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Abstract. In this paper we prove the existence of a weak solution of the complete compressible
Navier-Stokes system. We follow an previous work where we added an artificial viscosity in the
continuity equation and then rewrite the system in hyperbolic and symmetric form. Our study
is based on the symmetric hyperbolic theory. We use for this aim a successive approximation in
time to show the existence of the hyperbolic system solution and by the fixed point theorem the
compacity property of some appropriate sobolev spaces and some established a priori estimates we
can pass to several limits to prove our result. As state law, we use the Stiffened gas law.
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1. Introduction

The compressible Navier-Stokes equations describe a viscous fluid flow in a bounded
tridimensional domain, they are given by:

/

?}f + V- (pu) =0,

928 | G (puen) — pou— (X 4 NV(V - u)+ VP = £,

ot 3 (1)

8{’;—5 +V- <(pE +P)u> =-V- <q— [(Vu+vu’) + (A - %u)ldv : u]u>
4u-f.

Where p is the density, u = (u1,ug, us) are the velocity components, P is the pressure, £
is the tolal energy, f is the external force and q is the heat flux.
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The mathematical analysis of these equations was made only recently with the works of
[16], in particular in the case of barotropic fluids P(p) = ap”. The author had established
a regularity result of weak solution under certain conditions related to . Studying a more
general case, [9] had looked the case of non-monotone pressure-law. [7, 8] was interested
in the system in dimension two where he refined the conditions on the initial data. The
author established a regularity result with periodic boundary conditions and especially in
prevision of possible appearance of the vacuum. In the case of the complete Navier-Stokes
equation, with heat conduction, [16] had sketched the existence of global weak solution
by compactness arguments and some a priori estimates. However, the author indicated
that these a priori estimates are very difficult to be establish and sometimes unavailable
except in a very restrictive cases. More recently, [19] made a major contribution in the
development of the general mathematical theory of this system without any limitation on
the data size. The authors proved the existence of a variational solution using a series
of approximations: artificial pressure, relaxation in the continuity equation and finally a
regularized thermal energy equation. Passing to the limit they obtain their variational
solution of the Navier-Stokes equations. Although the theory is very nice, the question of
the physical sense of these approximations could possibly arise. With another approach,
[9, 10] justify the existence of a variational solution using in addition some a priori esti-
mates.

In this work, we establish the existence of a weak solution for the compressible Navier-
Stokes system using the theory of the symmetric hyperbolic system [11, 13, 17]. For that
purpose, we add an artificial viscosity term —e/\p in the continuity equation. Classically
this artificial viscosity is added to regularize the solution, but here we add it in the aim of
rewriting and obtaining a hyperbolic system from compressible Navier-Stokes equations.
After adding —e/\p, we make a change of variable similar to that used by [5]. With this
change of variable, we come down to a system of order 1.

A semi-discretization in time and a linearization of the obtained system allow us to use
the results of [13]. By a fixed point theorem we show the existence of the solution of the
stationary, nonlinear system. Then by some a priori estimates we can pass to limit in time
(At — 0) and after when € — 0 we justify the existence of Navier-Stokes weak solution.

The outline of this paper is organized as follow. In Section 2 we will present the added
system and our main results. In section 3 we will prove that the density in the added
system remain strictly positive when its initial value is positive. In section 4 we show
how we obtain the hyperbolic system and we will present the successive approximations
which allows us to construct and prove the existence of the weak solution of the obtained
system. Finally in Section 5 we pass to limit in the artificial viscosity and then we prove
the existence of the weak solution for the compressible Navier-Stokes system.

2. Preliminaries and main results

Let us consider a bounded domain € of R? with the boundary 09 is supposed to be
enough regular, [0,7] be a time interval with 7' > 0. We assume that heat flux q is
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determined by the Fourier’s law (q = —kV#, with k is the thermal conductivity of the
fluid) and the pressure P, the internal energy e are described by the following state laws
1, 3, 18, 20):

Py
P(p,e) = (y—1)pe —v7P»  and  e(p,0) = i Cy0. (2)

Where v and P, are given constants depending on the fluid, C, is the specific heat at

constant volume and 6 is the temperature. The relationship between the total energy F
2

and the internal energy is: F = pe + @

We add an artificial viscosity term —e/\p in the continuity equation of the system (1), we

obtain: (see [4]):

0
5;5 + V- (peue) —eAp: =0,
du I
Py + pe(ue - V)u. — pAu, — (g + AMV(V - u.)+ Cy(y—1)8Vp.
- 2+(’y —1)pVl. =f,
p:Co 5t + pCotte - Vb — kD — (A = Zp)|V - uef? = %\Vug + vul|? (3)
u.-u
+peuc - V( = 8) + (v = 1)peCu:V - ue = 0,

Pelt=0 = po, Uclt=0 = g, bO:|t=0 = B,

Ucon = wp, b:lon = O
To close the system (3), we need an additional boundary condition on p. given by:

gapa
on

In all the sequel we assume that the following assumptions are hold:

= 0. (4)

2
(H1) the viscosities verify : 0 < A + la < Pl
s € R such that s > %,
f e (L°(0,T; H (2)%))?, po € HA@)NWE=(Q),
(2) { we (W T AR 0R)?, e g0 € HEE O

By € H(Q) N WL (Q),

1,00 . prs+e
0(, eWw (07T7H 2(89))’ po > p with pE R:—

We denote L2(-), L>(-), H*(-) and W*°(.) the usual Lebesgue and Sobolev spaces and
1|22, || lzoes ||+ || s @and ||-]|j371,00 their corresponding norms (see [2]). In all the following
we will adopte the following notation:

We are now able to announce our main results:
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Theorem 1. Under assumptions (H1), (H2) and (H3), suppose that the state law is
given by (2). Then for any fized time T > 0 the system (3) has a solution (ps, v, 0¢)
such that:

0ps 00 9 2
—_— L T, H*(Q
e S50 € (120, T3 ()

e (L2(0,T; H* ().

(pes 0-) € (L(0,T; H*(2)))* and (
ou,

u. € (L>(0,T; HS(Q)))3 and T

In addition we have:

KT <K,

a‘nd ”u€||Loo (O,T;le‘x’(ﬂ)) —

pe > pexp

where K is a constant independent of €.

Theorem 2. Let (pe, u., 6-) be a solution given by the theorem 1. Then, up to extracting
subsequence, we have the following convergence when € goes to zero:

Pe —  p weakly-* in LOO(O,T;HS(Q)),

p:  9p - 2 72

T 9t weakly in L (O,T,L (Q)),

0 — 0 weakly-* in L (O,T; HS(Q)),
00, N 00 ) 2 2

wn 5t weakly in L (O,T,L (Q)),

u. — u weakly-* in (L°° (O,T; HS(Q)))3,
ou ou , 3
8155 — 5 weakly in (L2 (O,T; LQ(Q))) ,

where (p, u, 0) is a solution of the system (1).

The proof of these two theorems will be done in several steps. In section 4 we shortly
recall how to rewrite the system (3) in the hyperbolic form, his symmetrization and the
study of deduced operators that we be used in the demonstrations (see [4] for details).
The proof of Theorem 1 will be given in Section 4 and for the Theorem 2 in section 5.

3. Positivity of the density

Before we begin our demonstrations, we have to verify that the density p. remains
strictly positive in time if its initial value is greater than a positive quantity. For this, we
take the first equation of the system (3):

Ope

ot + V- (peue) —eAp. = 0. (5)
An implicit semi-discretization in time of the equation (5) gives:
1
EP?H + V- (pr it —eApttt = E,Oen- (6)
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To justify this strict positivity, we considered a more general convection-diffusion equation.
So, we have the following results:

Lemma 1. Let v € (WL (Q))3, h € L®(Q), K a constant as ||v|w1.~ < K. Then the
solution p of the problem:

op+V-(pv)—eclAp=och in

=0, v=0 on 09,

verify: for all p > 0 such as h > p we have p > ﬁexp_g .

K

Proof. Using the same idea like in [6], we set: p = p — poo, With pso = pexp o. pis
then solution of:

op+V-(pv) —elp=0(h— pso). (8)

Using the same decomposition like in [19]: p = p™ — p+, where:

[ pif 5>0, [ —pif <o,
P _{Oifnot. p _{Oifnot. (9)
_ 8,5 it 5>0 [ —apif 5<0
N - J ’ . _ J )
0P _{ 0 if not . 0P _{ 0 if not . (10)
Multiplying (8) by the test function 7~ = — (5~ +1)? with 3 € [0, 1], one obtain:

| a0 - NG 0P+ [ oth— )5+ 1P = — [ o5 +1)°
[owte +10' = [ 996+ + [ o=+ == [ pvo +1)" (1)

Q

The different terms of equality (11) are estimated by:

e[ VAV +1)F = —¢ |, v,a—V(ﬁ—H)ﬁ
= — V(5™ +lV(ﬁ—+l)5 (12)
= — [o B0~ +DFNVE + D

Setting p = (p+ 1) + (pso — 1) one can found:
| JorvV(~+ DP| =] fov(p™ + DV + 17 = (poe = 1) [o(V - ¥)(5~ + 1]
< KB [o(pm + 0PV +1) + K(poo +1) [o (5~ +1)P

< K JoB 4D (07407 VG )+ Koo +1) fo(5™ +1) 13)

IN

B+1
KB|p~ + lIIL?m\/fQ(ﬁ* F DUV + D2+ K(poo +1) [o (5~ +1)°

2 ~ — o~ —_ o~
< B w10+ 2 (5 + DIV + D + K (peo + 1) [ (5 +1)P.
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Since the left terms in (11) being positive, using (12) and (13) we get:

BK2

IN

- fQ op(p~ + l)ﬂ

With the Taylor polynomial of order 1 one obtain:

_ K K

P = Pooexp(—) = poo(l+ —),
g o

then we have: K
0<h—p<h—p(l+ )

Then, the inequality (14) becomes:

o e BE? e < B
— [ op(p” +1)7 < THP +l”Lﬂ+1 + KL | (p~ +1)".
Q € Q

If i — 0, we get:

BK?\ | 641
(0 = )7 1178 <
. . 20¢ .o . _ K
Choosing 8 < inf(1, ﬁ)’ one obtain p~ = 0 which means that p > pexp™ 7. O

Lemma 2. For s > 2, let v € (H*™2(Q))3, h € L®(Q), v* € (H5+%(8Q))3. For all
K2
o> — + K, where K is a constant such as ||v||gs+2 < K. Then, the solution p of the

problem:

op+V-(pv)—elAp=och in Q,

(15)
8'0 =0, v=v* on 09,

verify the following properties:
i) if h >0 then p >0,
it) let p> 0, if h > p then p > ﬁexpfg )

Proof. i): We have v* € (HS+%(GQ))3, then there exist v* € (H*+t2(Q2))3 such that
V¥ oo = v*; let set v = v — v*. According to the Sobolev embendding theorem (see [2])
and the fact that s > 2 > 2 — 1; we have v € (W1*°(Q))3, so replacing v = v 4+ v* in
(15), p is then solution of the following system:

op+V-(pv)+elAp=ch—V-(pv*) in Q,

(16)
6@20,\720 on Of.

15~ +UTEL + K+ o) [o(5~ + 1P =0 [o(h — poc) (5~ +1)P

2 ~_ — ~ ~
< HLY 5 L — 0 fo (b o1+ 50) (5 + 1)+ KL o5 + 1)

(14)
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Considering the same test function n~ = —(p~ +1)” and also use the same decomposition
of the density p = p* + p~, we get:
—a/ p(p~ +1)° + a/ VpV(p~ +1)° + a/ hip~™ +1)° =
Q Q Q (17)
~ [ 07+ [0+ [T 1)
The differents terms in the equality (17) can be estimated as follow:
[V < KB folo + 0PV + ) 1L 99 + 0P
20— - - - 1
< 80 UL + 5 Sylom 0PN R+ (18)
1
LK |QUFT [|p™ + 117
[ o996 07 = | [ 4070+ =1 [ (9907 07
< K [o(pm +DPT HIK [o(pm +1)P (19)
_1
< Kllpm + Ul + KU 7+ s,
~ % _ B _ _ =1, _ B+l
| [ ¥ (Ve)(p~ + 17| < K [o(V(p~+ D))o~ +1) = (p~ +1) 2
' g 2 1, K? B+1 (20)
< T oV FDP(em + 0P+ gglle
Using inequalities (18) to (20) into (17) and h being positive we get:
_ 2 2 _ [
o [ oo+ < (ﬁ;g +I5 K) I~ + gk + 21T o™ + Ugpin (21)
So when [ — 0, we obtain:
B+1 —B+1
(o K250 = )l I <. (22
let set:
2+1 _ J(B
0= K2ﬁ2ﬁ6 - K= 2(56)’ (23)

where, f(8) = —K?3? + 2¢8(0c — K) — K2.
2

K
Since ¢ > — + K, we have f/(8) = —2K?23 + 2¢(0 — K) is strictly positive on [0, 1] and
5
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f0) = —K?2 <0, f(1) = —2K? + 2¢(0c — K) > 0, then there exist an unique 8; €]0,1]

such as f(81) = 0. Choosing 3 €]31, 1], we have o — K? 5225;1 — K > 0. We conclude that

p- =0,s0p>0.
i1): By setting p = p — poo; p is then solution of:

0p+ V- (p%) — el = o(h — pc) — V- (07,

5 (24)
6@:0, v =0 on 09.
on
We use the decomposition (9) and (10). So multiplying (24) by the test function
7~ = —(p~ +1)%, we obtain after integration by parts:

o [ 50" == [ VG0 4o [ (=) +1) == [ VG 1) -

n /Q (V) + D+ /Q T (Vo) (5 + 1)

By taking the modulus, we follow the same procedure as above to justify that g~ = 0.
This allows us to conclude. g
4. Hyperbolization, demonstration of the theorem 1

the rewriting of the system (3) in hyperbolic form was presented in [4] and inspired by
[5]. Tts consist to set:

W, = (Ug, D1Ue, DoUe, D3U,), (26)
with
U = (pe, ue, 6;) and D; = o2, fori=1,2,3. (27)
Let set
a:ng, F=A+% and 6:)\—§u. (28)

One can found in [4] the proof of the following result:

Proposition 1. (/4]) Under assumption (H1) and using the change of variables (26)-(27),
the system (3) can be rewrite as:

( 3
OW, OW,
Ao(W. ALY L K(W.)W. = F,
o(We) =5 +; oz TEWe)
W&“tio = (PO; Up, 907 07 ey 0)7

(29)
WE‘@Q - (07 Uy, 9b7 07 ceey 0)7

=0.
oQ

((Ws)ﬁnl + (We)lan + (W5)16n3)
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Where n = (n1,n2,n3)" is the outward normal vector, Ag(W.), A (i=1..8), K. (W.)
are matriz in Mao(R) and K.(W;) contains all non-linear terms.

In addition there exist a positive definte matrix S which symmetrizes the system (29). The
corresponding boundary conditions are also rewrite like in [13]. we obtain:

OW. o OW.
SA)(W,))—— Aj)—— K.)(W.)W_. = SF,
( 0( 6)) ot +;(8 5) 8371’ + (8 5)( 5) € S (30)
(Ba - ME)WE =8,
3
with B, = Zni(SAig). the matriz M, € Mao(R) and the vector g € R? are obtained
i=1

in accordance with the change of variables and:
gi =0 fori=1,6, g1 =gi6=0,
gr = —2(an1u}, + 6n2u§ + ﬁngug’), gs = —2/m1u§,
gy = —2umuy,  gro = —2kny 0y,
G2 = —2punau}, 13 = —2(Bniui + angui + Bnguy),
Gia = —2unouy,  gis = —2knaby,
17 = —2unguy,  gis = —2pnsug,

g19 = —2(Bnauy + Bnouj + anzu}), g0 = —2knzby.

Notation: For simplicity, in all the following we will denote by:
1) (SA)(W)) = Ap(W), (SA;.) = Ay, (SK.) =K,

2) Ay = < £d5 8 ), Id; is an identity matrix in Mj5(R).

Before we present our approach for the construction of the weak solution for the system
(30), note that by the assumption (H2) we have g € W1>(0, T’; o3 (09))?°, and by the
trace theorem (see [15]), for u, € W1°(0, T} H5+%(8Q)3) and 0, € W1>°(0, T} HS+%(8(2))
there exist (W), (W,)3, (Wy)4, (W,)® in WL(0, T; H572(Q)) such as:

(Wo)llaa =15, (Wy)ilan =ui, (Wo)llag =ui, (Wy)’lag = bb.

Setting: Z9 = (0, (W,)?%, (W,)3, (W), (W,)?), we obtain:

W, = (Z9, D129, D229, D3Z9) € L>(0,T; H (Q)*) (31)
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4.1. Construction of successive approximations

For the existence study of a weak solution of the system (30), we use a process of
successive construction of a solution. One can found the used of this approach in [5, 21],
or in the continuous version in [22]. Thus in the first step, we perform a implicite semi-
discretization in time. So, let N be a given integer, we subdivide [0, 7] into N intervals
with the time step is At = %, we denote W"(x) = W (t", x).

The essential idea of our study is based on use of the following algorithm:

e Initialization: W" = W,

e By using the semi-discretization in time of the system (30), we construct the sequence
W solution of:

Ag(W™) oWt Ag(W)
Wn+1 A K Wn+1 Wn+1 Fn+1 Wn
At + 2 e~ gz, TE(W') NN " (32)
(B: — Ms)Wn+1 = gn+1
e By linearizing le system (32) we construct the sequence W"Jr1 solution of:
AO(W Wn+1 + Z A WZj:ll + K (Wn+1)Wn+1 Fn+1 + AO (Wn) W’n,
At +1 2 k+1 — At ’ (33)

(B. — M )ngll = g"t!

e Convergences

— With the fixed point theorem, we prove:
WZill — Wt when k — 400 and where W™ is a solution of (32).

— By some a priori estimations, we prove:
Wt — W, when n — +o00 and where W is a solution of (30).

4.1.1. Existence of W1

To prove the existence of the sequence (W}C), we begin with the existence of W1 by
initializing with W} = W, Thus W1} will be solution of:

Ay(WO) 1, OW] el i Ao(WO)
g W1+;Awaxi + K (WOWI =F + = wo, »

(B. — M)W = gl.
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Definition 1. W1 is called a weak solution of (34) if Wi € L?(2)?° and for all test
function V € HE(2)* we have

<WHLT'V >=< G,V >, (35)
0
where G = F! + AO(AVtV)WO and V* is the adjoint operator of
_ AW L, 90) 0
() = T(') + ;Azsami + K (W7)().

The existence of W1 is given by following result:

Proposition 2. Let that assumptions (H2) and (H3) hold. Then the system (34) admit
a weak solution W1 € LQ( )20 In addition if Wi € HY(Q)?° we have uniqueness.

Moreover if F1 + ( )WO c H ()%, g! ¢ H‘9+§(8Q)20, then the system (34)
admit a weak solution W% E H?(Q)20.
In addition we have (W1)! > pexp(—AtK), with K given by (49).

Ag(W?P
Proof. By the assumptions (H2) and (H3), we have F! + O(At)w0 e L)%, In

the aim to homogeneous the boundary conditions of the system (34), let us set:
Wit =W - W, (36)

Wi is then solution of:

([ Ag(W? 5 Wi Ag(WO
< 0( )_i_KS(WO))W}*_i_ZAwa 1 :F1+ 0( )WO

At < ox; At
Ao(WO) 0 L o, W} (37)
(PR W )Wy S AT,
(B-M)W;* =
Let define the operator:
Ag(WY) L 90)
0 0 . f— 0 0 . .
RW?, WO)() < AN KW ))()+;Awaxi. (38)

(R 4+ R*) is positive (see for instance [4], Proposition 2). Do to [13], we can deduce the
existence of a weak solution in L?(2)2°. Moreover if the solution is in H'(£2)?° we have
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uniqueness and the following estimate:

1 1
Wi < (17 + 2 1A0(WWOla + 3, 1AW W

2
T(e, Al)

3 1
oW
+|K (W)W + ;:1 AisaxigHLZ>
2 Co3(W?) 1 s
<=  ()F? AN 0 0 1 1 )
YY) <|| e + == MW [ + (14 ) Cr (W) [Wl2 + CIW |

T (e, At) is the constant positivity of (R + R*). Using (36), we obtain:

WHe < s (197 + SO oW+ (14 )W) W
HCIWlin ) + W)l
where
Co3(W?) = sup(1, [[WO| oo, Cy [[WO| o)
Cos(W9) = max Zy )i (W) C1(W?) = sup(Co3(W?), Cos(W?))

1<]<20

C = sup(u, B, o, k) a constant independente to . By construction of W, (equality (31)),
have: (W)l (W,)% (W ), and (W) are all equal to zero.
For the second part of the proposition, let us choose a test function test V € V with

V={VeDQ)*/Vis=DiV;, Visig=D2V;, Viyi5 = D5V, for i =1,5}.

One can remark that: < A, W V >=0 for i =1---3. Thus, for V € V we obtain

A 0 W K (W Ag(W?
<O<At) 1V >+ < Ke( O)W%*,V>:<F1+O(At)wo*»V>
H.(W Ag(W?) (39)
A% 0
S HAWOWG, V> = < =2 (Wy = W), V>
where
d 1
H.(W VV oW,
(WHW, = K. (W)W, + E A;—39 (40)

0;1:-
=1 ¢

Using the fact that in the expression of HE(WO)WJ7 only elements at the five first lines
are not equal to zero. We decompose the matrix K.(W?) as follow:

K. (W’ =D — Ag + R (W?) + Ro(W?), (41)
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0 0 0 0
0 K22 K23 K24
0 K42 K43 K44
K11 0 0 0 0 K12 K13
0 0 0 0 0 0 0
Ri=| 0 0 o] B2= 1o 0 0
0 0 0 0 0 0 0
with
wr + w1z +wig  We w11 W16 0
(v—=1Chwip wiwr wiwiz wiwir (v —1)cyws
KM= | (y-1)Cuwis wiws wiwiz wiwg (v — 1)Cyrwrn
(v —=1)Coway wiwg wiwia wiwig (y—1)Chrwie
Ty T, T3 Ty Ts
and
T = Cy(wawip + wswis + wawa),
Tr = wi(wawy + wswsg + wawy),
T3 = wi(wawiz + wawisz + wawia),
Ty = wi(wawir + wawig + wawig),
Ts = Cywi(wy+ wiz + wig).
—0(wr + w1z +wig) — pwr if (4,7) = (5,2) ,
(K12)" _ —%('LUg + wl?) if (7'7.7) = (5a 3) )
’ —%(wg + w17) if (Zvj) = (5a 4) )
0 if not .
_%(w8+w12) if (Zvj) = (572) )
(K13, — —0(w7 + w1z + wig) — puns  if (4,5) = (5,3) ,
—5(w1a + wig) if (4,7) = (5,4) ,
0 if not .
_%(w9+w17) if (Zvj) = (572) )
(K14, — — 5 (ws + w14) if (i,7) = (5,3) ,
! —6(w7 + w1z +wig) — pwrg  if (i,5) = (5,4) ,
0 if not .
e 0 0 0 O e 0 0 0 O e 0
0 a 00 0 0 4 0 0 0 0 1
K?2=100 p 00|, K3¥=]00 a 0 0|, K¥=]0 0
000 u 0 000 u 0 0 0
0O 0 0 0 k 0O 0 0 0 k 0 0

o oOx®w O o

K14

o O O

o Q0 oo o

O O O O
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23, B if(i,j)=(2,3), s2, B i(i,j)=(,2),
(K )”_{O if not . (K )U_{O if not .

42y B if(ivj):(432)v 24\ B if(i,j):(2,4),
(K )”_{o if not . (K™ {o if not .

34 o B lf (27.7) = (374) ’ 43 _ B lf (27-7) = (473) ’
(K*%)i; = . (K™)i; = .
0 ifnot . 0 ifnot .
Multiplying the equality (39) by At and using the decomposition (41) we have:

< Ag(WOWH AV > +At < DWIH V > +At < Re(WOWIH V >= At < FL, AV >
+ < Ag(WOW AgV > +At < (Ag — R1(WO)Wi* AV >
—At < H (WY)W, AV > — < Ag(W?) (W] — W)), AoV >

One can note that all elements of Ra(-) are equal to zero except somes of the fifth line,

then we get
0 1x 0 1% 1x
sup | < Ag(WWi* AV > | < sup < Ag(WOW:* AgV > +At< DW* V >
Vey AV | 1 vev [ AV || - IV r-s+2
aS R (WOWI AV >
[ AoV || -
< AF s + Cos(WO) AW [ 1ra+ - AUC + C[WO 300 Ao W |11+
+AHC + CIWO 1o Wil o1+ Cos(WO) Ao (W — W)l 1o
where
C = sup (37 301)7 (’7 - 1)C’U),U’7 ﬁ,Oé, k)
By definition of the H® norm given in [12], we finally deduce:
At Co3(W?) C+ CI[WY3 .
AoW 1| s < —|[F | s + — = | Ao W | s + At — AoW 1| s
[AaWE 11 < s B+ =80 AW ot AW
42)
C+CIWo3. 4 Co3(W?) 1 0 (
+ At — Wl gst1 + —————||Ao(W, — W s,
001(p) || gHH +1 001(p) || 0( g g)HH

with Cp1(p) is a strict positive constant independent to € given by:

Co1 (ﬁoo) = inf(L Poos Cvﬁoo)
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The discrete Gronwall’s inequality allows us to deduct:a

£ O+ CIWO
| AW 17+ < M exp Coulp) (44)
where
M= o+ D agwt e 4 e iy
+ D o (W = W)l
From inequality (44) we obtain:
2 O CIW e
| Ao W1 || irs < M exp CorP) 4 AW, |- (45)
So with the compactly embedded of H*~! into L™, we obtain:
C+ C[WO3
Wl < AWl < Mrexp G0l (46)
where M7 is a constant independent of € and of At, given by:
M = Bl + S w4 7 .
P AWy s
Finally we have the estimate:
Wiz < K (48)
with
7€+ CIW i~
K = Mpexp Co1(P) 4 |[WY|s. O (49)

4.1.2. Existence of W}CH

In this part, we will establish the existence of 'VV,I€ 41, weak solution of the following system:

Ag(W?) A Ag(W?)
Twllc+1 + ; A ax; + Ka(Wi)WiH =F' + TWO,

(50)
(B-M)Wi,, =g"

In fact we have the following result:
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Proposition 3. Let the assumptions (H2) and (H3) hold, then the system (50) admit a
weak solution Wiy € L*(Q)*. In addition if WL, € H*(Q)*° this solution is unique.

Ay(WO
IfF' + O(Amt)wo e H*(O)®, gl H”%(aQ)ZO, then the weak solution of the system
(34): Wiy € H3 (@)%
We have (VV}HI)1 > pexp(—KAt).

Proof. We use recurrence and follow the same approach as in the Proposition 2. So in
the second step we will construct W3 starting from W1} given by the Proposition 2. Then
we will get the following estimates:

At 003( ) C—FCH“’OH oo
Ao Wi* s<( F! 4+ 20 TN AW | s + At L= \\W | e
[AoW3" |ls < Conlp )|| | s Cor(0) Ao | Cor(7) Wl s +1
G+ CIWE (51)
Co3(W?) WO Co1(p)
+ Co1(p) [Mo(Ws = W)l | exp
T Co3(W?Y) 0 C+ CIIWO3
o < = ||F|loo,s + ——==||A Ners +T 00,8
W3l < <001(ﬁ)’ [l oo, Cor () [ AoW™ || Cor(p) [Wylloo,s+1
C + C|WH 3 (52)
Coz(W?) 0 Co1(p
S03\VW ) o 01(p)
Cor(7) [ Ao(W, = W ). | exp

Note here that we cannot continue the recurrence only if these estimates are uniform in the
C+ CIWi*7ee

Co1(p)
For this aim let us consider the term M defined by:

sense that T

remains lower than a quantity independent of the iteration.

-C + C|WO|3
M=T = 53
Co1(p) (53)
N C+C|WH|3
where T is an enough time to have T + CH (,51) Iz < M. We will note in the sequel
01
Co1(p) as
COl(ﬁ) = inf (1a ﬁexp(_f‘f{)v CvﬁeXp(_Tf())a (54)
with

K = My eXPTM + HWgHLoo(o,T;Loo(Q)20)‘ (55)



R. Bade, H. Chaker / Eur. J. Pure Appl. Math, 14 (1) (2021), 82-111 98

Using the estimation (46) and the equality (47) we get:

T T
—(C + C|WH[2.) < _<C+CIC3>
001 (,0) ( H 1 ||L ) 001 (,0)

! T Cos(WO) .
—_|IF B Co3(W7) .
C’o1( p) [C * C(COI() I HLoo(o,T;Hs(Q)go + Cor(7) AW || i (56)

2C03(W?) 5
+MHWHHLOO(O,T;HSJrl(Q)QO) + COI( ) ||./4()W HL"O(OTHS( ) ) engM ,

where we have set:
K = Mrexp™. (57)

We wish that the right term in the estimate (56) be majoreted by M. Thus, we rewrite
the difference between the right term of (56) and M as a polynomial function in 7T

3 2 3 o3 M
_ay pPM afay 3M 3 a1ay sme , Ctajexp
m(T) = T°+3————exp>"T° +3—~exp>" T+ ——=——T — M,
M) = o) ™ Cor(9) Conp) Con(p)
where: IF|
o — ez @)

Co1(p) ’

o 003( ) 0=
ag = C(Cbl(p)HAOW | ms + MW, ”LOO(OTHSH( 0)20)

2Co3(WY)

+T(ﬁ) ||AOW9 |L°°(0,T;H5(Q)20)> .

We expect to have:
gm(T) <0
Let E be a subset of R™ containing the zeros of the function ga:

E= {T € R such as g (T) = O}.

First one can note that the E is not empty, indeed ga((T) is a polynomial function of
degree four which is negative at T' = 0, and is tends towards +oo when T — +o00. Thus
there exists at least one T' € R such as gy(T) = 0. Thus we takes T as follows:
To= inf E (58)
Te[0,+00[
Consequently, for any T € [0,Tp[ we have gy (7)) < 0. We then obtain the following
uniform estimate:

) At C .

1AW s < (o P e+ gf’()quWO a7+ MW7
01(p) 01(p) (50)
Coz(W?) WO M
001() ”AO( g)HHS C€Xp
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and
T C .
Wiz < (Cm(ﬁ)TuF||oo,s+§;(l()>quwo i+ MWyl
60
Co3(W?) 0 M o
t— COI( ) ||"40( WQ)HHS eXp +HW!]HOO,OO
Finally we have by recurrence:
A Coz (WO .
[A0WHlne < (g IF e+ SO AGW™ i + MW
(61)
Cos wo
+ T AW = W ) oM AW
T C .
Whi < (sl + S AW it + MWyl
(62)
2Co3(W"
2 AW, s ) x4 W, 0

4.1.3. Passing to the limit £ —

We have shown in the paragraphs 4.1.1 and 4.1.2 the existence of the sequence (W4 1)
here we will show that this sequence converge and its limit is solution of the following
system:

AW Z AT whwt = B AWy
(63)
(B-M)W! =gl
Let us set:
R, = Mpexp™ 4|Wylloc (64)

Lemma 3. Let B be a ball of H*(2)* with radius Ry given by (64). Then the function
G defined by:

G- B—B
"\ W, —G(Wi) = W,lg+1

admits an unique fized point W' which is solution of the system (63). In addition we have
W1 e L2(0)20 with (W), > pexp(—AtR;) -
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Proof. Let W} and W} 41 be two successive solutions of (50) then we have:

Ag(W?) OWL | Ag(W?)
— Wi, +§ : A, ax; +K(WLHWL,, =F! + N WO, (65)
- Ag(WO) o
Wk § :Aw . +K (WL )Wi =F' + — g We. (66)

The difference between (65) and (66) gives:

0
[AogtV)*'K (Wi (Wiep1 — W) +ZA” - (Wk“ Wi)
= [K(Wi_y) - K(W[ (W),

A scalar product with Wi 1 — Wi and using the fact that: the matrix A;. are symmetric,
W11<+1 Wi = Wk+1 W* and the operator R + R* is positive we obtain:

< R+ R)W, W) Wiy = W), Wiy — Wi >> 2 (e, A)|[Wiy — Wi|72 (67)

and

001( p)

< (R4 R WO, W (WE,y — Wh), Wi, - Wh >> Ao (Wi, y — WE) 2. (68)

By the obtained result in [4] (lemma 2) we have:

< [K(WE )~ Ko (W WE W, — Wi >< O WE = Wi e Ao (Whiy ~ Wh)lle. (go)

where the constant CXY)O is defined as follow:

20

max E sup

ISIS20 5= Wil co<Rs
WL Loo<Rs

W _
l,00 —

(N [Wi_l,wi,wio

ij

Using the inequality (69) into (67) we get:
27 (e, A1) Wieys = Wil[72 < C(Ro) W = Wiy ez Ao (Wicry = Wig)llz2. (71)

The inequality (68) allows us to deduce:

At

—— _|WE - W2 72
001(5)” k k l”L2 ( )

Mo (Wicy1 = Wig)llz2 < C(Rs)
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The time step At being intended to goes to zero before ¢, taking (72) into (71) it follow:

2
_ DMC(R)

Wl _Wl 2 i e
H k+1 kHL2 = 4.8001(ﬁ)

Wi = WicallZe. (73)
Choosing the time step such that At < 42(;&;(’;) , we deduce that G is strictly L2-contraction.

Hence there exist an unique W € LQ(Q)20 such as Q(Wl) = WL
It remains to prove that W' € H%(Q). By Sobolev spaces interpolation:

for all reels s,s' with 0< s <s,3 C(s,Q), such that
1—5 s’
Wi = Willge < Cls, DW= Wil * [Wy — Wil 5. (74)
s’ 1-=
< 2Rg C(s, Q)lelc - W11HL2 °

According to (73), (W}) is a Cauchy sequence in H* (Q). So choosing s’ > 2 we have
W]]% — Wlin H¥ (Q). By duality product of Sobolev spaces we have:

<O W) >—<dW!'> VdeH (),
and by density of H—*'(Q) in H—*(2), we have:
<O, Wi >—<dW!'> VocH Q). O

Now we are able to pass to the limit in the system (50). By term by term convergence
we obtain that W1 is a solution of the system (63). By construction of the matrix Ag,
Ai(i=...3) and K, the last fifteen lines of the system (63) gives that W' have exactly
the following form:

w! = (U!, D, UL, D,UL, DyUL)

(75)
with Ul = <(W1)1,W1)2, (Whg, (Why, W1)5> and D; = 88 fori=1,2,3
Ly

The estimate (48) being true for the sequence (W} ), the limit also verify the same

estimate. Then we have v = (W), (Wh)3, (W) € WH*°(Q)? and according to
lemma 2 we deduce that (W), > pexp(—AtR,).

4.1.4. Existence of WZIII and passing to limit £ — oo

In the paragraph 4.1.2, we have proved the existence of (W} _,) solution of (50), whose
limit W1 is solution of the system (63) (paragraph 4.1.3).

Now we construct the sequence (Wz +1) whose first term W2 = W!. According to the
lemma 3 and the positivity of the operator % + R*, one obtain the existence of (W?), and
moreover we have (W?); > pexp(—2AtRs). Then, by recurrence we have the existence of
(Wz +1>' We repeat the process in the same way, so successively we construct the sequence

(Wl'(li}) solution of the sytem (33) and whose existence is given by the following result:
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Aogtvn)wn e L)% and g™ € H*3(00)%,
then the system (33) admit a weak solution er(li.} € L2(Q)%°. In addition if WEI} €
H'(Q)?°, then this solution is unique.

If Pt 4 Ao (AV;[ )Wn e HY ()P, g™+l € HT3(0M2 then the system (33) admit a
weak solution Wﬂii € H*(Q)?. In addition, we have (Wﬁi})l > pexp(—(n+ 1)AtRy)

Proposition 4. Suppose that F"+1 +

Proof. Use the same demarche as in the existence of W1. U

At the limit with the same argument of the fixed point theorem one can get W2t1
solution of the system (32).

4.2. A priori estimations

Lemma 4. Under assumptions (H2) and (H3), the following estimations hold:

i) [[AoW"||gs < C(T,F, W),

3 ; W1+1 Wz
i) Atz |Aog(W )T”L? < C(T,F,W,), (76)
i) Atz || o(WiT — W) |2, < C(T,F,W,),

with C(T,F, W) is a constante independente of € and At.

Proof. i): Let W™ be the solution of the following system:

AQ(vvn) 3 OW (n+1)*
(W W Y A ————— + K (W)W = e g (Wt w
A\ )+ 2 oz, Kl ) ( YW,
with
1 +1 +1 +1 - 9 n+1
n-+ n _ n n
H (W hHwptt = K. (WrHHwptt + ; 1 A—7— 8@- :

Using the same decomposition of K. as previously, we get:
Ay(W"
O(At)(wn+1 —W"), AV > + < DWWV > 4 < Ry(WTHWnHL AqV > -
=< F"L AV > + < [Ag — Ry(W"H) [ WD AoV > + < H(WHHWIHL AV >
It follows that:
Ap(Wn)
- <=5
Vev AoV || 77—

(WL W), AgV > |

< F"Hlgs + (C + CRY)[ AW s

H(C + CR Wi s + CWIH| o,
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then,

[ Ao (W)W — W)|| s < ALF" s + (C' + CRY) <At||AoW”“||Hs

(78)
+At||Wg+1||Hs> + éAt”W?+1|’Hs+l.
Now we set:
CEe(p) = inf (1, pexp(—T Ry), Cupexp(—T ) (79)
we get finally:
At C+CR3 C+CR3
W™ s < ———IF" s + At =AW [ e + At === W e
Cor’ (p) 001 (p) 001 (p) (80)
C’ n n
+AtCT(ﬁ)HWg+1”HS‘H + [ AW [ 75
01
By summation we have:
. - 0Ot CR3 ;
AW s < CR Z IE e+ A== 5 = AW s
o1 ( 01 i=1 (81)
C+CR3 C
+At———= HWZJAHH + ANt—s—— HWHF1HH5+1 + H.A()WOHHS
C(ﬁs (P) Zz; C'01 (p) ;
By the Gronwall’s inequality we deduce:
n T M
[ AW |lgs < T (5 )HFHooerCTHW glloc,st1 + AWl 57 ) exp™, (82)
01

where M is given by (53). By assumptions (H2) and (H3), we deduce ).

For the proof of i7), let us consider two successive solutions W"! and W" of the system
(32), using the same change of variable like (36) and setting: (9W)2+1 = Wn+1x _Wwn+,
we get:

l%(AVtvn)(aw nt1 n Z Azg 31 ((6W)n+1> + K (Wn+1)(8W)n+1
net +(K (W) — K (W) W™ (83)
_Frtl _Fnoy ‘A‘D(X)(aw)gl — (Hg(wnﬂ) — Hg(W"))Wngl

—H.(W")(Wyt! — Wy).
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By the lemma 2, proved in [4], we rewrite (83) as follow:

Ao(W™)
At

3
)
+ K (W) 4 VW W W”*]} @W)ptt 4> Ais%((GW)Z“)
i=1 v
Ag(Wn—1)

— Fn+1 _ Fn
+ At

(OW)_y — K(WHH) (Wt (84)

3

a mn n

—Wg) — (KE(W”“) — KE(W”))W;Z — Z AZ-E%(WQJrl — Wg)
i=1 v

Applying the Proposition 3 of [4] to the system (84) we have:

A(W™ A Wn—l B
H O(At )(Wn-‘rl _ Wn)HLQ < 2HFn+1 _ FnHL2 + 2” O(At )(Wn _W" 1)||L2
2K (W?) || e [[WH — W2 + 2| N[WHL W2 W] || o [[WEH — W2
Ag(Wn—1 _ Ay(Wn n n
2 AWV (w4 AoV (e w
or
Ag(W™n n—1
H 0( )(WTH-l _Wn) < 2||Fn+1 _FnHL2 +2“AO(WN )(Wn_Wn—l)
At L2 L2
) AO(Wn_l) (Wn _ Wn—l) + AO(Wn) (Wn—i-l _ Wn)
At 9 9 L2 At g g L2
+CO(Ry) [Wyt! — Wl 2
Squared, one obtain:
Ao(W™) 2 L[| Ag(W") N[
(WM W) < CIFT - F2, 4 AAE A
H A ) 12 ‘I UZRE A ) 12
Ag(Wrh) N Ag(W") 2 (8)
Cl|l————=(W! - W" Cl|——=(Wnrtl —wn
i H A (W g )L2+ A~ (Ws 7) L2

+C(RS)2HWZ+1 - W9||%2

with C' a positive constant. The inequality (85) remains true for i = 1,2,---n, by sum-
mation, we get:

n A W,L'71 ) ) 2 n ) ) n A -WZ'71 ) ) 2
Z O(At )(Wz+1 7wz) < CZHFerl 7F2||12 +CZ ) O(At )(Wziwgfl)
i=1 L i i L% (s6)
- Ao(W') i+1 i ? 2 - i+1 il)2
+CZ At (Wg o Wg) L2 + C(Rs) Z HWg o Wg||L2 :
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Multiplying by At we have:

|| Ao(WiTh) all i i)2
ALY OT(W“—W) L2<AtC§ [Fi —F| ),
i=1 %
AO i+1 i ? - AO(Wi) i+1 _ wwri ?
W ~ W) L2+Atzi:‘ (W = wy) ,

n
PR Y Wi e+ WS .
i
Finally we obtain i), with:

2
AdWT) Wit _wi) 2<TC’<HFH30,2+\AOWg”%VW(O,T;LQ(Q)?O)+”W9”i°:2>
L

For m), we multiply (86) by At, which implies

"40 W'L+1 Wz A FZ+1 F’L 2A 003 "40 Werl Wz 2
) tCTlZH 72+ tCTn o 9|,

C(Rs)
NS ZHWlHHLz Wi,

and finally we obtain:

Ao xxriv i
E(W+ —W)

2

< TC(IFI 4 1AWyl o a0 + Wl ) O
L

4.2.1. Passing to limit m — oo

The a priori estimates given by the lemma 4 allow us to pass to the limit in non-linear
terms. But to be able to do it, we introduce the approximate functions on [0, 7] and which
are defined as follows:

Vi (1) = W' + %(w"+1 —W")(t—nk)  Vte [nk, (n+ 1)k[,

(87)
V7(t) =W"  Vte [nk,(n+ 1)k]

with k = % So we have the following result:

Lemma 5. Let suppose that the assumptions (H2) and (H3) hold, then up to extract sub
sequences of V¥ and V™, if necessary (which we will note in the same maner) we have
the following convergences:
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a) AgVE, — AoV weakly in L?(0,T; H*(Q)?°),
b) AgV™ — AgV weakly in L*(0,T; H*(2)%0),
c) Vi and V™ — V weakly-x in L>(0,T; H5~1(Q)%7),

d
d)%

Proof. By construction of the functions V} , V™ and the estimation i) of the lemma
4, we have Ag V7, and AgV™ are bounded in L>(0,T; H*(Q)?°) thus we have the weak-#
convergence of the two sequences in L (0, T; H*(2))?°. By compact embedded we get a)
and b).
Notice that AoV}, and AgV™ represent the first five variables of V' and V™ thus,
Vi et V™ are bounded in L>(0,T; H*~(22)%°). Then we have c).
Finally d) come from iii) of the lemma 4. It remains to prove that V}, and V" have the
same limit when m — oo. For that, one can remark that:

(ApVy,) — %(AOV) weakly in L*(0,T; L?(£2)20).

.AOV:n(t) - AOVm(t) — t _k;nk (AOW”‘H . .A()Wn) Vit € [nk:, (n I 1)]{:]
(n+1)k _— B
/ |AOV:n(t) — .A()Vm(t)|2 dt = |A0Wn+1 _ Aown‘g/ (7' knk)Q dr
nk -

k2
_ ?‘AOWWH _‘onvn‘27

so, by summation, we obtain:

[ AoV, — AoV™ |22 < 3

Passing to the limit m — +o0o which means k& — 0, we have: AgV* = AoV and conse-
quently V¥ =V. 0

Now we can announce the result which allows us to pass to the limit in the nonlinear
term.

Lemma 6. Let us suppose that the assumptions (H1), (H2) and (H3) hold, then up to
subsequence, we have:

1) V' = Wy weakly-+ in L>(0,T; L*(%2)),
2) V" — W, strongly in L2(0,T; L4 (),
3) V" — W, strongly in L*(0,T; L°(12)),

4) V'V —~ W, W; weakly L2(0,T; L2(%)),
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5) VIVIVIE ~ W,W W, weakly in L*(0,T; L*(2)),

6) VI'VI'VIEVE = Wi W, W; W, weakly in L%(0,T; L?(%)),
with 1 <4, 7,r < 20.

Proof. The point 1) is a direct deduction of the point ¢) of the lemma 5.

Form the apriori estimates, we have (V™) is bounded in L?(0,T; H*~1(Q)), thus (V)
converge weakly in L2(0,T; H*~1(€2)). For s > 2 + 1, we have the compact embendding
of H*71(Q) in L*(2) (see [2]), so by the compacity theorem do to [14], we have that (V)
converge strongly in L?(0,7T; L*(£2)). So we have the point 2). By the same argument one
can obtain the point 3).
For the point 4), we have (V") and (V") are bounded in L%(0,T; L*(£2)), thus (Vi"vi)

is bounded in L?(0,T; L*(©2)) hence it converges weakly towards a limit that we note ¥;;.
To justify the equality ¥;; = W; W, we takes Q = [0, T[x€2, thus we have:

< VIV ¢ >=< V" V> V ¢€DQ)
By the point 2), we have V' is bounded in L?(0,T’; L?(€2)), then converge weakly, on the
other hand we have the strong convergence of V¢ in L2(0,T; L?(£2)). It result that:

/Q V'V dxdt —> /Q W,W,¢dxdt ¥ ¢ D(Q).

For the point 5), given that (%, 3) are conjugate, we have the following estimate:
IVIVIVEY Ol < VIV ONZ: IV (017
m m m 2
< (VIO Ls IV Ol eIV ) 2s) ™

The sequence (V{"V'V") is then bounded in L?(0,T; L?(2)) so it converges weakly
towards @®;;.. For the equality ®;;, = W;W;W, we juste follow the same way as
previously.

The point 6) is a deduction of 1) and 5). O

Lemma 7. Under the same assumptions like in the lemma 5, the following convergence
hold:

onm%(»AOV:@) - AOV%(AOV) weakly in L2(07T§ LQ(Q))QO'

d
Proof. From the estimation ii) of the lemma 4 we deduce that AOV’"%(AOV;) is
bounded in L?(0,T; L?(£2)?°), hence it follow the weak converge to ® in the same space.

To justify the equality ® = AOVﬁ(AOV), we have: firstly the estimate i) of lemma 4
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guarantees the weak convergence of AgV™ in L>°(0,7T; H*(2)) and due to the compact em-
bendding H*(2) — L?(Q), we have the strong convergence of AgV™ in L>°(0,T; L?(f2)),
and as T' < oo, the strong convergence also holds in L2(0,T; L?(Q)). And secondly, the

d
point d) of lemma 7 gives us the weak convergence of £(.,40an) in L2(0,T; L?(2))®. Thus,
equality is obtained in the same way as previously. O
Lemma 8. K.(V™®)V™ —~ K_(W)W weakly in L?(0,T; L*(2))*° when m — oo

Proof. Performing the vector-matrix product K.(V™)V™  the result is a consequence
of the lemma, 6. O

We now be able to pass to the limit in the weak sense in the following system:

d . av;
< Ao(V™) = (A(V3)), ¢ > + < D A5 26> + <Ko(V") V5,6 >=<F,6 >, Vo€ D(Q)
i=1 '

with @ = [0, T[x €.
Applying the lemmas 7 and 8 we get: for all test function ¢ € D(Q)?":

9 L OWE
Ag(We) 2 (Ag (W AL K.(WS)W? ¢ >=< F
< Ag(We) = (Ao )),<z5>+<i§:1 e g > T <K(WIW, 9 >=<F.¢ >,
hence AyW¥* is a weak solution of the system (3). O

5. Passing to limit ¢ — 0, démonstration of the theorem 2

In this section, we will pass to the limit € — 0 in W¢ solution of (3). By definition of
the matrix Ag, we have: AgW*¢ = (p., u., 0.,0,...,0)T. So by the theorem 1 we have:

AWl <C and  [DyWF|zes < C
where C' is a positive constant independente to e and Dy € M(R??) a matrix given by:

1 ifi=j withi¢ (6,11,16)
(DO)”_{ 0 if not (88)

Then, extracting subsequence if necessary, we have the convergence of W¢ to W in
L>(0,T, H5(£2))?°. It remains now to verify that the limit AgW is solution of the system
(1) which means to show that:

oW,
ax'zzwiﬁj for i=1,...,5 and j=1,...,3 (89)
J
We have (W¢); € L2(0,T; H*(Q))?°, which gives:
OWS
< |Wellgs < C
%] < il
OWE
< |Wellgs € C
%], < 1wl
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€

\%%
(W?)1 being bounded in L?(0, T; H*(2)), one can deduce that, OWi _ (W*)g is bounded

8X1
a €
in L2(0,T; H*~1(9)). Consequently their exist subsequence noted again 5 L which con-
7 X1
verges weakly to W in L?(0,T; H*71(Q)). On the other hand we have W5 converge

= O0W
strongly to — W1y in L2(0,T; H*(Q2)), which gives W = 3 !

the following convergences:

. This allows us to deduce

X1

8(Wa)1 3W1
8x1 — 8x1
(W) — Wsg in L2(0,T; H~1(Q))

L*(0,T; H*71(Q))

\%%
By equality of sequences and their limits, we have: L. Ws.
X1
\%%
We repeat the same calculation for 5 L. W11, which finally gives:
X2

AW € L®(0,T; H(Q))
S (AW) € 0,7, LX)

The verification of AygW solution of the compressible Navier-Stokes system (1) is done in
the same way as before.

6. Conclusion

In this work we have proved the existence of a weak solution of the Navier-Stokes-
Fourier system if the second member remains bounded in time and with a certain reg-
ularity in spaces. The justification is based on a reduction of the system order due to
the add of a diffusion in the continuity equation. However, we prove that this addition
preserves the positivity of the density as long as there is not a vacuum at the initial time.
The treatment of the nonlinearity of the Navier-Stokes-Fourier system is done by a suc-
cessive approximation and the passage to the limit was possible thanks to some a priori
estimations.
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