and Corcino [2] defined the q-Analogue of r-Whitney-Lah numbers which is
parallel to Cheon and Jung’s definition of r-Whitney-Lah numbers

Lβ,r[n, k]q =
n∑
j=k

φβ,r[n, j]qσ[j, k]β,rq .

where φβ,r[n, j]q and σ[j, k]β,rq is equivalent to wβ,r[n, j]q and Wβ,r[n, j]q, respectively.
They also obtained some combinatorial properties. Their results are as follows:

(i) Horizontal generating function:

〈t+ 2[r]q|[β]q〉n =
n∑
k=0

Lβ,r[n, k]q(t|[β]q)k

where

〈t+ 2[r]q|[β]q〉n =

{
Πn−1
i=0 (t+ 2[r]q + [iβ]q), n > 0,

1, n = 0.

(ii) Recurrence relation:

Lβ,r[n, k]q = Lβ,r[n− 1, k − 1]q + (2[r]q + [kβ]q + [(n− 1)β]q)Lβ,r[n− 1, k]q,

with Lβ,r[0, 0]q = 1 and Lβ,r[n, k]q = 0 for n < k or n, k < 0.

Recently, a q-analogue of r-Whitney numbers of the second kind Wm,r[n, k]q, also
known as (q, r)-Whitney number of the second kind, was introduced in [3, 6] by means of
the following triangular recurrence relation:

Wm,r[n, k]q = qm(k−1)−rWm,r[n− 1, k − 1]q + [mk − r]qWm,r[n− 1, k]q. (3)

From this definition, two more forms of the q-analogue were defined in [3, 6] as

W ∗m,r[n, k]q := q−kr−m(k2)Wm,r[n, k]q (4)

W̃m,r[n, k]q := qkrW ∗m,r[n, k]q = q−m(k2)Wm,r[n, k]q, (5)

where W ∗m,r[n, k]q and W̃m,r[n, k]q denote the second and third forms of the q-analogue,
respectively. Corresponding to the q-analogues in equations (3), (4) and (5), three forms
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of q-analogues for r-Dowling numbers (also known as (q, r)-Dowling numbers) were also
defined as follows:

Dm,r[n]q :=

n∑
k=0

Wm,r[n, k]q (6)

D∗m,r[n]q :=

n∑
k=0

W ∗m,r[n, k]q (7)

D̃m,r[n]q :=

n∑
k=0

W̃m,r[n, k]q. (8)

The focus in this paper is on the first form of the q-analogue. The following results are
obtained for the first form (q, r)-Whitney numbers of the second kind:

(i) Vertical and Horizontal Recurrence Relations

Wm,r[n+ 1, k + 1]q = qmk+r
n∑
j=k

[m(k + 1) + r]n−jq Wm,r[j, k]q (9)

Wm,r[n, k]q =

n−k∑
j=0

(−1)jq−r−m(k+j) rk+j+1,q

rk+1,q
Wm,r[n+ 1, k + j + 1]q (10)

respectively, where

ri,q =

i−1∏
h=1

q−r−mh+m[mh+ r]q

with initial value Wm,r[0, 0]q = 1.

(ii) Horizontal Generating Function

n∑
k=0

Wm,r[n, k]q[t− r|m]k,q = [t]nq . (11)

(iii) Explicit Formula

Wm,r[n, k]q =
1

[k]qm ![m]kq

k∑
j=0

(−1)k−jqm(k−j
2 )
[
k

j

]
qm

[jm+ r]nq . (12)

(iv) Exponential Generating Function

∑
n≥0

Wm,r[n, k]q
[t]nq
[n]q!

=
1

[k]qm ![m]kq
[∆qm,mkeq([x+ jm+ r]q[t]q)]x=0. (13)
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(v) Rational Generating Function

Ψk(t) =
∑
n≥k

Wm,r[n, k]q[t]
n
q =

qm(k2)+kr[t]kq∏k
j=0(1− [mj + r]q[t]q)

. (14)

The purpose of introducing these new q-analogues of r-Whitney and r-Dowling numbers
is to address the conjecture in the paper of Corcino-Corcino [4]. That is, to establish
the Hankel transform of the q-analogue of (r, β)-Stirling numbers, which are exactly the
r-Dowling numbers. In establishing the Hankel transforms of these three forms of (q, r)-
Dowling numbers, the Hankel transform of the third form was the first one being estab-
lished and followed by the second form. For the first form, it is still on the process of
constructing the method that can possibly be used to derive it.

In this paper, (q, r)-Whitney-Lah numbers will be introduced and properties of these
number will be establshed using the approach employed in [6]. The method used in the
paper of Cillar and Corcino [2] will also be used to obtain the properties of the (q, r)-
Whitney-Lah numbers. Moreover, this paper is concluded by deriving an explicit formula
for the first form (q, r)-Dowling numbers expressed in terms of (q, r)-Whitney-Lah numbers
and (q, r)-Whitney numbers of the second kind.

2. (q, r)-Whitney-Lah Numbers and Their Recurrence Relations

The definition of the q-analogue of r-Whitney-Lah numbers, also known as the (q, r)-
Whitney-Lah numbers, is given as follows.

Definition 2.1. The (q, r)-Whitney-Lah numbers Lm,r[n, k]q are defined by

Lm,r[n, k]q = q2r+m(k−1)+m(n−1)Lm,r[n− 1, k− 1]q + [2r+ km+ (n− 1)m]qLm,r[n− 1, k]q,
(15)

with

Lm,r[n, k]q =

{
0 if n < k or n, k < 0,
1 if n = k and n ≥ 0.

and

[t− k]q =
1

qk
([t]q − [k]q).

Remark 2.2. When q → 1, we obtain the triangular recurrence relation of r-Whitney-Lah
numbers, Lm,r(n, k), defined by Cheon and Jung [1]:

Lm,r(n, k) = Lm,r(n− 1, k − 1) + (2r + km+ (n− 1)m)Lm,r(n− 1, k)

with Lm,r(n, k) = 1 for n ≥ 0 and n = k,
and Lm,r(n, k) = 0 for n < k or n, k < 0.
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Remark 2.3. It can easily be verified that

Lm,r[n, 0] = [2r + (n− 1)m]nq .

By making use of (15), we can easily obtain the following two other forms of recurrence
relations and generating function.

Theorem 2.4. A q-analogue of r-Whitney-Lah numbers, Lm,r[n, k]q, satisfies the follow-
ing vertical recurrence relations,

Lm,r[n+ 1, k + 1]q =

n∑
j=k

q[2r+mk+m(n−j)]

(
k∏
i=0

[2r + (k + 1)m+ (n− i)m]q

)
Lm,r[j, k]q

with initial value Lm,r[0, 0]q = 1.

Proof. We replace n by n+ 1 and k by k + 1, then using (15), we have

Lm,r[n+ 1, k + 1]q = q2r+mk+mnLm,r[n, k]q + [2r + (k + 1)m+ (n)m]qLm,r[n, k + 1]q.

Using iteration method on (15) we have,

Lm,r[n+ 1, k + 1]q = q2r+mk+mnLm,r[n, k]q + [2r + (k + 1)m+ nm]q

{q2r+mk+m(n−1)Lm,r[n− 1, k]q + [2r + (k + 1)m+ (n− 1)m]qLm,r[n− 1, k + 1]q}
= q2r+mk+mnLm,r[n, k]q + q2r+mk+m(n−1)[2r + (k + 1)m+ nm]qLm,r[n− 1, k]q

+ q2r+mk+m(n−2)[2r + (k + 1)m+ nm]q[2r + (k + 1)m+ (n− 1)m]qLm,r[n− 2, k]q

+ . . .+ q2r+mk+m(k+1){[2r + (k + 1)m+ nm]q[2r + (k + 1)m+ (n− 1)m]q

. . . [2r + (k + 1)m+ (n− k)m]q}Lm,r[k + 1, k + 1]q.

Using the fact that Lm,r[k + 1, k + 1]q = Lm,r[k, k]q we have,

Lm,r[n+ 1, k + 1]q =

n∑
j=k

q[2r+mk+m(n−j)]

(
k∏
i=0

[2r + (k + 1)m+ (n− i)m]q

)
Lm,r[j, k]q.

Theorem 2.5. A q-analogue Lm,r[n, k]q satisfies the horizontal recurrence relation

Lm,r[n, k]q =

n−k∑
j=0

(−1)j q−2r−m(k+j)−nm rk+j+1,q

rk+1,q
Lm,r[n+ 1, k + j + 1]q

where

ri,q =

i−1∏
h=1

q−2r−mh−nm+m[mh+ 2r + nm]q

with initial value Lm,r[0, 0]q = 1.
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Proof. Using iteration method on (15) we have,

RHS =
n−k∑
j=0

(−1)jq−2r−m(k+j)−nm rk+j+1,q

rk+1,q

{q2r+m(k+j+1−1)+m(n+1−1)Lm,r[n, k + j]q + [2r + (k + j + 1)m+ nm]qLm,r[n, k + j + 1]q}

=
n−k∑
j=0

(−1)j
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q

+
n−k+1∑
j=1

(−1)j−1q−2r−m(k+j−1)−nm rk+j,q
rk+1,q

[2r + (k + j)m+ nm]qLm,r[n, k + j]q

=
n−k∑
j=0

(−1)j
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q +

n−k∑
j=1

(−1)j−1q−2r−m(k+j−1)−nm

∏k+j−1
h=1 q−2r−mh−nm+m[mh+ 2r + nm]q∏k
h=1 q

−2r−mh−nm+m[mh+ 2r + nm]q
[2r + (k + j)m+ nm]qLm,r[n, k + j]q.

Note that

k+j−1∏
h=1

q−2r−mh−nm+m[mh+ 2r + nm]q = (q−2r−m(1)−nm+m[m(1) + 2r + nm]q)

(q−2r−m(2)−nm+m[m(2) + 2r + nm]q)(q
−2r−m(3)−nm+m[m(3) + 2r + nm]q)

. . . (q−2r−m(k+j−1)−nm+m[m(k + j − 1) + 2r + nm]q).

Now, simplifying the RHS we have,

RHS =
n−k∑
j=0

(−1)j
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q +

1∏k
h=1 q

−2r−mh−nm+m[mh+ 2r + nm]q

=
n−k∑
j=0

(−1)j
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q +

1∏k
h=1 q

−2r−mh−nm+m[mh+ 2r + nm]q

n−k∑
j=1

(−1)j−1{(q−2r−m(1)−nm+m[m(1) + 2r + nm]q)(q
−2r−m(2)−nm+m[m(2) + 2r + nm]q)

(q−2r−m(3)−nm+m[m(3) + 2r + nm]q) . . . (q
−2r−m(k+j−1)−nm+m[m(k + j − 1) + 2r + nm]q)}

q−2r−m(k+j)−nm+m[2r + (k + j)m+ nm]qLm,r[n, k + j]q

=
n−k∑
j=0

(−1)j
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q +

n−k∑
j=1

(−1)j−1
rk+j+1,q

rk+1,q
Lm,r[n, k + j]q

=
rk+1,q

rk+1,q
Lm,r[n, k]q = Lm,r[n, k]q.
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3. Explicit Formula and Generating Functions

The ordinary generating function for the sequence (ar) is defined to be the power series

A(x) =
∞∑
r=0

arx
r.

It is a way of uniting the power series in compact form which describes the sequence as
coefficients of the variable xr determined by its power. Generating function is useful in
drawing combinatorial interpretation of a given sequence of numbers as well as in finding
asymptotic expansion of a given number. Motivated by the power series expansion of the
exponential function

e(x) =

∞∑
r=0

xr

r!
,

a generating function that expresses the sequence of numbers (ar) as coefficients of xr

r! ,
say,

E(x) =
∞∑
r=0

ar
xr

r!
,

is called an exponential generating function for (ar). If a number a(n, k) is a function of
two parameters n and k, then the generating function for a(n, k) can be expressed in two
forms: the horizontal and vertical generating functions.

The following generating function is the horizontal generating function for Lm,r[n, k]q
that expresses the values in the nth row of the array of numbers Lm,r[n, k]q (i.e., fixing
the value of n), as coefficients of the variable [t|m]k,q. This is necessary to obtain the
exponential generating function and explicit formula of Lm,r[n, k]q.

Theorem 3.1. A horizontal generating function of Lm,r[n, k]q is given by

n∑
k=0

Lm,r[n, k]q [t|m]k,q = [t+ 2r|m]n,q (16)

where

[t+ 2r|m]n,q =

{ ∏n−1
i=0 [t+ 2r + im]q, if n ≥ 1,
1, if n = 0.

Proof. To prove this, we will use induction. We now verify that (16) holds when n=0.

Lm,r[0, 0]q [t|m]0,q = 1 · 1 = 1 = [t+ 2r|m]0,q.

Suppose that it is true for some n > 0. Then,

n∑
k=0

Lm,r[n, k]q [t|m]k,q = [t+ 2r|m]n,q.
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Next, we show that

n+1∑
k=0

Lm,r[n+ 1, k]q [t|m]k,q = [t+ 2r|m]n+1,q.

Using (15) and the fact that. [t|m]k+1,q = [t|m]k,q[t− km]q, we get

n+1∑
k=0

Lm,r[n+1, k]q [t|m]k,q =
n+1∑
k=0

{q2r+m(k−1)+mnLm,r[n, k−1]q+[2r+km+nm]qLm,r[n, k]q}[t|m]k,q

=

n+1∑
k=0

q2r+m(k−1)+mnLm,r[n, k − 1]q[t|m]k,q +

n+1∑
k=0

[2r + km+ nm]qLm,r[n, k]q[t|m]k,q

=

n∑
k=0

q2r+mk+mnLm,r[n, k]q[t|m]k+1,q +

n∑
k=0

[2r + km+ nm]qLm,r[n, k]q[t|m]k,q

=

n∑
k=0

q2r+mk+mnLm,r[n, k]q[t|m]k,q[t− km]q +

n∑
k=0

[2r + km+ nm]qLm,r[n, k]q[t|m]k,q.

Note that [t − k]q = 1
qk

([t]q − [k]q). Since [t − km]q = [t + 2r + nm − 2r − nm − km]q =

[(t+ 2r + nm)− (2r + km+ nm)]q, then

[t− km]q =
1

q2r+mk+mn
([t+ 2r + nm]q − [2r + km+ nm]q).

Thus,

n+1∑
k=0

Lm,r[n+1, k]q [t|m]k,q =

n∑
k=0

q2r+mk+mnLm,r[n, k]q[t|m]k,q

{q−(2r+mk+mn)([t+ 2r+nm]q− [2r+km+nm]q)}+
n∑
k=0

[2r+km+nm]qLm,r[n, k]q[t|m]k,q

=
n∑
k=0

Lm,r[n, k]q[t|m]k,q([t+ 2r + nm]q − [2r + km+ nm]q)

+

n∑
k=0

[2r + km+ nm]qLm,r[n, k]q[t|m]k,q

=

n∑
k=0

Lm,r[n, k]q[t|m]k,q{[t+ 2r + nm]q − [2r + km+ nm]q + [2r + km+ nm]q}

= [t+ 2r|m]nq [t+ 2r + nm]q = [t+ 2r|m]n+1,q.
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This proves the theorem.

Next, we establish the explicit formula for Lm,r[n, k]q using the horizontal generating
function of Lm,r[n, k]q. Also, the exponential generating function for Lm,r[n, k]q is obtained
using the explicit formula.

The explicit formula for the q-difference operator is as follows

4h
q,kf(x) =

k∑
j=0

(−1)k−jq(
k−j
2 )[kj ]f(x+ jh). (17)

The new q-analogue of Newton’s Interpolation Formula in [9] is given by

fq(x) = a0 + a1[x− xo]q + . . .+ am[x− xo]q[x− x1]q . . . [x− xm−1]q,

which is equivalent to

fq(x) = fq(x0) +
4qh,hfq(x0)[x− x0]q

[1]qh ![h]q
+
4qh2,hfq(x0)[x− x0]q[x− x1]q

[2]qh ![h]2q

+ . . .+
4qhm,hfq(x0)[x− x0]q[x− x1]q . . . [x− xm−1]q

[m]qh ![h]mq

where xk = x0 + kh, k = 1, 2, . . . such that if x0 = 0 and h = m, we have

fq(x) = fq(x0) +
4qm,mfq(0)[x]q

[1]qm ![m]q
+
4qm2,mfq(0)[x]q[x−m]q

[2]qm ![m]2q

+ . . .+
4qmm,mfq(0)[x]q[x−m]q . . . [x−m(m− 1)]q

[m]qm ![m]mq

By (16) with t = x, we get

n∑
k=0

Lm,r[n, k]q[x|m]k,q = [x+ 2r|m]n,q

which can be rewritten as

n∑
k=0

Lm,r[n, k]q[x]q[x−m]q[x− 2m]q . . . [x− (k − 1)m]q = [x+ 2r|m]n,q.

Suppose fq(x) = [x+ 2r|m]n,q and

Lm,r[n, k]q =
4k
qm,mfq(0)

[k]qm ![m]kq
=

1

[k]qm ![m]kq
· 4k

qm,mfq(0)
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Note that applying the above Newton’s Interpolation Formula and the identity in (17),
we have

4f
qm,mfq(x) =

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qmfq(x+ jm)

=
k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qm [x+ jm+ 2r|m]n,q.

Evaluate at x = 0,

4f
qm,mfq(0) =

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qm [2r + jm|m]n,q.

Thus,

Lm,r[n, k]q =
1

[k]qm ![m]kq

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qm [2r + jm|m]n,q.

So, the explicit formula for Lm,r[n, k]q is as follows:

Theorem 3.2. The explicit formula for Lm,r[n, k]q is given by

Lm,r[n, k]q =
1

[k]qm ![m]kq

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qm [2r + jm|m]n,q (18)

Remark 3.3. When q → 1, the above theorem reduces to,

Lm,r(n, k) =
1

k!mk

k∑
j=0

(−1)k−j(kj )(2r + jm|m)n,

which is the explicit formula of Lm,r(n, k), where

(t|m)n = t(t+m) . . . (t+ (n− 1)m).

Remark 3.4. The Eq. (18) can also be written as

Lm,r[n, k]q =
1

[k]qm ![m]kq
[4k

qm,m[x+ 2r|m]n,q]x=0

Theorem 3.5. For nonnegative integers n and k, and real number a, the q-analogue
Lm,r[n, k]q has an exponential generating function.∑

n≥o
Lm,r[n, k]q

[t]nq
[n]q!

=
1

[k]qm ![m]kq
[4k

qm,m(F [x+ 2r + jm,m, t])x=0, (19)

where

F [x,m, t] =
∑
n≥0

[x|m]n,q
[t]nq
[n]q!

.
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Proof. Using the explicit formula in (18), we obtained

∑
n≥0

Lm,r[n, k]
[t]nq
[n]q!

=
∑
n≥0

1

[k]qm ![m]kq

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qm [2r + jm|m]n,q

[t]nq
[n]q!

=
k∑
j=0

1

[k]qm ![m]kq
(−1)k−jqm(k−j

2 )[kj ]qm
∑
n≥0

[2r + jm|m]n,q
[t]nq
[n]q!

.

Then, we have

=
1

[k]qm ![m]kq

k∑
j=0

(−1)k−jqm(k−j
2 )[kj ]qmF [2r + jm,m, t]

=
1

[k]qm ![m]kq
[4k

qm,m(F [x+ 2r + jm,m, t])x=0.

Remark 3.6. When q → 1, (19) becomes

∑
n≥0

Lm,r(n, k)
tn

n!
=

1

k!mk

k∑
j=0

(−1)k−j [kj ]F (2r + jm,m, t)

where

F (2r + jm,m, t) =
∑
n≥0

(2r + jm|m)n,q
[t]nq
[n]q!

.

4. An Explicit Formula for (q, r)-Dowling Numbers

One of the common properties of Lah-type numbers is their relation with both kinds of
Stirling-type or Whitney-type numbers. Analogous to this, it is also interesting to express
(q, r)-Whitney-Lah numbers in terms of (q, r)-Whitney numbers. To do this, we need to
define the (q, r)-Whitney numbers of the first kind.

Definition 4.1. The (q, r)-Whitney numbers of the first kind wm,r[n, k]q are defined as
coefficients of the following generating function

[t− r|m]n,q =

n∑
k=0

wm,r[n, k]q[t]
k
q . (20)

Note that

n+1∑
k=0

wm,r[n+ 1, k]q[t]
k
q = [t− r|m]n+1,q = [t− r|m]n,q[t− r − nm]q
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=
1

qr+nm
([t]q − [r + nm]q)

n∑
k=0

wm,r[n, k]q[t]
k
q

=
1

qr+nm

(
n∑
k=0

wm,r[n, k]q[t]
k+1
q −

n∑
k=0

[r + nm]qwm,r[n, k]q[t]
k
q

)

=
1

qr+nm

(
n+1∑
k=0

wm,r[n, k − 1]q[t]
k
q −

n+1∑
k=0

[r + nm]qwm,r[n, k]q[t]
k
q

)

=
n+1∑
k=0

1

qr+nm
(wm,r[n, k − 1]q − [r + nm]qwm,r[n, k]q) [t]kq .

Comparing the coefficients of [t]kq completes the proof the following theorem.

Theorem 4.2. The (q, r)-Whitney numbers of the first kind wm,r[n, k]q satisfy the follow-
ing triangular recurrence relation:

wm,r[n+ 1, k]q[t]
k
q =

1

qr+nm
(wm,r[n, k − 1]q − [r + nm]qwm,r[n, k]q) (21)

with initial condition wm,r[0, 0]q = 1, wm,r[n, 0]q = (−1)nq−r−(n−1)m[r + (n − 1)m]q and
wm,r[n, k]q = 0 if n < k.

n/k 0 1 2

0 1 0 0

1 −q−r[r]q q−r 0

2 q−(r+m)[r +m]q −q−(2r+m)([r]q + [r +m]q) q−(2r+m)

The next theorem contains the orthogonality relation of (q, r)-Whitney numbers of the
first and second kinds.

Theorem 4.3. The following orthogonality relation holds

n∑
k=j

wm,r[n, k]qWm,r[k, j]q =

n∑
k=j

Wm,r[n, k]qwm,r[k, j]q = δnj =

{
0, if j 6= n

1, if j = n
(22)

Proof. Applying equation (11) to (20) yields

[t− r|m]n,q =

n∑
k=0

wm,r[n, k]q[t]
k
q =

n∑
k=0

wm,r[n, k]q

k∑
j=0

Wm,r[k, j]q[t− r|m]j,q

=

n∑
j=0

n∑
k=j

wm,r[n, k]qWm,r[k, j]q[t− r|m]j,q =

n∑
j=0

 n∑
k=j

wm,r[n, k]qWm,r[k, j]q

 [t− r|m]j,q.
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By comparing coefficients, we get

n∑
k=j

wm,r[n, k]qWm,r[k, j]q =

{
0, if j 6= n

1, if j = n.
(23)

Similarly, we have

[t]nq =
n∑
k=0

Wm,r[n, k]q[t− r|m]k,q =
n∑
k=0

Wm,r[n, k]q

k∑
j=0

wm,r[k, j]qj[t]
n
q

=

n∑
j=0

n∑
k=j

Wm,r[n, k]qwm,r[k, j]q[t]
j
q =

n∑
j=0

 n∑
k=j

Wm,r[n, k]qwm,r[k, j]q

 [t]jq.

Hence,
n∑
k=j

Wm,r[n, k]qwm,r[k, j]q =

{
0, if j 6= n

1, if j = n.
(24)

Using the orthogonality relations in (23) and (24), we can easily prove the following
inverse relation.

Theorem 4.4. The following inverse relations hold:

fn =
n∑
k=0

wm,r[n, k]qgk ⇔ gn =
n∑
k=0

Wm,r[n, k]qfk (25)

fk =
∞∑
n=0

wm,r[n, k]qgn ⇔ gk =
∞∑
n=0

Wm,r[n, k]qfk. (26)

Remark 4.5. Using the inverse relation in (26) and the exponential generating function
in (13), we can easily obtain the following identity∑

n≥0

[k]q!wm,r[n, k]q[∆qm,mneq([x+ jm+ r]q[t]q)]x=0

[t]kq [n]qm ![m]nq
= 1. (27)

Also, using the inverse relation in (26) and the rational generating function in (14), we
obtain ∑

n≥k

wm,r[n, k]qq
m(n2)+nr[t]n−kq∏n

j=0(1− [mj + r]q[t]q)
= 1. (28)

Thus, combining (27) and (28) yields

∑
n≥0

wm,r[n, k]q

{
[k]q![∆qm,mneq([x+ jm+ r]q[t]q)]x=0

[n]qm ![m]nq
−

qm(n2)+nr[t]nq∏n
j=0(1− [mj + r]q[t]q)

}
= 0.

(29)
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Now, we can establish the relation between (q, r)-Whitney-Lah numbers and both
kinds of (q, r)-Whitney numbers.

Theorem 4.6. The (q, r)-Whitney-Lah numbers satisfy the following relation

Lm,r[n, j]q =
n∑
k=j

wm,−r[n, k]qWm,r[k, j]q. (30)

Proof. Using the horizontal generating functions for (q, r)-Whitney numbers and (q, r)-
Whitney numbers, we have

n∑
k=0

Lm,r[n, k]q[t− r|m]k,q = [t+ r|m]n,q =
n∑
k=0

wm,−r[n, k]q[t]
k
q

=
n∑
k=0

wm,−r[n, k]q

k∑
j=0

Wm,r[k, j]q[t− r|m]j,q

=

n∑
j=0

n∑
k=j

wm,−r[n, k]qWm,r[k, j]q[t− r|m]j,q

n∑
j=0

Lm,r[n, j]q[t|m]j,q =
n∑
j=0

 n∑
k=j

wm,−r[n, k]qWm,r[k, j]q

 [t− r|m]j,q.

Comparing the coefficients of [t|m]j,q completes the proof.

The following theorem contains the main result of this paper.

Theorem 4.7. The explicit formula for the first form (q, r)-Dowling numbers Dm,r[n]q is
given by

Dm,r[n]q =
n∑
k=0

Wm,−r[n, k]q

 k∑
j=0

Lm,r[k, j]q

 ,

Proof. Using the inverse relation (25) with

fn = Lm,r[n, j]q, gk = Wm,r[k, j]q,

relation (30) can be transformed as

Wm,r[n, j]q =

n∑
k=j

Wm,−r[n, k]qLm,r[k, j]q. (31)

Then summing up both sides over j yields

Dm,r[n]q =

n∑
j=0

Wm,r[n, j]q =

n∑
j=0

n∑
k=j

Wm,−r[n, k]qLm,r[k, j]q
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=
n∑
k=0

Wm,−r[n, k]q

 k∑
j=0

Lm,r[k, j]q

 ,

which is exactly the desired explicit formula for (q, r)-Dowling numbers.

The above explicit formula may also be called a Qi-type formula for (q, r)-Dowling
numbers, which is analogous to explicit formula obtained F. Qi [11].

5. Conclusion

The explicit formula for the first form (q, r)-Dowling numbers has already been derived
by establishing an appropriate (q, r)-Whitney-Lah numbers and (q, r)-Whitney numbers
of the first kind. To establish explicit formulas for the two other forms of (q, r)-Dowling
numbers, it entails defining appropriate versions of (q, r)-Whitney-Lah numbers and (q, r)-
Whitney numbers of the first kind. It is left to the readers to derive these explicit formulas.

This paper is also related to [7, 12, 13]. With these, more properties and relations can
further be established.
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