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Abstract. In this paper, a g-analogue of r~-Whitney-Lah numbers, also known as (g, 7)-Whitney-
Lah number, denoted by L,, .[n, k], is defined using the triangular recurrence relation. Several
fundamental properties for the g-analogue are established such as vertical and horizontal recurrence
relations, horizontal and exponential generating functions. Moreover, an explicit formula for (g, 7)-
Whitney-Lah number is derived using the concept of ¢-difference operator, particularly, the g¢-
analogue of Newton’s Interpolation Formula. Furthermore, an explicit formula for the first form
(¢, 7)-Dowling numbers is obtained which is expressed in terms of (g, r)-Whitney-Lah numbers and
(g, )-Whitney numbers of the second kind.
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1. Introduction

The Lah numbers L(n, k) are the connection constants between the rising factorial
and falling factorial polynomial bases and count partitions of n distinct objects into k
blocks, where objects within a block are ordered (termed Laguerre configurations) [8].
The classical (signless) Lah numbers L(n, k) = Z—,'(Zj) may be expressed in terms of the
Stirling numbers s(n, k) and S(n, k) of the first and second kind, respectively:

n

Lin.k) =Y s(n,))S (. k). 1)

i=k
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Cheon and Jung [1] defined the r-Whitney-Lah numbers L,, ,(n,k) in terms of the r-
Whitney numbers of the first kind wy, ,(n, k) and second kind Wi, ,(n, k)

Ly (n, k) = Zwmrn.] Wi (5, k), (2)

which generalizes the identity for the Lah numbers in terms of the Stirling numbers of the
first kind s(n, k) and second kind S(n, k).

The importance of a g-analogue is related to a mathematical expression parameterized
by a quantity ¢ that generalizes a known expression and reduces to the known expression
in the limit, as ¢ approaches 1.

Corcino et al[5] established a g-analogue of S, (a) denoted by o|n, k]q’B " given by

ol KE™ = oln— 1k — 1127 + ((kB], + [Flg)oln — 1, k5"

and obtained some properties including vertical and horizontal recurrence relation, hor-
izontal generating function, explicit formula, as well as exponential generating function,
rational generating function, and explicit formula in homogeneous symmetric form. It is
well-known that the Rucinski-Voigt numbers are also known as r-Whitney numbers of the
second kind, denoted by W, »(n, k) by Mezé [10].

Corcino and Montero [5] defined a g-analogue of r-Whitney numbers of the second
kind which are exactly the same numbers with the Rucinski-Voigt numbers, in a form of
triangular recurrence relation.

On the other hand, Cheon and Jung [1] defined the r-Whitney-Lah numbers, denoted
by Ly, r(n, k), in terms of the r~-Whitney numbers of the first kind wy, ,(n,k) and the
second kind W, »(n, k)

mrnk Zernj mr(]7k)7

which generalizes the identity for the Lah numbers in terms of the Stirling numbers of the
first kind and the second kind

(—1)"L(n, k) =) (~1 )S (3, k).

Jj=k

Other properties for Ly, (n, k) were established by means of its horizontal generating

function:
n

<x + 2r|m>n = Z Lm,r(na k)(az|m)k,
k=0

where

<x+2rm>n:{($+2T)--‘($+2r+(n—1)m), Zi(l)
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and the triangular recurrence relation
Lyy(n,k)=Lp,(n—1,k—=1)4+2r+(n+k—1)m)Ly(n—1,k),

with Ly, »(n,n) =1 for n > 0 and Ly, »(n,n) = 0 for n < k, or n,k < 0. We can use the
triangular recurrence relation to generate the first values of L, »(n, k).

Cillar and Corcino [2] defined the g-Analogue of r-Whitney-Lah numbers which is
parallel to Cheon and Jung’s definition of r-Whitney-Lah numbers

Lgr[n, klg = Z ¢s.r[n, jlgolJ, k]qﬁ’r‘
j=k

where ¢3,[n, jlq and o[j, k]g’r is equivalent to wg [n, jl; and Wg,[n, jlq, respectively.

They also obtained some combinatorial properties. Their results are as follows:

(i) Horizontal generating function:
{t+2[r]ql1Bla)n = D Lp.r[n, klg(¢|[Blo)x
k=0

where

L2y (t+2[r]g + [Blg), n>0,
1, n =

{t + 2[rq|[Blg)n = {
(ii) Recurrence relation:
Lgrln klqg=Lgrln =1,k =g+ 2[r]g + [kBlq + [(n — 1)Blg) Lgr[n — 1, kg,

with Lg,[0,0]; =1 and Lg,[n, k], =0 for n < k or n, k < 0.

Recently, a g-analogue of r-Whitney numbers of the second kind Wi, ,[n, k], also
known as (g, )-Whitney number of the second kind, was introduced in [3, 6] by means of
the following triangular recurrence relation:

Winpln, klg = ¢ D7 W o [n = 1,k — g + [mk — r]gWine[n — 1, K. (3)
From this definition, two more forms of the g-analogue were defined in [3, 6] as

k
Wi [n, kg o= g G W [, Bl (4)

Wi r[n, klg := qkTW;L’r[n, kg = q_m(l;)Wmm[n, Elg, (5)

where Wy, .[n, k], and Wmm[n, k], denote the second and third forms of the g-analogue,
respectively. Corresponding to the g-analogues in equations (3), (4) and (5), three forms
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of g-analogues for m-Dowling numbers (also known as (g, r)-Dowling numbers) were also
defined as follows:

En: Wonr[n, K] (6)
k=0
= Wy In, kg (7)
k=0

= Winln, kg (8)
k=0
The focus in this paper is on the first form of the g-analogue. The following results are
obtained for the first form (g, r)-Whitney numbers of the second kind:

(i) Vertical and Horizontal Recurrence Relations

n

Winr[n 41,k + 1], = g™ Z[m(k + 1) + ]l T Wl Klg (9)
j=k
n—Fk ‘ s
Winsln,Klg = Y (=1)q k) B Ly 41 k4 j+ 1), (10)
=0 Tk+1,q
respectively, where
i—1
Tig = H g "M b+ 1],
h=1

with initial value W, [0, 0], =

(ii) Horizontal Generating Function

> Wangln, klglt = rlmlyq = [t]5- (11)
k=0
(iii) Explicit Formula
e ' .
Winrln, klqg = Z 1)k= jq ) [J [m + 7]y (12)
7 j=0 an

(iv) Ezponential Generating Function

5 Wbyt = el gl g+ la (1)
n>0 q: q
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(v) Rational Generating Function

m(g)+kr k
V(t) = 3 Wi ol Hg [ = —— [tz

2 oL — (7 + i) (4

The purpose of introducing these new g-analogues of r-Whitney and r-Dowling numbers
is to address the conjecture in the paper of Corcino-Corcino [4]. That is, to establish
the Hankel transform of the g-analogue of (r, 8)-Stirling numbers, which are exactly the
r-Dowling numbers. In establishing the Hankel transforms of these three forms of (g, r)-
Dowling numbers, the Hankel transform of the third form was the first one being estab-
lished and followed by the second form. For the first form, it is still on the process of
constructing the method that can possibly be used to derive it.

In this paper, (g, r)-Whitney-Lah numbers will be introduced and properties of these
number will be establshed using the approach employed in [6]. The method used in the
paper of Cillar and Corcino [2] will also be used to obtain the properties of the (gq,r)-
Whitney-Lah numbers. Moreover, this paper is concluded by deriving an explicit formula
for the first form (g, r)-Dowling numbers expressed in terms of (¢, r)-Whitney-Lah numbers
and (g, r)-Whitney numbers of the second kind.

2. (¢q,7)-Whitney-Lah Numbers and Their Recurrence Relations

The definition of the g-analogue of r-Whitney-Lah numbers, also known as the (gq,7)-
Whitney-Lah numbers, is given as follows.

Definition 2.1. The (g, 7)-Whitney-Lah numbers Ly, ,[n, k], are defined by

Ly, kg = ¢2rtmE=Dimn=0p 1y 1k —1),+ [2r + km + (n — 1)m] gL [n — 1, k],

(15)
with
[0 if n<k or nk<O,
Lm,?‘[nak]q - { 1 Zf n=*k and n>0.
and 1
[t —klg = qj([t]q — [Klq)-

Remark 2.2. When ¢ — 1, we obtain the triangular recurrence relation of r-Whitney-Lah
numbers, Ly, »(n, k), defined by Cheon and Jung [1]:

Lyy(n,k) =Lp,y(n—1,k—1)4+ (2r + km+ (n — 1)m)Lp, ,(n — 1, k)

with Ly, ,(n,k) =1 for n >0 and n =k,
and Ly, ,(n,k) =0 for n < k or n,k <O0.
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Remark 2.3. It can easily be verified that
Liny[n, 0] = [2r + (n — 1)m]g.

By making use of (15), we can easily obtain the following two other forms of recurrence
relations and generating function.

Theorem 2.4. A g-analogue of r-Whitney-Lah numbers, Ly, »[n, k|4, satisfies the follow-
ing vertical recurrence relations,

n k
Lieln+ Lk +1]g =Y gPrtmktmn=il (H[2r + (k+1)ym+ (n— i)m]q> Lun.rj, kg
=0

j=k
with initial value Ly, [0, 0], = 1.
Proof. We replace n by n+ 1 and k by k + 1, then using (15), we have
Lyyn+1,k+1];, = q2r+mk+m”Lm7r[n, klg+ [2r + (K + 1)m + (n)m]qLmr[n, k + 1]4.
Using iteration method on (15) we have,
Lngn+ 1,k + 1), = ¢ Fmn L n kg + [2r + (k4 1)m + nm],
{gFtmhtm=D L n = 1 Kg + 20 + (k+ Dm + (n — 1)m]gLms[n — 1,k + 1]}
= q2r+mk+m"Lm,T (n, klq + q2T+mk+m(n_1) 21 + (k+ 1)m + nm]g Ly, »[n — 1, K|,
+ @2 TR 9r 4 (k + 1)m 4+ nmlg[2r + (k + 1)m + (n — 1)m]gLp[n — 2, kg
o kA GED 90 (k4 Dm A+ nm)y[2r + (k4 1)m + (n — 1)m),
R2r+(k+1)m+ (n—k)m]g Ly [k + 1,k + 1],

Using the fact that Ly, .[k + 1,k + 1]q = L, » [k, k] we have,

n k
Lnyn+1,k+1], = Z q[2r+mk+m(n—j)] (H[Qr +(k+1)m+(n— z)m]q> Ly g, kg
i=k 1=0

Theorem 2.5. A g-analogue L, »[n, k|, satisfies the horizontal recurrence relation

n—k
. , Pr s .
Ling[n, klg =Y (=1)7 g 2r=mikti)=nm B0 1+ 1k + 5 + 1],
=0 Tk+1,q
where
i—1
Tig = H q—2r—mh—nm+m [mh + 2r + nm]q
h=1

with initial value Ly, [0,0], = 1.
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Proof. Using iteration method on (15) we have,

n—k
RHS = Z(_qu—Qr—m(k—‘rj)—nm Tk+jt1q
=0 Tk+1,q

{rimtitl=Dtmet =0 Ik §ly + 20 + (k+ j + D)m + nm) gL [n, k + § + 1]4}

n—k
L .
= (—1)3MLm,r[n7k+3]q
=0 Tk+1,q
n—k+1 .
T Z (_1)j71q*2T*m(k+j*1)*an[27» + (k+ j)m + nmlg Ly, »[n, k + jl4
= Tk+1,q ’
n—k P n—k ) .
=3 (=1) MLm,r[n, k+jlg+ Z(_l)a—lq—%—m(kﬂ—l)—nm
=0 Tk+1,q j=1
k+j—1 —2r—mh—nm+m h+2
S q [mh + r+nm]q[2r+ (k + j)m 4+ nmlq Ly r[n, k + 7l
Hh:l q72r7mhfnm+m [mh + 2r + nm]q
Note that
ktj—1
H q—2r—mh—nm+m[mh +92r + nm]q _ (q—2r—m(1)—nm+m[m(1) Lo 4 nm]q)
h=1

(q 2@ n(2) 4 2 nmlg) (g2 O T m(3) + 20 + i)
(g Ermmk ) memAm g, (] G 1) 4 20 + i) ).
Now, simplifying the RHS we have,

n—k
i Tktitlg . 1
RHS = —1)) 2R n, k+ +

jzo( ) Philg TTL,T[ ]]q Hlfizl q72r7mhfnm+m [mh + 2r + nm]q
n—k P 1
j:O( ) Thilq m,’r[ J]q H’}izl q—2r—mh—nm+m [mh + 9 + nm]q

n—~k .

(_1)J—l{(q—Qr—m(l)—nm—i-m[m(l) +2r + nm]q)(q—Qr—m(2)—nm+m[m(2) +2r + nm}q)
j=1
(q 2O (3) 1 20+ ) .. (g 2D 4§ 1) 4 20 + i)}

g 2rmR)mmEm 9r 4 (K + §Ym 4 nm]g Ly [0, k + jlg

n—=k n—k
P Tk4j+1, . i1 Tk+j5+1, .
=Y (1) S Lk 4 glg + (=1 = Lk 4+
=0 Tk+1,q = Tk+1,q

TL
— B g Ky = Lineln, kg
Tk+1,q



R. Corcino, J. Ontolan, M. Lobrigas / Eur. J. Pure Appl. Math, 14 (1) (2021), 65-81 72

3. Explicit Formula and Generating Functions

The ordinary generating function for the sequence (a,) is defined to be the power series

A(z) = i arz”.
r=0

It is a way of uniting the power series in compact form which describes the sequence as
coefficients of the variable " determined by its power. Generating function is useful in
drawing combinatorial interpretation of a given sequence of numbers as well as in finding
asymptotic expansion of a given number. Motivated by the power series expansion of the

exponential function
x
e(x) = E R

r=0

a generating function that expresses the sequence of numbers (a,) as coefficients of %,

Say,
B = a
) = OaTT!,
r—=

is called an exponential generating function for (a,). If a number a(n, k) is a function of
two parameters n and k, then the generating function for a(n, k) can be expressed in two
forms: the horizontal and vertical generating functions.

The following generating function is the horizontal generating function for Ly, ,[n, k],
that expresses the values in the nth row of the array of numbers L, .[n, k], (i.e., fixing
the value of n), as coefficients of the variable [t|m]y ,. This is necessary to obtain the
exponential generating function and explicit formula of Ly, ,[n, k],.

Theorem 3.1. A horizontal generating function of Ly, »[n, klq is given by
n
Z L p[n, klq [tim]e,g = [t + 2r[m]mq (16)
k=0

where
=51t + 2r +imly, if n>1,

[t +2r|mlp, = { I if n—o.

Proof. To prove this, we will use induction. We now verify that (16) holds when n=0.
L t[0,0]g [timlog=1-1=1=[t+ 2T|m]ﬁ,q'

Suppose that it is true for some n > 0. Then,

Z L0, klg [tm]eq = [t + 2rim]n .
k=0
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Next, we show that

n+1

Z Liny[n+ 1, kg [tim]eg = [t + 2T|m]rﬂ,q‘
k=0

Using (15) and the fact that. [t|m]g11,4 = [t|m]kq[t — km]q, we get

n+1 n+1

> Lognt1, kg [tlmleg = > {g@TmE DL, k—1]g+[2r+kmA-nm] gL [0, k]gHtmlk g
k=0 k=0

n+1 n+1
=y L gk = gltmleg + (20 + km 4 nmlg Lo [0, kg [tm]i g
k=0 k=0

@O L [ Kglt ]k y1,q + D27 + b+ nmlg L [0, K] [t
k=0

[
NE

>
I
o

@R o K[t Mk g[t — kmlg + > (20 + km + nmlq L [0, Klq[tim]r.q.
k=0

I
M=

B
Il
o

Note that [t — k], = qik([t]q — [klq). Since [t —km]y = [t +2r + nm — 2r —nm — km|, =

[(t+2r + nm) — (2r + km + nm)],, then

1
[t —km]g = ([t + 27 + nm]y — [2r + km + nm],).
g2 rmkt
Thus,
n+1 n
> Lina[n 1, kg [tlmlig = Y q* ™ ™ Ly g [0, Klgltm]eg
k=0 k=0

{q= CrtmkEmn) ([t 420 + nimg — 27 + km 4 nmlg)} + > [2r + km 4 nm]g Lo [n, kl[tim]r q
k=0

n

= > Lps[n, klgltim]gq([t + 2r +nm], — [2r + km + nm],)

i
o

+ ) (20 + km 4 nm] gL [, Bg[tm]r q

B
Il
o

Z Ly [0, klg[tm] g o{[t + 27 + nm]y — [2r + km + nm]q + [2r + km + nm],}
k=0

t+2r|mlg[t + 2r + nmlq = [t + 2rlml57 -
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This proves the theorem.

74

Next, we establish the explicit formula for Ly, .[n, k], using the horizontal generating
function of L, »[n, k],. Also, the exponential generating function for Ly, ,[n, k], is obtained

using the explicit formula.
The explicit formula for the g-difference operator is as follows

k .
A @) = 3 (~1)F g D f( + jh).

§=0
The new g-analogue of Newton’s Interpolation Formula in [9] is given by
fol@) =ap+arlr — xo)g + ... + am[z — zolglx — x1]g ... [T — Tm—1lq,

which is equivalent to

Aqh,th(xU)[x - $0]q Aqh2,hfq(x0)[x - 130]11[13 - «Tl]q

fo(x) = fy(wo) +

[Lgn![hlq [2] 0 [1]2
Aqhm,th(xO)[x - fo]q[l’ - »’61]q = xm_l]q
et ml Iy

where zp, = 29 + kh,k = 1,2, ... such that if zg = 0 and h = m, we have

Bgrmfo(O)lg | Agramle(0)lz]g

[z —m]q
[l]qm![m}q [2]qm![m2

fa(x) = fqlzo) +

+ot Agmm,m fq(0)[zlg[z —m]g ... [2 —m(m —1)],

il oy
By (16) with t = =, we get
n
Z L[, Klg[z|m]iq = [z + 2r[mng
k=0

which can be rewritten as

n

Z Ly, r[n, Elglz]glx — m]glz — 2m]y ... [z — (k — 1)m]q = [x + 2r|m|n,q.

k=0

Suppose fy(z) = [x + 2r|m|z,4 and

Agm,qu(o) o 1
Bl e = ] ol = Wty o1 O
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Note that applying the above Newton’s Interpolation Formula and the identity in (17),
we have

A i Fal@) = S (D) gmE D E i fy (2 + jm)

Il
.
>~ | M:r
o

. k—7g
(=1)F g D Flgn [z + jm + 2rimlz .
0

J

Evaluate at z = 0,

k

. k—1

AL fo0) = S (1R g G F] (20 4 jmfm]r.
j=0

Thus,

k
1 ki .
Dol o = g S (007 C 2+ il

So, the explicit formula for Ly, »[n, k], is as follows:

Theorem 3.2. The explicit formula for Ly, »[n, k|, is given by

k
1 i (ki .
=Y (=D I E (20 + jmimla (18)

Lm7r[n,k]q =T 1k
q j=0

[k]gm![m]
Remark 3.3. When ¢ — 1, the above theorem reduces to,

1

k
L (. F) = 7 3 (=1 () 2r + jmlm)a
=0

which is the explicit formula of L, ,(n, k), where
(tlm)z =t{t+m)...(t+ (n—1)m).
Remark 3.4. The Eq. (18) can also be written as

Ly rn, klg = - [A§m7m[w + 2r|mlz,q)z=0

[k]gm!m]g

Theorem 3.5. For nonnegative integers n and k, and real number a, the g-analogue
Ly, r[n, klq has an exponential generating function.
[t] 1

> Ly[n. Kl [n]z = o lE (Dl i (Fla + 27 + jm,m, ])z—0, (19)

n>o

where

Flo,m,t] = [zlmlng e

n>0
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Proof. Using the explicit formula in (18), we obtained

n k
> Ly[n, k] [ﬂq‘zz Z 1D qmG D ] 20 + jmimls

n>0 n]q' nZO gy
k . .
—a c—J i
- W<‘1>’“ gy Soler + jmlmlsg
j=0 T n>0
Then, we have
k .
] .
gt 21 1)E-3g76 ) g Fl2r + jm, m, 1
4 j=0
1 k .
T[] u[m]k[Aqm,m(F[l’JF27"+Jm,m7ﬂ)x:o
qm- q

where

4. An Explicit Formula for (¢, r)-Dowling Numbers

One of the common properties of Lah-type numbers is their relation with both kinds of

[1]

“n],!
2]

<3

<3

nlg!”

76

Stirling-type or Whitney-type numbers. Analogous to this, it is also interesting to express
(¢, 7)-Whitney-Lah numbers in terms of (g, r)-Whitney numbers. To do this, we need to

define the (g, 7)-Whitney numbers of the first kind.

Definition 4.1. The (g, r)-Whitney numbers of the first kind wy, »[n, k], are defined as

coefficients of the following generating function

[t = rlmlng = Y wins [, KlgltlG-

k=0
Note that

n+1
> wmpln+ 1L E[E = [t = rimlni1g = [t — rlmlnglt —r —nm],

(20)
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= e (e = [+ ) S i v, 8
k=0
_ anm (Z W, [0, Kl (15T = [ + nim] g 2 0, k]q[t]’;>
k=0 k=0
1 n+1 n+1
= =y (Z Wiy r[, K — 1]q[t]§ — Z[r + nm|qwm (1, k]q[t]l;)
k=0 k=0
n+1
-3 anm (W p [ b — 1g — [+ nmlgwn o, Klg) [£]E.
k=0

Comparing the coefficients of [¢] ’; completes the proof the following theorem.
Theorem 4.2. The (q,r)- Whitney numbers of the first kind wp, »[n, k|q satisfy the follow-
ing triangular recurrence relation:

w4+ 1 K =~ ([ k — g — [+ g [, Elg) (21)

- qr+nm

with initial condition wy, 0,0, = 1, wy.[n,0], = (—=1)"¢""~"=V™[r + (n — 1)m], and
Wi, klg =0 if n < k.

n/k 0 1 2

1 0 0

1 —q "[rlq q" 0
q_(H_m) [r +m]g _q_(2r+m)({7a]q + [r +m]q) q_(2T+m)

The next theorem contains the orthogonality relation of (g, r)-Whitney numbers of the
first and second kinds.

Theorem 4.3. The following orthogonality relation holds

Zwmrnk mr[k]q_Zern k]qwmr[k j] =
k=j

g, 2 f0 i iz
1, if j=n

Proof. Applying equation (11) to (20) yields

k
[tfr|mnq—2wmrnk Zwmrn quWmﬂ" lqlt — rlm]; 4
7=0

k=0

_ZZwmy«nk Wnelk, lglt = rlmljq = Zwmrnk Wil jlg | [t = rlmljq

J=0 k=j Jj=0
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By comparing coefficients, we get

- . 0, if j#mn
Z Wi (1, Kl qWn e [, 3l = ) . (23)
— 1, if j=n.
=j
Similarly, we have
n n k
[t]f} = Z Wnr[n, kgt — rimlgq = Wnr[n, kg Z wm,r[kaj]qj[t]q
k=0 k=0 j=0
= Z Winr[n, k]qwm,r[kaﬂq[t]g = Z Z Win e [0, klqwi r [k, jlq [t]é.
j=0 k=j j=0 \k=j
Hence,
- . 0, if j#n
> Wonpln, Klgwm e[k, jlg = A (24)
= 1, if j=n.

Using the orthogonality relations in (23) and (24), we can easily prove the following
inverse relation.

Theorem 4.4. The following inverse relations hold:

fn = Z wm,r[na k]qgk < gn = Z Wm,r[ny k]qfk (25)
k=0 k=0

fo =) Wil klagn < g =Y Winrln, kg fi (26)
n=0 n=0

Remark 4.5. Using the inverse relation in (26) and the exponential generating function
in (13), we can easily obtain the following identity

Z [klglwm,r [, klg[Agm mneq([2 + jm + r]g[t]g)]a=0

[1]§[n]gm ! [m]g

=1. (27)
n>0

Also, using the inverse relation in (26) and the rational generating function in (14), we

obtain §
W, [0 k]qqm(2)+nr[t]g_k

D . =1. (28)
n>k szo(1 — [mj +r]q[tlg)

Thus, combining (27) and (28) yields

[k]g! [Agm mneq ([ + jm + 7]g[t]g)]s—o g G B
> winln, kg { [n]gn![m]? [15_o(1 — [mj + rlgltly) } =0.

n>0
(29)
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Now, we can establish the relation between (g, r)-Whitney-Lah numbers and both
kinds of (g, r)-Whitney numbers.

Theorem 4.6. The (q,r)- Whitney-Lah numbers satisfy the following relation
n
Lins[ns jlg = Y win—r[n, KlgWin,r [k, flq- (30)
k=j

Proof. Using the horizontal generating functions for (g, r)-Whitney numbers and (q, r)-
Whitney numbers, we have

Y Lol Klglt = rimlig = [t + rlmlng = Y wm,—rln, klqltly
k=0 k=0

k
—Zwm —r[n, quer lglt —7Im]; 4
7=0

_Zzwm —r[n, klgWin e[k, jlq[t — rImljq

Jj=0 k=j

n

Lonr 1, lqltimlq Z Zwm_rn KlgWinr[k, 3lg | [t —r|m];q

7=0 7=0 k=j

Comparing the coefficients of [t|m];, completes the proof.

The following theorem contains the main result of this paper.

Theorem 4.7. The explicit formula for the first form (q,r)-Dowling numbers Dy, r[n]q is
given by

Dm’r q—ZW —rnk ZLmTk] ’
k=0

Proof. Using the inverse relation (25) with

fn = Lm,r[n7j]q7 g = Wm,r[k7j]q7

relation (30) can be transformed as

Wil ilg = Y Wan—r[1t, Klg Lo [k, lg- (31)
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n

k
= W, —r [n, k‘]q Z Lm,r[ka ]]q )
k=0 Jj=0

which is exactly the desired explicit formula for (g, r)-Dowling numbers.

The above explicit formula may also be called a Qi-type formula for (g, r)-Dowling
numbers, which is analogous to explicit formula obtained F. Qi [11].

5. Conclusion

The explicit formula for the first form (g, 7)-Dowling numbers has already been derived
by establishing an appropriate (g, 7)-Whitney-Lah numbers and (g, r)-Whitney numbers
of the first kind. To establish explicit formulas for the two other forms of (g, r)-Dowling
numbers, it entails defining appropriate versions of (g, r)-Whitney-Lah numbers and (g, r)-
Whitney numbers of the first kind. It is left to the readers to derive these explicit formulas.

This paper is also related to [7, 12, 13]. With these, more properties and relations can
further be established.
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