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Abstract. As a system of abstract algebra, evolution algebras are commutative and non-associative
algebras. There is no deep structure theorem for general non-associative algebras. However, there
are deep structure theorem and classification theorem for evolution algebras because it has been
introduced concepts of dynamical systems to evolution algebras. Recently, in [25], it has been
studied some properties of nilpotent evolution algebra with maximal index (dim E? = dimE — 1).
This paper is devoted to studying nilpotent finite-dimensional evolution algebras E with dim E? =
dimE — 2. We describe Lie algebras related to the evolution of algebras. Moreover, this result
allowed us to characterize all local and 2-local derivations of the considered evolution algebras. All
automorphisms and local automorphisms of the nilpotent evolution algebras are found.
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1. Introduction

The departure point of a new type of evolution algebra has been introduced by [34].
This algebra is motivated by some evolution laws of genetics. The study of evolution
algebras serves as a foundation of a new research area in algebra and the theory of dynamic
systems. Many related open problems have to be addressed to develop research in this
area (for further details, we refer to [33]).

We note that evolution algebras are not defined by identities, and therefore they do
not form a type of non-associative algebras, such as Lie, Jordan, or alternative algebras.
Thus, to investigate such algebras, a different approach has to be used (see [7, 9, 12]).

In [12], the relationships among nil, right nilpotent evolution algebras, which are de-
fined by an upper triangular matrix of structural constants, have been found. A further
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problem which has been addressed in [10, 15, 18, 19, 27] is the classification of low-
dimensional evolution algebras. Nevertheless, a full classification of nilpotent evolution
algebras is a tricky task. [20] have investigated certain properties of nilpotent evolution
algebras with maximal nilindex. In the current study, we analyze some propensities of
nilpotent evolution algebras whose index of nilpotency is 272 + 1.

The derivation of non-associative algebra forms the Lie algebra, which is considered as
one of the important tools for studying its structure. Extensive work has been conducted
on the subject of derivations of genetic algebras ( [13], [17], [20], [28],[16],[1]). since the
multiplication is trivial then set of all until is invertible In fact, [7, 14] have investigated
several properties of derivations of n-dimensional complex evolution algebras,depending
on the rank of the appropriate matrices. Recently, many paper have been devoted to
study the derivation of evolution algebras see for instance [2, 26, 30, 31]. Other properties
of evolution algebra have been investigated in [5, 6, 8, 9, 11, 23, 29]. In [25], it has been
study the properties of the nilpotent finite-dimensional evolution algebras with maximal
nil index such as derivation, local derivation, automorphism, and local automorphism.

In the present study, we explicitly describe the space of derivations of evolution algebras
with nilindex 2("=2) 41, which allows us to study further properties of the evolution alge-
bras.Moreover, we describe all local and 2-local derivations of the considered algebra.We
stress that the notions of local automorphism and local derivation were introduced and
investigated independently by Kadison [22] and Larson and Sourour [24]. Subsequently,
P. Semrl [32] introduced the concepts of 2-local automorphisms and 2-local derivations.
The preceding studies have led to a series of works devoted to description of mappings
which are close to automorphisms and derivations of C*-algebras and operator algebras.
For details and the survey, we refer to the work of [3, 4].

The paper is organized as follows. Section 2 provides preliminary information about
evolution algebras. Derivations of non-associative algebras form the Lie algebra; thus, so,
in section 3 we describe the Lie algebra associated with evolution algebras whose nilindex
is 2(n=2) 1 1. Furthermore,based on results in section 3, section 4 describes local and 2-local
derivations of the considered evolution algebras. In section 5, we find all automorphisms
and local automorphisms of the nilpotent evolution algebras with nilindex 2(n=2) 4 1

2. Evolution algebras

Recall the definition of evolution algebras. Let E be a vector space over a field K. In
the follows, we always assume that K has characteristic zero. The vector space E is called
evolution algebra w.r.t. natural basis {e1, es, ...} if a multiplication rule - on E satisfies

e -e; =0, i#j,
e; e = E a;keL, iZl.
k

From the preceding definition, it follows that evolution algebras are commutative
(therefore, flexible).
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We denote by A = (aij)?,jzl the matrix of the structural constants of the finite-
dimensional evolution algebra E. Obviously, rankA = dim(E - E). Thus, for finite-
dimensional evolution algebra, the rank of the matrix does not depend on choice of natural
basis. In the following, for convenience, we write uv instead u-v for any u,v € E and we
write E? instead of E - E.

A linear map ¢ : E; — Es is called a homomorphism of evolution algebras if ¢ (uv) =
Y(u)y(v) for any u, v € E;. Moreover, if 1 is bijective, then it is called an isomorphism.
In this case, the last relation is denoted by E; = Es.

For an evolution algebra E, we introduce the following sequence, k > 1

k—1
EF =) E'E"" (1)
=1

As E is commutative algebra, we obtain
[k/2]
Ek — Z EiEk_i,
i=1
where |z denotes the integer part of .

Definition 1. An evolution algebra E is called nilpotent if some m € N such that E™ = 0.
The smallest m such that E™ = 0 is called the index of nilpotency.

Theorem 1. [12] An n-dimensional evolution algebra E is nilpotent iff it admits a natural
basis such that the matrix of the structural constants corresponding to E on this basis is
represented in the form

aip a13 - Q1n

0
0 0 g °  don
A=
00 0 dn_tn
00 0 0

Due to Theorem 1, any nilpotent evolution algebra E with dim(E?) = n — 2 has the
following form:
n
> aije;, 1 <n—2;
ef =14 i (2)
0, i€ {n—1,n}.
where a;; € K and a;;41 # 0 for any i <n — 1.

Theorem 2. [11] Let E be a nilpotent evolution algebra. Then, E has maximal index of
nilpotency 2"=2) + 1 if and only if the multiplication table of E is given by (2).
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In the following, we will work with nilpotent evolution algebras with 2("=2) + 1 index
of nilpotency. Due to the last theorem, we only consider evolution algebras with the
multiplication table given by (2).

Lemma 1. Let Eq, Eg be two isomorphic evolution algebras. Then, Der(E;) = Der(Es).

Lemma 2. Let E and E' be evolution algebras with basis {e;}_; and {£;}I'_, respectively,
defined by

o2 — | Giit1€it1 T ain—1€n—1 + Ginep, @ <n—1; p2 _ ]t i<n— 1
’ 0, ie{n—1n}. ’ 0, ie{n—1,n}

If ajit1 # 0 for every i <n—1, then E=E'.

Proof. Let a; ;41 # 0 for every ¢ < n — 1. If n = 3 after changing the basis eq, ez, e3 to
f| = e, f; = €2, and f3 = e3, we immediately get E’.
So. let us suppose n > 4. Then, the linear mapping ¢ : E — E’ defined by

f1 = e
f2 = e%
. i—1 )
(p . ¢ i—k . 3
fiH:Hai’kHe?, 2<i1<n—1 (3)
k=1
f,.=e,

is an isomorphism from E to E’.

3. Derivations

In this section, we consider derivations of nilpotent evolution algebras with 2"=2 4 1
index of nilpotency.

Recall that derivation of an evolution algebra E is a linear mapping d : E — E such
that d(uv) = d(u)v 4+ ud(v) for all u,v € E.

We note that for any algebra, the space Der(E) of all derivations is a Lie algebra w.r.t.
the commutator multiplication:

[dl, dg] = dydy — dody, Vdi,do € Der(E)

For a given structural matrix A = (a;;);;»; of nilpotent evolution algebra E with dim(E?) =
n — 2, we denote
In=A{(i,j)i+1<j<n-—1, a;; #0}. (4)

Theorem 3. Let E be an evolution algebra with structural matriv A = (aij)ijl n a
natural basis {€;}'_,. If E is a nilpotent with rankA = n—2, then the following statements
hold
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(i) if Ia # 0, then

0 0 din-1  dip
0 0 dzn_l d2n
Der(E) = :
00 dn—ln—l dn—ln
0 0 dnnfl dnn
where
dn—l,n—l = _an—Q,ndn,n—l;
dn—l,n = _an—2,ndnn§
n—i
dim = — Zai—l,kJrikori,my me {n - 17n}
k=1
(i7) if I =0, then
a 0 ... ol
0 2a ... dgjn_l d2n
Der(E) = Do R : D, f8,,8teK
0 0 ... dyp—2p-1 dn—a2n
0 0 ... dyn—tn-1 dpn—1pn
0 0 ... S t
where
dnfl,nfl = 2n—2a — Qp—2.nS
dnfl,n = (2n—2 - t)a’nfln
din-1 = (27 —2"aa;i_ 101+ (@Gi1n-10n-2n — AGi—10)$
di,n = ai*l,nfldnfl,n + aan,n(2Z_1a - t)’ 2<i<n-—1

Proof. The (i) and (i7) are easy to check for n = 3,4. Thus, we consider only the
case n > 4. Let d be a derivation. We represent d in a matrix form based on {e;}!' ; as
follows: d(e;) = 22:1 dijej. Then, we have djie? + dije? =0forall<i<j<n. As
e? and e? are linearly independent, then d;; = dj; = 0 for any 1 <14 < j <n —1. If we
take m € {n — 1,n}, then considering that e2_; = €2 = 0 from d,,;e? + d;me?, = 0 one
has d,,; = 0 for any i < m.

Thus, we have shown the following:

dijZO, ifi#£j i<n, j<n-—1. (5)
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On the other hand, we have d(e?) = 2d;;e? for any i < n. Then, for i = n — 2 using (2),
we obtain d(e,—1 + an—2n€n) = 2dn_27n_2e%72. Then, we have the following system:

dn—l,n—l + an—2,ndn,n—1 = 2dn—2,n—2
dnfl,n + an72,ndn,n = 2anf2,ndn72,n72- (6)
Furthermore, we assume that ¢ < n — 2. Then, one finds

n

de}) = d| > aye; | = Y aiyd(e;)

Jj=i+1 Jj=i+1
n—2 n n
= Y aiydjjej+ ) aijdim-1en-1+ Y aijdmen. (7)
j=i+1 j=i+1 j=i+1

On the other hand, from

d(e?) = 2d“‘e? = Qdu‘ Z Aj5€4

j=it1
with (7), one finds
2d;; = di—l—l,i—i—la 1<i<n—-2 (8)
aijdjj = 2ai5dii, 1+2<j<n—2 (9)
n
Z aijdjm_l = 2di,~al~7n_1, 1<i<n—2 (10)
j=it1
n
Z aijdjn = 2d;iain, 1<i<n-—2. (11)
j=it+1
From (8),(9), we can easily derive
djj =2"Ydy, 2<j<n-2 (12)
al-jdH:O, 1+2<73<n—1. (13)
Now, we consider (10), (11).
n—i
ditin—1 = 2a;p—1dy — Z -1 ftilgtin—1
k=1
n—i
divin = 2a;pdy; — Z i—1 f+iCktin- (14)

k=1
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Thus, from (5),(6),(12),(13) and (14), we conclude that d is a derivation of evolution
algebra given by (2) if and only if

d,-j:dn_u:dm:O, 1§Z7é]§’rl—2 (15)
djj =27y, 2<j<n-2 (16)
aijdn:(), Z+2§]§n—2 (17)
n—i
ditin—1 = 2a;n—1di; — Z i1 kti@htin—1 (18)
k=1
n—i
dit1,n = 20 ndi; — Z i1 k+ilk+in- (19)
k=1

Case 14 # (). In this case, we have a;,j, # 0 for a pair (g, jo) that satisfies ig + 2 <
jo <n—1. Then, from (17), one finds d;; = 0. Plugging this fact into (16),(18), and (19),
we obtain

00 dop—1 dap

Der(E) = : :
00 dn—ln—l dn—ln
0 0 dnn—l dnn

where

dnfl,nfl = _aan,ndn,nfl;

dnfl,n = _aan,ndnm
n—i

Ay, = _Zai—Lk—l—idk—i-i,ma m € {n—1,n}.

k=1

Case I4 = (). In this case, (17) is true for any di; € K. Thus, from (15),(16), (18),
and (19), we conclude that

([« 0 ... 0% )
0 2a ... d27n,1 dgn
Der(E) = C R : D a, 8,8t e K
0 0 dn72,n71 dn72,n
0 0 dn—l,n—l dn—l,n
L\O0 O s t
where
dn—l,n—l = 2n720[ — Qp-2nS
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—2
dn—l,n = (2n - t)an—Z,n
i—1 —2
din—1 = (27 =2"%aai—1p-1+ (Gi—1n—10n—21n — Gi—1n)S
,_1 .
dim = Gi—ip—1dp—1n+an—2,(2 a—1t), 2<i<n-—1L.

The proof is complete.

Remark 1. i. In [25], It has been considered the nilpotent evolution algebras with
maximal nil index and they found 1 < dim Der(E) < 2.

ii. From the proved theorem, we infer that 1 < dim Der(E) < 5. This type of result can
be proved using the work of Jacobson [21]. However, the advantage of Theorem 3 is
that it fully describes the structure of the derivations on a natural basis.

Corollary 1. Lie algebras

a 0 B 0%
0 2a : 0 0
E= Do U : o, f3,7,8tekK

0 0 2" 20 0

 \O0 O s t

and
a 0 I} ¥
0 2a @  dop dan,
E = Do : D, B,7,steK
00 : dyotna dnin
0 0 : s t )

are isomorphic for any d;n—1,d;n € Ko =2,n —1.

Remark 2. We stress that isomorphisms of Lie algebras do not imply isomorphism of the
corresponding evolution algebras (see lemma 1).

4. Local and 2-local derivations for evolution algebras

The results of section 3 allow us to describe local and 2-local derivations of nilpotent
evolution algebra. In this section, we want to fully describe local and 2-local derivations
of nilpotent evolution algebras with 2”2 4+ 1 index of nilpotency.

Recall that a linear mapping A on E is called local derivation if for every u € E, a
derivation dy, exists such that A(u) = dy(u). A mapping (not necessary linear) D : E - E
is called 2-local derivation of algebra E if for every u,v € E there exists a derivation dy v
of E such that D(u) = dyv(u) and D(v) = dyv(v). Therefore, it is natural to find all
local derivations of E.
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Theorem 4. Let E be an n-dimensional nilpotent evolution algebra with 22 +1 index
of nilpotency. Then, the following statements hold:

(i) If n =3, then the space of all local derivations has the following form:

B
)
s

o o0

Y
0 |:a,8,7,6,s,teK,. (20)
t

(1) If n > 3, then every local derivation of E is a derivation.

Proof. (1) Let n = 3. Due to Lemma 2, we may assume that an evolution algebra E is
given by e? = ey and e3 = e% = 0. Take an arbitrary linear map A on E, i.e.,

A(u) = (Anur+Agiug+Agiug)er+(Ajau +Aggus+Asousz)es+(Argur +Aggus+Aszzuz)es,

Yu = uijej + uses + uges.

If A is a local derivation, then for any u, there exist ay, Bu, Su, and t, such that

Ajug + Agrug + Asjug = agug
Aqgui + Agoug + Azguz = Buut + 204Uz + Suu3
Aqzug + Agzug + Azzuz = yuu1 + tuus;

From the first equation, we get As; = Ag; = 0. If we take u such that vy = ug = 0,
then from the second equation, we immediately find Ags € {0,2A1;}. we find that A is a
derivation of E if A9y = 2Aq;.

Suppose A9y = 0 and Ay # 0. Then, for every u, we can find that derivation dy
satisfies A(u) = dy(u) as follows:

( Ay Ay — mvjiiu? Aqz
0 2A11 0 s if Ui, us 75 0,
dy = 0 Asz Ass
0 00
000 y if Uy = ugz = 0.
0 0 0

~
0 |:a,8,7,8tcekK (21)
t

is a local derivation of E. Finally, as every derivation of algebra E is local derivation and
due to (21), one obtains (20).
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(i) Let A be a non-zero local derivation given by matrix (Aj;)};>;. Assume that
I4 # 0. Then, due to A(e;) = de,(€;), for any i < n, we immediately obtain

Aoy =dit ), Ay =diY; (22)
Aip=dV me{n—1n}, 2<i<n-—1; (23)
An 1,n— l—d:nlln 1> An ln—d;nllyzv (24)
An,n 1= di?;b) 19 A _dgfﬁl)a (25)
A;j =0, otherwise. (26)
Taking u = ZZ;; e,. we obtain Ay, = — Z;i i1 k+iDk+im- We consider that, v =

€n—1 + ap—2n€n, and then a derivation dy exists such that A(v) = dy(v). Thus,

(_an—2 nd;e:; 11) + an—2,nd,(~be7;)_1)en—1 + ( Ap—2 nd%ez 1) + an—2 nd'E'Ln ))en

= (_an—Q,nde»,)L_l + an—Q,nd;ljy)l_l)en—l + (_an—2,nd£m)1 + an—2,nd7(11711))en

This result implies d( ) dgle;fb) 1 d,(fﬁ Y _ d,(%“). Therefore, one has A,_1,-1 =

—Op—10nn—1- Suppose that I4 = 0.We establish that A € Der(E) for any local deriva-
tion A. Due to Lemmas 2 and 1, to show every local derivation can be a derivation we
need to check only for evolution algebra E’ (see Lemma 2).

As Ale;) = de,(€;), for any i < n, we can easily find

A”:d(ez), 1<n—1

Ai; =0, otherwise.
Taking u = ZZ;% ey, we obtain
A = Qi_lAH, 1 <n-—1. (28)

Consider v = e2 + e,_1. Then, a derivation dy exists such that A(v) = dy(v). Due to
the assumption (¢i) of Theorem 3, we have

Agses +Ay_1 1€y = 2d§\1’)62 + 2n72d§‘1’)en-

This result implies
24\ = Ay,

2n72d§‘1,) = An— 1,n—1-



A. Alarafeen, I. Qaralleh, A. Ahmad / Eur. J. Pure Appl. Math, 14 (1) (2021), 278-300 288

Adding the preceding equations into (28), we obtain Ay = 2¢71Ay;. Then, using (27),
one finds
Aii:d(91)7 iﬁn—l

A =0, otherwise.

Thus, due to Theorem 3, we conclude that A is a derivation. The proof is complete.

Remark 3. In [25], it was proven that if n > 2 then all local derivation is derivation, in
the above theorem we find the if n > 3 then all local derivation is derivation.

Theorem 5. Every 2-local derivation of nilpotent evolution algebras with 22 + 1 index
of milpotency is a derivation.

Proof. Let D be a non-zero 2-local derivation of E. Denote I'j = {u € E : u; #
0}, I'e ={ueckE:u, #0}.
Case I4 = (). By definition, functionals o v, Bu,vs Yuv, Suv and tyy exist such that

n—2
D(u) = Z 2k_lO‘u,vukeH‘
k=1
n—2

<Bu,vu1 + (Kn—lau,v - Mn—lsu,v) Up—1 + SuvlUn + Z (Kz'au,v + Misu,v) uz) €n—1
=2

n—2
+ <’Yu,vu1 + (Ln—lau,v - Nn—ltu,v) Up—1 + tu,vun + Z (Liau,v + Nitu,v) U | €n
=2
n—2 '
D(v) = 3 28 oy yuper+
k=1
n—2
(Bu,vvl + (anlau,v - Mnflsu,v) Un—1 + SuvUn + Z (Kiau,v + Misu,v) Ui) €n-1
=2
ln—2
+ <7u,vvl + (Ln—lau,v - Nn—ltu,v) Up—1 + tu,vvn + Z (Liau,v + Nitu,v) Ui) €n
=2

(29)

where u = ZZ:1 uper and v = ZZ=1 viex. Take an arbitrary non-zero u € E. Then, for
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any v,v’' € E from the preceding equations, we find

ok
Z 28~ Qy,vUEeL+
k=1
n—2

<Bu,vul + (Kn—lau,v - Mn—lsu,v> Up—1 + SuvlUn + Z (Kiau,v + Misu,v) Uz) €n-1
=2

n—2
+ <’Yu,vul + (Lnflau,v - anltu,v) Up—1 + tu,vun + Z (Liau,v + Nitu,v) U;
=2

€n

2
= Qk’lau,v/ukek—i—

k=1
n—2
Bu,v’ul + (anlau,v’ - Mnflsu,v’) Up—1 + Su,v/Un + Z (Kiau,v’ + Misu,v’) uz) €n-1
=2
n—2
+ <7u,v’u1 + (Ln—lau,v’ - Nn—ltu,v’) Up—1 + tu,v’un + Z (Liau,v’ + Nitu,v’) uz) €n,
=2
(30)

which is equivalent to

Oy vUE = Qy v/ Uk, k=1,n-—2

n—2
(ﬂu,vul + (Kn—lau,v - Mn—lsu,v) Up—1 + Su,vlUn + Z (Kiau,v + Misu,v) uz) =
=2

n—2
(Bu,v’ul + (anlau,v’ - Mnflsu,v’) Up—1 + Syu,v/Un + Z (Kiau,v’ + Misu,v’) Uz)
1=2

n—2
('7u,vu1 + (Ln—lau,v - Nn—ltu,v) Up—1 + ZL/u,vun + Z (Liau,v + Nitu,v) Uz) =
=2

(’yu,vxul + (Lnflau,v’ — Nn,ltuyvl) Up—1 + by Uy + nz:j (Lz-auy/ + Nitu,v/) u2> .
i=
As, u # 0, we obtain ay v = oy for any v, v’ € E. This result means that
Qv = Q. (31)
Moreover, if u € I', then one finds
Buv = Bus Yuv =1 Tu- (32)
Now, if u € I'g, then one finds

Suv =: Su, tuv =:lu. (33)
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Taking (31),(32),(33) into (36), we conclude that mapping D can be defined as

n—2 b1
Z 2" aguger+
k=1

n—2
<Buu1 + (Kn—lau - Mn—lsu) Up—1 + Suln + Z (Kiau + Misu) Uz) €en-1
=2

n—2
+ (’Yuul + (Lnflau - anltu) Up—1 + tuly + Z (Liau + Nitu) Ug

€n
D(u) = =2
ifuel; Uy
n—2 n—2
S 2k lagupey, + ((Knlau — My_18u) un—1+ Y, (Kiag + M;sy) Uz> en—1
k=2 =2

n

—2
Z (Liau + Nitu) UZ> epifugI’;y UTs.
=2

+ <(Ln—1au - Nn—ltu) Up—1 +

(34)
Then, for any u’, v’ € E, we can find derivation d given by
2i-1q, ifl<i=j<n-1
B, ifi=1,7=n-1
", ifi=1,j=n
s, ifi=n,j=n—-1
4 — t, ifi=n,j=mn
“ K, 1aa— M, s, ifi=n—1j=n-1
Ly — Ny_yt, ifi=n—1,j=n
Kia+ N;s, if2<i<n-2, j=n-1
L;a+ Nit, if2<i<n-—-2,j=n
0, otherwise
such that D(u’) = d(u’), D(v') = d(v’). Then, from (34) one obtains
aw = oy = for any u’,v' € E. (35)

This result means that functional «y, is a constant.

To complete the proof, we show By, Vu, Su, and t, are constants for any u € E. We
consider non-zero points u, v € I'y UT's. Using the first equality of (34) and noting (35) by
definition of 2-local derivation, we obtains Sy = Bv, Yu = Vv, Su = Sv, and ty = ty. This
result means that Sy, Yu, su and ty do not depend on u, i.e., By = B,Yu = 7, Su = s and
ty =t for any u € I'; UT'2. Placing this result and (35) into (34) yields D, which has the
following form:
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n—2
D(u) = kzl 2k 1ouye, +

n—2
(Bul + (Kn_loa — Mn_ls) Up—1 + SUH + Z (KZ'Oé + MZ'S) uz> €en_1 (36)
=2

n—2
+ ('yul + (Lp—1a — Nyp—1t) up—1 + tup + > (Lija + Nit) ul> en.
i=2
Due to Theorem 3 (ii), D is a derivation.
Case I4 # (. By definition, there exist functionals Sy v, Yuv, Suv and tyv such that

n—2 n—2
D(u) = <ﬂu,vu1 + Su,vlUn + Suv Z dz“z) €n-1 t+ <'7u,vu1 + tu,vun + 7fu,v Z dzuz) €n
=2 i=2

n—2 n—2
D(V) = </8u,vvl + Su,vUn + Suv Z dz”z) €n-1+ <7u,vvl + tuvtn + tuyv Z dz”z) €n
=2 =2
(37)

where u ="}, upep and v = >} vgeg.

Take arbitrary u € I'y UT2. Then from the first equation of (37) we obtain Sy =
Buv's Suv = Suv's tuy = tuy for any v,v/ € E. This result means that By v,tuyv, and
tu,v do not depend on v, i.e., Buv = Bu, Suv = Su, tuy = tu, Yu € I't UT'2. On the other
hand, from the second equation of (37) we obtains Sy v = Bv, Suy = Sv and ty v =ty for
any v € I'y UD's. These facts yield that Sy =: 5,84 =: s and ty =: t for any u,v € E.
Consequently, we have

n—2 n—2
D(u) = (Bul + sup+5 Y. diui> en_1+ (vul +tup +t > diui> €n.
i=2 i=2

Due to Theorem 3 (i), we obtain D € Der(E).

5. Automorphisms and local automorphisms

Recall that by an automorphism of an evolution algebra E, we mean an isomorphism
of E into itself. The set of all automorphisms is denoted by Aut(E). It is known that
Aut(E) is a group. In this section, to describe Aut(E) of nilpotent evolution algebras with
maximal index of nilpotency.

If I4 # 0, then by n we denote the largest common divisor of all numbers 2/~ — 2
where (7,7) € 14, i.e.,

n=LOD jer, (271 = 2"). (38)

Theorem 6. Let E be an n-dimensional nilpotent evolution algebra with 2"~2 4+ 1 index
of nilpotency and A = (aij)};—; be its structural matriz in a natural basis {e;};_;. Then,
the following statements hold:
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(i) if 1o # 0 then

a 0 ... 0 15} ¥

0 o2 ... 0 ©2n-1 V2.n
Aut(E) = S Do, B,7,8,teK aT=1

0 0 e Pn—2n—-1 ¥Yn—-2n

0 0 ... 0 Pn—1n—-1 $Pn—1n

0 0 ... 0 S t
where n is defined as (38), and pin—1,Pin is given by the following recurrence for-
mula.

2n—2
Pn—1n-1= & — Qp—2.nS,

Pn—1,n = An—2n (a2n_2 - t),

n—i

i—1 .
Pin-1=Gi1n-10"  — X @i1jPjn-1, 1<i<n-—1,
j=i+1
gi-1 n—1 .
Pin = Qi1 = D0 Ai—1,iPjn, I<i<n-—1
j=it+1
(it) if Ia = 0 then
a 0 ... 0 15} ¥
0 a2 ... 0 P2.n—1 Y2.n
Aut(E): '2n_2 ’ : OJ,B,’}’,S,tEK, 057&0
0 0 e Pn—2n-1 PPn—-2n
0 0 ... 0 Pn—1n-1 $Pn—1n
0O 0 ... 0 s t
where Yin—1, Yin 1S given by the following recurrence formula:
n—2
Pn—1n—1 = a? — an—-2nS,

Pn—1n = Ap-2n (a2n_2 - t),

Pin—1 = Gi—1n—1 (052 - @n—l,n—l) —ai—1ps, l<i<n-—1,

i—1 .
Cim = Qi1 (0% — 1) — Gic10—1Pn—1n I<i<n-—L

Proof. Let ¢ be a linear mapping on E. Now, we represent ¢ on the basis elements as
follows:

n
ple;) = Z%‘jej, I<i<n
j=1
We want to describe matrix (goij)zjzl when ¢ is an automorphism of E. Suppose that ¢
is an automorphism. Then, we have
ple)p(ej) =0, 17
plef) = lp(e)]?, 1<i<n
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which is equivalent to the followings:

n—1

Z pirpjrer =0, i#j
k=1
n

n n—1
2 2 .
D ag Y per =Y eher, i<n—2
Jj=i+1 k=1 k=1
n n—1
2 2
an—l,n(z Sonkek) = Z Prn—1,kC%>
k=1 k=1

n—1

2 2
Z onier = 0.
k=1

The linear independence of {e},e3,---,e2_,} together with (39),(42) implies

Oikpjk =0, i #j, k<n-—2
Pn—1,k = Pnk :0, k Sn—2

We find that ¢, 2,2 # 0. Plugging (44) into (41), we find

2
Pn—2n—2 = Son—S,nfS
@n—&kzoa kgn_?’

Inserting e? = > j—141@€j, | < n—2into (40), we obtain

n -1
Z aijpj1 = Zajlgozzjv 1<n—2,12>2
j=it+1 j=1
n
Zaijgojlzo, iSn—2
j=it+1
We claim:

Qi1 =3, j<n—2.

293

(39)

(40)

(41)

(42)

(46)

(47)

(48)

Let us prove the last relations by induction. Due to (44),(45), the first step is satisfied.

We take an arbitrary g > 1, and assume that for any i > ig, assertion (48) holds.

We must prove that o;,; = 0 for any I <ip — 1 and @i, = @5, _1;,_1- Rewriting (46)

for i =149 > 1, we find

n -1
2
Y it = Y aph, 1>2
Jj=to+1 Jj=1

(49)
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If j > ip, then due to the assumption, we have ¢;; = 0 for any [ < ip. As, for any [ < i
the left side of (49) is equals to zero. Thus,

-1

> i a =0, 2<1<i. (50)
j=1

If | = 2 then from (50) we obtain ¢;,; = 0. Suppose that ¢;,; = 0 for every | < ly < iy.
Then this fact together with (50) for I = [y implies ¢;, ;, = 0. Thus, we have shown that
@ip1 = 0 for every | <ip. From the arbitrary-ness of i9 > 1, we conclude that

wii =0, [+1<i. (51)
On the other hand, rewriting (46) for [ =i + 1 and keeping in mind (51), we obtain
Pirtitl =Py, 1< —2.
The last equality yields ¢;114+1 = @3 for every i < n—2. This together with (45) implies
pi =l £0, i<n-2 (52)

Thus, from (51) and (52), it follows (48).
Plugging (51) into (43), we obtain

(pz'j:(), 1<j<n-—1 (53)

Let us consider (46) for [ > ¢ + 1. Then, for every i < n — 2, we obtain

agpn = apy, i+l1<l<n-—1 (54)
n
Z WijPjn—1 = Gin-195, l=n—1. (55)
Jj=i+1
n
Z aijPjn = ainpy, L=n. (56)
Jj=i+1

From (56) with (52) we obtain a recurrence formula for ;,_1, @i, as follows:

— 2"
Pn—1n—-1 =« — An—-2nS,

Pn—1n = An-2n (a2n_2 - t)7

) n—i
i1 . 57
Pin—1 = Qj—1n—1¢ — > Gi—1Pjn-1, 1<i<n-—1, (57)
j=i+1
9i—1 n—t .
Pin = Q100" = D Gi-1,jPjn, I<i<n-—1

j=it1
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Hence, we infer that ¢ is an automorphism of evolution algebra (2) if and only if the
followings holds:

wij =0, i#j, j<n-—1
i—1 .
vi = ¢ i<n-—2
ai1pu :az’z@?i, i+1l<li<n—1
277,72
Pn—1n-1 =« — Gp—2.nS,
n—2 (58)
Pn—1n = Gn—-2.n (052 - t)7
gi—1 n—i .
Vin-1= i 1n-10° — >, @i 1jPjn-1, 1<i<n-—1,
j=it1
21'—1 n—i .
Pin = Q1@ — Y Gi—1jPjn, l<i<n-—1.
j=it1

Now let us consider two cases w.r.t.l4.
Case 4 # (). For the sake of convenience, we denote p11 = a # 0. Then, from (58)
one obtains

vij = @i =0, i#j, j<n-—1
i =a?, 1sn—2
A (i,1) € I4

Pln—1 =7, Pin = ﬂa Pnn—-1 =S, Pnn = t

L.
Pn—1n-1 =« — An—-2,nS,

Pn—1,n = Gn—-2.n (052”72 - t)a

) n—i
22—1 .
Qin—1 = Qi—1p—10"  — > Gi—1;Pjn-1, 1<i<n-—1,
=i+l
9i—1 n—t .
Gim = Gi—1n0°  — Y Gi—1Pjn, l<i<n-—1.
j=it1

where «, 3,7, s,t € K, and o" = 1, which implies the assertion.
Case I4 = (). For the automorphism ¢, we have

wij = pji =0, i#j, j<n—1
%iZOZzFI 1<i<n-2

)

P1n—1="7 Pin=DB, Onn-1=35, Pnn =1
2n72
Pn—1n—-1 =« — An—-2.nS,
o 2n72
Pn—1n = Gn—2n (a - t),

i—1

Pim—1=Gi—1n-1(0> = Pn_1n-1) —Qi—1ps, 1<i<n-—1,

1—1 .
Qin = Gi—1n(0® —1) = Gim1n—1Pn—1m, I<i<n-—1.
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where «, 8,7, s,t € K, which implies the assertion.
The proof is complete.

5.1. Local automorphisms of evolution algebras

In the previous section, we have been able to find the set of all automorphisms of
evolution algebra (2). Now, we show that every local automorphism is an automorphism
if evolution algebra is defined by (2) with n > 3. Recall that a linear mapping 1 from
E to E is called local automorphism if for every u € E there exists an automorphism
ou € Aut(E) such that ¥(u) = pyu(u).

Theorem 7. Let E be an n-dimensional nilpotent evolution algebra with 2"~2 4+ 1 index
of nilpotency. Then, the following statements hold:

(i) If n =3, then the set of all local automorphisms has the following form:

a B v
0 12 0 |:a.8,7, I,s,teK, al #0 . (59)
0 s T

(1) If n > 3, then every local automorphism of E is an automorphism.

Proof. (i) Let n = 3. Due to Lemma 2, we may assume that an evolution algebra E is
given by e? = ey and €3 = eg = 0. Take an arbitrary linear map % on E, i.e.,

P(u) = (Yriur + Yarug + Y3iuz)er + (Yiaur + Yoous + Y3ausz)es + (Yr3ur + ozus + P33usz)es
Yu = uje; + uzes + uses.

If ¥ is a local automorphism, then for any u, there exist ay, Su,Yu, Su and ty, such
that
Pr1ur + Yo1uz + Y313 = iy
Yrauy + Yoguz + Ysaus = Buuy + aduz + Suus
t13ur + azuz + P33uz = yaur + tuus.

From the first equation, we obtain 9 = 33 = 0, and from the third equation, we
have 193 = 0. If we take u such that u; = ug = 0, then from the second equation, we
immediately find ¥22 = 2. It yields that if 1 is a local automorphism, it has the following
form:

a By

0 12 0 |:a,8,7, I,s,teK, al #0 (60)

0 s T
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We show that (60) is indeed a local automorphism of (2). In fact, for any u € E, we may
take an automorphism ¢y, of (2) as follows:

,

a f+ 2,
0 a? 0 |, ifuiuz#0
Gu = 0 s t
" 1 0 0
02 0|, ifug =u3=0
00 0

From this, one can check that ¥(u) = pyu(u).

(7i) Let n > 3. Let ¢ be a local automorphism for (2). By definition of local auto-
morphism, for every u € E we have ¢ (u) = pyu(u), where ¢y is an automorphism. Then,
theorem 6 implies v;; = 0 for every i # j, j < n — 1. On the other hand, taking u = e;,
i < n, we conclude that the local automorphism 1 has the following form:

ey 0 0 : 0 Be, el

0 a2, 0 0 o ol
o=\

0 0 0 : o] sOELe_"Q_, 2)_1 ¢£Lef§,?1)

0 0 0°: 0 Pl ey

0 0 0 : 0 Se te,,

n

Now, we take arbitrary v =" | v;e;. Then, from ¢(v) = ¢ (v), we obtain

azilvi = a%iilvi, i<n-—1 (61)
n—1 n—1

ﬁel V1 + Se,,Un + Z @](jz),lvk = 6VU1 + Svup + Z 90](;271@19 (62)
k=2 k=2
n—1 n—1

Ye, V1 + te, Vn + Z (p,(z‘l')vk = fvv1 + tyv, + Z gog)lvk. (63)
k=2 k=2

From (61) we find ‘ ‘
a2 =0, i<n-—1 (64)

e; e

Consequently, gp,(cez)_l = ga,(f:l)_ , and 90;(;]6) = cpfﬁll) for any k < m. Based on this fact, the
following is obtained from (62) and (63),

Ye1 V1 + Se,,Un = Yv¥1 + SvUn, /Belvl + 75envn = BVUI + SyUn. (65)

Finally, taking v/ = es + e,,, we obtain ve, = Vv, Be; = Bv, Se, = Sv, and te, = ty, for
any v € E.
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Thus, we conclude that local automorphism ) = (¢;;) has the following form:

2171

e,

t=3>n-—1
Yei» Z:L]:n_l
Per, i=1,j=n

301(;1117 1>1, j=n—-1

o o i1, j=n
Seqs 1=mn, j=n—1
e, i1=mn, j=n
L 0, otherwise.

Thus, theorem 6 implies that the local automorphism 1 is an automorphism. The proof
is complete.

Remark 4. In [25], it was proven that if n > 2 then all local automorphism is auto-
morphism, in the above theorem we find that if n > 3 then all local automorphism is
automorphism.
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