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Abstract. In this paper, the lower and upper bounds of the forcing total dr-power domination
number of any graph are determined. Total dr-power domination number of some special graphs
such as complete graphs, star, fan and wheel graphs are shown. Moreover, the forcing total dr-power
domination number of these graphs, together with paths and cycles, are determined.
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1. Introduction

Let G = (V, E) be a graph representing the electrical power system, where a vertex
represents an electrical node and an edge represents a transmission line joining two electrical
nodes. In order to monitor the power system, some measurement devices must be placed
at selected locations so that all the state variables of the system can be measured. A Phase
Measurement Unit (PMU) is a measurement device placed on a vertex and has the ability
to measure the state of the vertex and the edges connected to the vertex. The vertices and
edges that are measured by PMU’s are said to be observed. In this study, it is necessary
that each vertex with PMU is adjacent to another vertex with PMU also. But because of
the high cost value of a PMU, it is desirable to minimize their number while maintaining
the ability to monitor the entire power system.

All graphs considered in this study are simple, undirected and without loops or multiple
edges.

Let G = (V(G), E(G)) be a graph and v € V(G). The open neighborhood of v in
G is the set N(v) = {u € V(G) : wv € E(G)} and the closed neighborhood of v is
the set N[v] = N(v) U {v}. For X C V(G), the open neighborhood of X is the set
N(X) = UpexNg(v) and its closed neighborhood is the set N[X] = N(X)U X.

A set S C V(Q) is a dominating set (resp. total dominating set) of G if N[S] =V (G)
(resp. N(S) = V(G)). The domination number v(G) (resp. total domination number
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(@) of G is the minimum cardinality of a dominating set (resp. total dominating set).
If S is a dominating set (resp. a total dominating set) with |S| = v(G) (resp. |S| = %(G)),
then we call S a y-set (resp. a vy-set) of G.

Let G = (V, E) be a simple graph. Let P C V(G). An edge e = uv of G is directly
observed by P if u € P or v € P. A vertex u of G is directly observed if « is incident to a
directly observed edge. An edge ¢’ = xy is remotely observed by P if z,y ¢ P and x,y are
directly observed vertices or at least one of z and y is incident to k edges where k — 1 of
these edges are directly observed by P. Clearly, k is a positive integer, k > 1, and k is not
constant for any pair of vertices x and y. A non-directly observed vertex u of G which is
incident to a remotely observed edge is called remotely observed vertex. Let O{,’(G) be the
set of all directly and remotely observed vertices and Og(G) be the set of all directly and
remotely observed edges. Then P C V(G) is a dr-power dominating set (dr-pds) of G if
O¥(G) = V(@) and OL(G) = E(G). The minimum cardinality of a dr-power dominating
set is called the dr-power domination number of G and is denoted by 'y;w(G). A subset P
of V(G) with cardinality v,,,(G) is called a v,,,-set of G. A dr-power dominating set D is
said to be a total dr-power dominating set(tdr-pds) if the induced subgraph (D) has no
isolated vertex. The minimum cardinality of a total dr-power dominating set (tdr-pds) is
called the total dr-power domination number of G and is denoted by %*pw(G). A subset
T of V(G) with cardinality v (G) is called a v} -set of G. Moreover, there exists a
connected graph G such that 2 <7 (G) < n(G).

Let S be a ’y;‘pw—set of a graph G. A subset D of S is said to be a forcing subset for S if
S is the unique ’y;;w—set containing D. The forcing total dr-power domination number of S
is given by f;  (S) = min{|D|: D is a forcing subset for S}. The forcing total dr-power
domination number of G is given by

[, (G) =min{fy; (S): S isany;, -set of G}
The join of two graphs G and H, denoted by G + H is the graph with vertex set
V(G+H)=V(G)UV(H)
and edge set
E(G+H)=EG)UEH)U{w: :ueV(G),ve V(H)}.

The total domination is studied by Amos [1]. Chartrand et al. [5] investigated
the relation between forcing and domination concepts and defined "forcing domination
number". Canoy, et al studied the following concepts: total dr-power domination [6], forcing
domination number of graphs under some binary operations [7], forcing total domination
number and forcing connected domination number under the lexicographic product of
graphs [8], forcing independent domination number of a graph [4], and A-differential of
graphs [3]. Also, Armada [2] studied the forcing total dr-power domination of graphs under
some binary operations.
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IMustration 1.1. Consider the cycle graph Cs = [u1,u2,us,uq, us,ul]. Let
P C V(C5). Pick uz,uz € P. Then ujug, ugug and usuy are directly observed edges
in C5. Clearly, ui, uo, uz and ug are incident to a directly observed edge, and so, ui, uo,
uz and uyg are directly observed vertices. The edges uius and uqus are remotely observed
edges since uy,uy,us ¢ P and there are k = 2 incident edges to the vertices uy and ug such
that k —1=2—1 =1 edge is directly observed by P which are ujus and uguyg. Since us is
incident to a remotely observed edge uius or usus, then us is a remotely observed verter.
Clearly, OF(C5) = V(C5) and OE(C5) = E(Cs), that is, P is a dr-power dominating
set of C5. Since the induced subgraph (P) has no isolated vertex, P is a total dr-power
dominating set of Cs. Note that for any connected graph G, ~v; (G) > 2 and since |P| = 2,
Pisa Vt*pw -set of Cs and 'y;‘pw (C5) = 2. Clearly, any pair of adjacent vertices in Cs is a
Vi, -set of Cs, that is, S1 = {u1,us}, So = P = {uz,us}, S3 = {us,ua}, Sa = {ua, us},
S5 = {us,u1}, are the only Vi, -sets of Cs. Clearly, for all i =1,2,...,5, no subset {u;}
s contained in a unique ’y,@"pw -set Sj forall j =1,2,...,5 and so, f’y;‘pw(Sj) % 1. Therefore,
fOT allj =1,2,...,5, f’YZ;,w(SJ) = ‘S]| =2= f’)/?pw(CE,).

2. Known Results

This section contains known results involving dr-power domination, total domination
and total dr-power domination numbers of a graph G that are useful in proving the main
results of this study.

Remark 2.1. [6] For any graph G without isolated vertices,

Yo (G) <7, (G) < 9(G).

Theorem 2.2. [6] Let n be a positive integer with n > 5. Then

n n = 0(mod 5)
=2 p = 1(mod 5)
Ve, (Pn) = 2”5—“, n = 2(mod 5)
ntd - p = 3(mod 5)
2”5—+2, n = 4(mod 5)

Theorem 2.3. [6] Let n be a positive integer with n > 5. Then

n n = 0(mod 5)
23 - = 1(mod 5)
Vo (Cn) = 6 p = 2(mod 5)
2ntd - p = 3(mod 5)
k2 = 4(mod 5)
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Proposition 2.4. [1] The total domination number of a cycle C,, or a path P, onn >3
vertices is given by
5 n = 0(mod 4),
Y(Cpn) = 1(Py) = %“7 n = 2(mod 4),
"TH, otherwise.
Theorem 2.5. [6] Let G and H be any graphs. Then P C V(G + H) is a total dr-power
dominating set of G 4+ H if and only if it satisfies one of the following conditions:
(i) P € V(G) and is a total dominating set, provided that G is a graph with
no isolated vertex;
(ii) P C V(H) and is a total dominating set, provided that H is a graph with
no isolated vertex; or

(111) P =P, UP,, where @ 75 P C V(G) and @ 7& P, C V(G)
Corollary 2.6. [6] Let G and H be any graphs. Then

7 (G + H) =2.

3. Main Results

This section contains the lower and upper bounds of fﬁ‘pw (G) and the forcing total
dr-power domination number of some special graphs such as path, cycle, complete graph,
fan, star and wheel graphs.

Theorem 3.1. Let G be a graph. Then
(@) ff,,(G) =0 if and only if G has a unique 7}, -set.

(4) f,,(G) =1 if and only if G has at least two 7}  -sets and there exists a vertex v
which is contained in exactly one fy,;‘pw -set of G.

Proof. (i) Suppose that fvf (G) = 0. It follows that @ is the forcing subset for a
Wt*pw—set, say P, in G. Suppose that there is another 'yZ‘pw—set of G, say R. Note that & is
also a subset for R, a contradiction since @ is a forcing subset for P. Thus, G has a unique
'yt*pw—set. Conversely, if G has a unique 'yfw—set, say ). Clearly, @ is a forcing subset for Q.
Consequently, [&] = 0 = f47,(Q) = fri..(G).

(ii) Suppose that fvf (G) = 1. Hence, G has at least two 7/ -sets by part (i) and
there exists a 77 -set, say P, and v € P such that {v} is a forcing subset for P and
[, (P) = [{v}| = 1, that is, there exists a vertex which is contained in exactly one
'y;‘pw-set of G. Conversely, if G has at least two ﬁpw—sets, then f’yfpw (G) > 0 by part (i). By
assumption, there exists a vertex, say x, which is contained in exactly one ’yt"‘pw—set of G, say
T, that is, {z} is a forcing subset for T. Therefore, fv; (T)=[{z}| =1= f (G). O

The next result is a direct consequence of Theorem 3.1 and definition of forcing total
dr-power domination.



C. Armada / Eur. J. Pure Appl. Math, 14 (2) (2021), 451-470 455

Corollary 3.2. Let G be a connected graph. Then

0 < 194,,(G) <91, (G).

Theorem 3.3. Let G be a nontrivial graph. Then f~; (G) = Ve (G) if and only if for
every vy, -set P of G and for each v € P, there exists u € V(G)\P such that [P\{v}]U{u}
is a7y, -set of G.

Proof. Suppose that fy7 (G) = 77 (G). Let P be a v/ -set of G such that
1, (G) = |P| =~ (G), that is, P is the only forcing subset for P. Let v € P. Since
P\{v} is not a forcing subset for P, there exists a u € V(G)\P such that [P\{v}] U{u} is
a ,,-set of G.

Conversely, suppose that every ’y;‘pw—set P’ of G satisfies the given
condition. Let P bea/ -setof G such that f; (G)= f;,, (P). Moreover, suppose that
P has a forcing subset R with |R| < |P|, that is, P = R U S, where
S = {u € P : uw ¢ R}. Pick v € S. By assumption, there exists
v € V(G)\P such that [P\{u}]U{v} =@ isa ] -set of G. Thus, @ = RUT, where
T = [S\{u}] U {v}, that is, Q is a 7} -set containing R, a contradiction. Thus, [R| = [P|
and P is the only forcing subset for P. Therefore, fy; (G) = |P|=7; (G). O

Theorem 3.4. Let n be a positive integer with n > 5. Then

0, n=7orn=1(mod5)
ffyfpw (Pn) =42, n=3(mod5)

1, otherwise.

Proof. Let the path P, = [uj,us,...,u,|. Note that deg(u;) = 1 = deg(u,) and
deg(u;) = 2 for all i = 2,3,...,n — 1. By definition of total dr-power dominating set, a
choosen vertex in a ’y;‘pw—set, say D, of P, must always have an adjacent vertex in D, say
u; and u;4+1 and by Theorem 2.2, the choosen vertex u;1 must be of at most distance 4
to the next choosen vertex in D since if the next vertex to be choosen is of distance 5,
say u1,u2 € D and choose uy to be the next vertex, then ug and ug are directly observed
vertices while u4 and us are remotely observed vertices but the edge uqus is neither directly
nor remotely observed edge which is a contradiction. Also, the starting vertex of a ’yfpw—set
D, of P, must be u1, ug or ug since if it starts with u4, then ug is a directly observed
vertex while ugs becomes a remotely observed vertex but the vertex u; is neither directly
nor remotely observed vertex which is a contradiction. Now, consider the following cases:

2(7)+1

Case 1: Suppose that n = 7. By Theorem 2.2, Ayg‘pw(P7) = =%— = 3. C(learly,

S = {us,uq,us} is the only *yfpw—set of P- since us and ug are the directly observed

vertices while u; and w7 are the remotely observed vertices, that is, O (Py) = V(Pr),
O3(P;) = E(P;) and the induced subgraph (S) has no isolated vertex. By Theorem 3.1(i),

e, (Pr) =0.
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Case 2: Suppose that n = 1(mod 5). By Theorem 2.2, v (P.) = -2 Let

n = 6. Then v; (Fs) = % = 2. Clearly, S = {us,us} is the only 7} -set of Py
since ug and ug are the directly observed vertices while v and ug are the remotely observed
vertices, that is, Oy (Ps) = V(Ps) and O%(Ps) = E(Ps) and the induced subgraph (S)
has no isolated vertex. By Theorem 3.1(i), f+¢  (F) = 0. Now, suppose that n > 6. Let
p= "?_1 and j =0,1,2,...,p—1,p. Group the vertices of P, into p+ 1 disjoint subsets R;

Ro = {u1}
Rl - {UQ,U3,U4,U5,U6}
Ry = {u7, ug, ug, uio, ui1}

Rp—l = {Un—97 Up—8, Un—7, Un—6, un—S}
Rp = {Un,4, Up—3,Un—-2, Un—1, Un}

Let i =2,7,12,...,n — 4. For every induced subgraph (u;, w1, uij+2, Uit+3, Ui+4), the ver-
tices u;y1, uj+2 form a total dr-power dominating set since u; and wu;43 are directly observed
vertices while u; and w;44 are remotely observed vertices for all ¢ = 2,7,12,...,n—9,n—4.
Let the set
R = {ui+1,ui+2 t= 2,7,12,...,n—9,n—4}
= {U3, Ug, U8, U9y -+« , Up—8, Un—7, Un—3, un—2}
where |R| = 2p = 222, Of(P,) = V(P,), OR(P,) = E(P,), and the induced subgraph

(R) has no isolated vertex. By Theorem 2.2, R is a 7} -set of P,. Note that the set R
contains pairs of adjacent vertices in each R;’s except in Ry and the distance between the
last choosen vertex in R; and the first choosen vertex in R;y; is always 4. Let T be a
Vi, -set of P, different from R. Consider the following subcases:

Subcase 1: Let ug,u3 € T. Then the next vertex to be chosen must be of distance 4
from ug, that is, the vertex uy, together with ug, must be in T. Thus, u;,u;41 € T for
alli =2,7,...,n—9,n—4. It follows that T" = {ug, ug, ur, us, ..., Un—9, Un—8, Un—4, Un—3}
and |T'| = |R|. Since u,—3 is the last vertex in T, the vertex u,_2 is a directly observed
vertex and u,_1 is a remotely observed vertex. Hence, u,, is neither a directly or a remotely
observed vertex. Thus, OL(P,) # V(P,), a contradiction, that is, T is not a t,,-set of
P,. Hence, it is not possible to start with the vertex us to form a ’y;*pw—set T. Similarly, it
is not possible to start with the vertex u.

Subcase 2: Suppose that ug,us € T. Now, replace us € R by u7; to form T.
Then the next vertex to be chosen must be wug, that is, the vertex
uj,u;+1 must be in T for all ¢ = 7,12,....n — 9,n — 4. Then
T = {us,uq,ur,us, 13, U14, - . . ,Un—4,Un—3} and |T'| = |R|. Since u,_3 is the last ver-
tex in T', by previous subcase, T' is not a 'yZ‘pw—set of P,. Since ug is arbitrarily replaced
from R, we cannot replace the vertex u;+; in R, where i =7,12,...,n —9,n — 4 to form
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another v/ -set of P,.

Thus, either of the subcases, it is not possible to form another ’yfpw-set T of P, which is
different from R. Therefore, R is a unique 7; -set of P,. By Theorem 3.1(i), f7 , (Pn) = 0.

Case 3: Suppose that n # 7 and n = 2(mod 5). By Theorem 2.2, 77 (Pn) = ndl

Let n = 12. Then ’)/z;w(Plg) = % = 5. C]ear]yj Sl — {’LL3,’LL4,U5,U9,U10} and
Sy = {us,uq,us,ug,u1p} are the only ’y;"pw—sets of Pjp. Since us € S; and us ¢ Ss,
by Theorem 3.1(ii), fv; (Pi2) = 1. Now, suppose that n > 12. Let p = ”T_2 and

j=0,1,2,...,p—1,p. Group the vertices of P, into p + 1 disjoint subsets R;

Ry = {u1,u2}

Ry = {u3, u4, us, ug, ur}

Ry = {usg, ug, 10, u11, ui2}
R3 = {u13, w14, u1s, u16, w17}

Rp—l = {un—9, Un—8, Un—7, Un—6, un—5}
Rp = {un—47 Up—3,Un—2, Un—1, un}

Let i = 3,8,13,...,n — 4. For every induced subgraph (u;, w;i1,u;it2,U;j+3,Ui+4), the
vertices us, u;y1,ui+2 form a total dr-power dominating set since wg, u; and u;y3 are
directly observed vertices while u; and wu;y4 are remotely observed vertices for all ¢ =
3,8,13,...,m—9,n — 4. Let the set

R = {us,ujt1,uit2:1=3,8,13,...,n—9,n — 4}

= {us,uq, us, ug, U1, U4, U15, . - . , Up—8, Up—7, Up—3, Up—2}

where |R| = 2p+1 = 2(52) + 1 = 2L, Of(P,) = V(P,), Of(P.) = E(P,), and the
induced subgraph (R) has no isolated vertex. By Theorem 2.2, R is a 7 -set of P,. Let
m ~+ 1 be the number of ’yt*pw—sets of P, where m is a positive integer. Let k =1,2,...,m
and T be a Wt*pw—set of P, different from R. Note that in forming R, there are three
vertices in R; such that the induced subgraph is a graph Ps; and two adjacent vertices in
the other R;’s with j > 1. Thus, T}, can be formed by getting 3 vertices in any one of the
R;’s where j > 1 such that the induced subgraph is a graph P3 and two adjacent vertices
in the other R;’s where [ # j and [ # 0. Consider the following subcases.

Subcase 1: Choose 3 vertices in Ry to form another 'yZ‘pw set, say 11,
that is, replaced ws € Ry in R by wug € R It follows that
T1 = {U3, Ug, U, U9, U1, U14, U15, - - -, Up—8, Un—T7, Un—3, un_g}, where |T1| = ‘R’,
O (P,) = V(B,), OL(P,) = E(P,), and the induced subgraph (T}) has no isolated
vertex, that is, T} is a ’y;‘pw—set of P,. Clearly, us ¢ Tj.

Subcase 2: Choose 3 vertices in Rz to form another ~; = set, say T,
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that is, replaced w9 € Ro in 17 by wiz € Rs. It follows that
Ty = {u3,u4,us, Uy, Ur3, U4, U15, U19, U0, - - - » Un—8, Un—T7, Un—3, Un—2}, Where |Tp| = [R|,
052 (P,) = V(P,), O2(P,) = E(P,), and the induced subgraph (T3) has no isolated
vertex, that is, T5 is a 'yt*pw—set of P,. Clearly, us ¢ Tb.

Continuing in this manner and in any subcase, us ¢ T for all £k = 1,2,.. ,m and
so, the vertex us is contained in 7} -set R only. By Theorem 3.1(ii), fvf () =
Case 4: Suppose that n = 3(mod5). By Theorem 2.2, 77 (P,) = ntd

Suppose that n = 8 Then ’Yt*pw(PB) = 2(85& = 4. Clearly, S1 = {u1,uz2,us,ug},
Sy = {u1,u2,us,ur}, S3 = {ug,us,us,ue}, Sa = {us,u3,ue,ur}, S5 = {ua,us,ur,us},
Se = {us, uq, us,ug}, S7 = {us, w4, us,ur}, and Sg = {us, uq,uz,ug} are the ’yfpw—sets of
Pg. Clearly, for i« = 1,2,...,8, no subset {u;} is contained in exactly one of the S;’s,
for I =1,2,...,8, that is, fv/ (S1) > 1. Clearly, {u1,us} is forcing subset for S; since
{ur,us} € S for all 1 # 1. Thus, fy; (1) = 2 = f7i,,(Ps). Now, suppose that n > 8.
Since fv;, (Ps) =2, fvf,,(Pn) > 2. Let p = 5= 3 and j =0,1,2,...,p— 1,p. Group the
vertices of P, intop+1 dlSJOlIlt subsets R;

Ro = {u1,u2,us}
Ry = {u4, us, ug, u7,ug}
Ry = {ug, u10, w11, u12, 13}
R3 = {u14, uis, u16, u17, u1g}

Rpfl - {un797 Up—8y Un—T7, Un—6, unff)}
Rp - {un—47 Up—3,Un—2, Un—1, un}

Let i = 4,9,14,...,n — 4. For every induced subgraph (u;, w1, Uit2, Uit+3, Uits), the
vertices uy, ug, Uij+1, ui+2 form a total dr-power dominating set since wus, u; and u;43 are
directly observed vertices while w;;4 are remotely observed vertices for all
1=4,9,14,...,n—9,n — 4. Let the set

R = {ui,uo,uit1,uis2:1=4,9,14,...,n—9,n —4}

= {ui,u2,us, up, w10, UL1, UL5, W16, - - - » Up—8, Un—T7, Up—3, Up—2}

where |R| = 2p+2 = 2(5%) + 2 = 254, Of(P,) = V(P,), Of(P.) = E(P,), and the
induced subgraph (R) has no isolated vertex. By Theorem 2.2, R is a 7/ -set of P,. Let
m + 1 be the number of ’yz;w—sets of P, where m is a positive integer. Let £k =1,2,....m
and T} be a 'y;*pw—set of P, different from R. Consider the following subcases:

Subcase 1: T}, say 11 and T3, can be formed by replacing w1, ue in R by either us, ug or
us, uq. It follows that T7 = {ue, us, us, ug, U10, ULl - - - , Un—8, Un—7, Un—3, Un—2} and the set
Ty = {us, ua,us,u6, u10, UIL, - - - Un—8, Un—7, Un—3, Un—2} are ; -sets of P,. Clearly,
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{wi,us} € T1 and {u,us} € Th.

Subcase 2: T}, say T3, can be formed by replacing us in R by wy. Thus, the set

T3 = {u1,ug, Ug, U7, U0, ULl, - - -, Up—8y Up—T, Up—3, Up—2} 1S & Vi, -set of P,. By the
previous subcase, T} can be formed by replacing ui,us in T3 by either wug,us or usg, ug.
It follows that Ty = {ug,us,us, ur, U109, Utl, ..., Un—8, Upn—7,Un—3,Un—2} and the set
T5 = {us, ug, Ue, U7, W10, ULy - « - Up—8y Up—T, Up—3, Up—2} are %pr—sets of P,. Clearly,

{ur,us} € T, {ur,us} € Ty and {u1,us} € Ts.

Subcase 3: Suppose that {u1,us} is a subset in one of the T}’s with k > 5, say T, that
is, uo must be in Tg and either u4 or ug is in Tg. Suppose that uy € Tg. Then the next
pair to be choosen must be ug and wu1g since the distance between us and ug is 4, that
iS, U; and Ui41 must be in T6. Thus, T6 = {ul, ug,Uq,Us, U9, 10, W14, U15, - « - y Un—4, un_g}.
Since u,_g3 is the last vertex in Ty, by subcase 1 of case 2, Ty is not a 'yfpw-set of P,.
Now, suppose that ug € Tg. Then the first four vertices uq, ug, us, ug in Tg are the same
with R. Replace uig € R by ug to form Tg. Then the next vertex to be chosen must
be uyg, that is, the vertex u;,u;4+1 must be in Ty for all i = 9,...,n — 9,n — 4. Then
Ts = {u1,u2, Us, Ug, U9, U10, Uld, U15, - - - , Up—4, Up—3 }. Since u,_g is the last vertex in Tg,
by subcase 1 of case 2, Tj is not a ’yz‘pw—set of P,. Since uyq is arbitrarily replaced from R,
we cannot replace the vertex u;11 in R, where ¢ =9,14,...,n — 9,n — 4 to form another
i,,-set of P,. Hence, {u1,us} is not a subset of T}, for all k& > 5.

Therefore, in any subcase, {u1,us} € Tj for all k = 1,2,...,m, that is, {u1,us} is a
forcing subset for R. Thus, fv; (R) =2 = fv (F).

Case 5: Suppose that n = 4(mod5). By Theorem 2.2, 77 (FP,) = iz
Let n = 9. Then ﬁpw(Pg) = % = 4. Clearly, S1 = {u1,us9,us, ur}l,
Sy = Auz,us,ue,ur}, 53 {ug,us,ur,us}, S1 = {us,us,ur,us}, and

S5 = {us, ug, ug, ug} are the only vfpw—sets of Py. Since uj € S1 and uy ¢ Sy forl =2,3,4,5,
by Theorem 3.1(ii), fv{  (Fs) = 1. Now, suppose that n > 9. Let p = ”TJ‘ and
j=0,1,2,...,p—1,p. Group the vertices of P, into p + 1 disjoint subsets R;

Ro = {u1,u2,u3,us}

Ry = {us,ug, ur, ug, ug}

Ry = {ui0, u11, u12, u13, w14}
R3 = {u1s, uie, w17, u18, u13}

Rp—l = {un—97 Un—8, Un—7, Un—6, un—5}
Rp = {un—4’ Un—3, Un—2, Un—1, un}

Let i = 5,10,15,...,n — 4. For every induced subgraph (u;, uit1, uit+2, Uit+3, uitr4), the
vertices w1, ug, Uit1, Ui+2 form a total dr-power dominating set since us, u; and u;y3
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are directly observed vertices while u4 and u;y4 are remotely observed vertices for all
1=>5,10,15,...,n —9,n — 4. Let the set

R = {ui,uo,ujt1,uit2 : 1 =>5,10,15,...,n —9,n — 4}

= {U]_, uz, ue, U7, U11, w12, U16, W17, - - -, Un—8, Un—7, Un—3, Un—?}

where |R| = 2p+2 = 2 ("5%) + 2 = 262, Of(P,) = V(P,), Of(P.) = E(P,), and the
induced subgraph (R) has no isolated vertex. By Theorem 2.2, R is a VZ;U,‘Set of P,. Let
m + 1 be the number of ’yt*pw—sets of P, where m is a positive integer. Let k =1,2,...,m
and Ty be a 7 -set of P, different from R. Consider the following subcases:

Subcase 1: T}, say T and 15, can be formed by replacing u1,us in R by either us, us
or us, ug. It follows that T = {ug, us, ug, uz, w11, U12, . . . , Un—8, Up—7, Un—3, Un—2} and the
set Ty = {ug, uq, Ug, U7, U11, U12y - - -, Up—§, Up—7, Up—3, Up—2} are ’yfpw—sets of P,. Clearly,
up ¢ Ty and uy ¢ To.

Subcase 2: Let & = 3 and let uq,us € T3. Now, replace ug € R by us to form T3. Then
the next vertex to be chosen must be ug, that is, the vertex u;, u;11 must be in T3 for all
i1 =15,10,15,...,n —9,n — 4. Then T5 = {uy, ug, us, ug, U10, U11, - - - , Up—4, Up—3} such that
|T5| = |R|. Since up—3 is the last vertex in T3, by subcase 1 of case 2, Tj is not a 7/ -set
of P,. Since ug is arbitrarily replaced from R, we cannot replace the vertex ;11 in R,
where 7 = 10, 15,...,n—9,n—4 to form another 'yt*pw—set of P,. Thus, u; ¢ T}, for all k > 3.

Therefore, in any subcase, uy ¢ T for all Kk = 1,2,...,m and so, the vertex uy is
contained in 7/ -set R only. By Theorem 3.1(ii), f¢  (Fn) = 1.

Case 6: Suppose that n = 0(mod 5). By Theorem 2.2, ~f (P,) = n

Let n = 5. Then ; (P5) = @ = 2. Clearly, S; = {ug,us} and Sy = {us,u4} are
the only 77 -sets of P5. Since us € Sy and us ¢ Sz, by Theorem 3.1(ii), fv7 , (P5) = 1.

Now, suppose that n > 5. Let p= % and j = 1,2,...,p — 1,p. Group the vertices of P,
into p disjoint subsets R;
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Rl - {u1,U2,U3,U4,U5}
Ry = {ue, ur, ug, ug, uio}
R3 = {u11, w12, w13, u14, U5 }

Rpfl — {un797 Up—8y Un—T7, Un—6, unff)}
Rp - {un—47 Up—3, Un—2, Un—1, un}

Let i = 1,6,11,...,n — 4. For every induced subgraph (u;, u;y1, w2, wit3, Uit+4), the
vertices u;y1,u;42 form a total dr-power dominating set since w; and wu;y3 are directly
observed vertices while u; 4 is a remotely observed vertex for alli =1,6,11,...,n—9,n—4.
Let the set

R = {ujt1,ui42:1=1,6,11,...,n —9,n — 4}

= {u27 us, u7, us, U12, U13, - - - , Up—8, Upn—7, Un—3, Un—2}

,where |R| =2p = 22, OF{(P,) = V(P,), OR(P,) = E(P,), and the induced subgraph (R)
has no isolated vertex. By Theorem 2.2, R is a ’y;‘pw—set of P,. Let m + 1 be the number of
'yt*pw—sets of P, where m is a positive integer. Let k =1,2,...,m and T be a 'yt*pw—set of
P, different from R. Consider the following subcases:

Subcase 1: Let kK = 1. T} can be formed by replacing us in R by wug. It follows
that 71 = {us, ug, w7, ug, U12, U13, « -« , Up—8, Up—7, Up—3, Up—2} IS & Vi,,-set of B,. Clearly,
ug ¢ Tl.

Subcase 2: Let £k = 2 and let uo,ug € Tb. Now, replace uy € R by ug to form T5.
Then the next vertex to be chosen must be w7, that is, the vertices u;, u;+1 must be in
T, for all i = 6,11,16,...,n —9,n — 4. Then Ty = {ug, us, ug, U7, U11, U12, - - - , Up—4, Un—3 }
such that |T| = |R|. Since u,_3 is the last vertex in Ty, by subcase 1 of case 2, T3
is not a 'ﬁpw—set of P,. Since uy is arbitrarily replaced from R, we cannot replace the
vertex u; 11 in R, where ¢ =6,11,16,...,n —9,n — 4 to form another 'yt*pw—set of P,. Thus,
it is not possible to start with vertex ug to form T}, for all k& > 2, that is, ug ¢ T for all k > 2.

Therefore, in any subcase, ug ¢ Ty for all k = 1,2,...,m, and so, the vertex ug is
contained in v} -set R only. By Theorem 3.1(ii), fyfpw(Pn) =1.
O
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Theorem 3.5. Let n be a positive integer with n > 5. Then

4, n=2(mod 5)

2, otherwise.

P75, (Cn) = {

Proof. Let the cycle C,, = [u1,u2,...,uy,u1]. Note that and deg(u;) = 2 for all
1=1,2,3,...,n— 1,n. By definition of total dr-power dominating set, a choosen vertex in
a ’yt*pw—set, say D, of C,, must always have an adjacent vertex in D, say u; and w;41 and
by Theorem 2.3, the distance of the choosen vertex u;; must be of at most 4 to the next
choosen vertex in D since if the next vertex to be choosen is of distance 5, say uy,us € D
and choose u7 to be the next vertex, then uz and ug are directly observed vertices while u4
and us are remotely observed vertices but the edge uqus is neither directly nor remotely
observed edge which is a contradiction. Note that w; is contained in 7; -sets containing
the pairs of sets {u;—1,u;} and {u;,u;11} for all i = 1,2, ...n, and so, the set {u;} is not a
forcing subset of any Vi, -Set of C),, that is, f’y;‘pw(C’n) > 2. Now, consider the following
cases:

Case 1: Suppose that n = 2(mod5). By Theorem 2.3, ; (Cn) = nt6,
Suppose that n = 7. Then 7;pw(07) = 2(2% = 4. Clearly, S1 = {ui,u9,us,us},

Sy = {u1,u,ug,us}, S3 = {uy,ug,us,ue}, Sy = {u1,uz,ue,ur}, S5 = {uz,uz,ug,us},
Se = {uz2,u3,us,ue}, S7 = {uz,us3,ue,ur}, Sg = {us,us,us,ue}, So = {us,us,ue,ur},
S10 = {ua, us, ue, ur}, S11 = {ur,ur,u2,uz}, Si2 = {ur, u1,uz, us}, S13 = {u7, u1,us,us}
and S14 = {u7,u1,us, us} are the only 7i,,-sets of C7. Note that f’yz‘pw(C%) > 2 and each
pair of vertices in C7 is contained in more than one 7} -sets of C7, that is, f47 (C7) > 3.
Note that each of the vertices u1, uo, us, and uy4 in S7 can be replaced by us, ur, us and uz,
respectively to form another fy;;w—sets of C7 which are S5, S12, So, and S11, respectively,
that is, fﬁpw(Sl) = 4. Clearly, for all [ =1,2,...,14 and for every 7/ -set S; of C7 and
for each u; € S, there exists u; € V(C7)\S; and j # ¢ such that [S)\{w;}] U {u;} is a
Vi,,-set of C7. By Theorem 3.3, f+f (C7) = ¢ (C7) = 4. Now, suppose that n > 7.
Since f'y;‘pw(C’7) =4, [, (Cp) >4. Let p= "T_Q and 7 =0,1,2,...,p— 1,p. Group the
vertices of Cy, into p + 1 disjoint subsets R;

Ry = {uy,uz}

Ry = {u3, u4, us, ug, ur}

Ry = {us, ug, u10, u11, u12}
R3 = {u13, u14, u1s, u16, U17}

Rpfl = {un797 Un—8, Un—7, Un—6, unf'c')}
Rp = {un—47 Up—3, Un—2, Un—1, un}

Let i = 3,8,13,...,n — 4. For every induced subgraph (u;, w41, Uit2, Uit+3, Uits), the
vertices uy, ug, u;, uj+1 form a total dr-power dominating set since u;42 and wu;44 are directly
observed vertices while u; 3 is a remotely observed vertex for all i = 3,8,13,...,n—9,n—4.
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Let the set

R = {ul,ug,ui,uiﬂ:i:3,8,13,...,n—9,n—4}

== {U/l, ’LLQ, u37 'U,4, u87 u97 u137 u147 e 7un—97 un—S; un—47 U/TL—?)}

where |R| = 2p+2 =2(%:2) +2 = 228 OF(C,) = V(Cy), OR(Cy) = E(C,), and the
induced subgraph (R) has no isolated vertex. By Theorem 2.3, R is a 'y;‘pw—set of Cy. Let
m+1 be the number of Vi, -Sets of C,, where m is a positive integer. Let k =1,2,...,m+1
and T} be a ’y;;w—set of C, and one of the T}’s is equal to R. Note that in forming R, there
are four vertices taken both from Ry and R; such that the induced subgraph is a graph
P, and two adjacent vertices in the other R;’s where j > 1. Now, 7T} can be formed by
starting all the vertices of S; for [ = 1,2,...,14 and replacing u; by u, in Si1, Si2, Si3,
and Sy, that is, T, = S; U H for some set H. If T}, starts with S11 = {uy, u1,us, us} , say
T1, note that S is the only set in the S;’s that ends with ug and its induced subgraph is a
graph Py, then the next pairs of vertices must be choosen are w7, ug, w12, u13, - . ., Un—5, Un—4,
that is, 79 = {un,u1,us,us, ur, us, U12, U13, - - - , Un—5, Un—4g} such that |T1| = |R|,
O (Cy) = V(Cy), 01} (Cy) = E(C,,), and the induced subgraph (T7) has no isolated verte,
that is, T7 is a yfpw—set of C,,. Note also that if T, starts with S14 = {un, u1,us, ug}, say Ts,

then the next pairs of vertices must be choosen are uz, ug, u12,u13, . . ., Up_s5, Up_4 such that
induced subgraph of {us,us,u7r,us} C Tp is a graph P;, that Iis,
T2 - {un7u17u57u67u77u87u127u137"‘ ,un_5,un_4} such that ‘TQ‘ - ‘R’7

0 (Cy) = V(Cy), OR2(Cy) = E(Cy), and the induced subgraph (T3) has no isolated
vertex, that is, T is a 77 -set of Cy,. Clearly, T1\S11 = T2\ S14. Now, since none of the
other S;’s ended with a unique vertex, the set of vertices in T} \S; must be contained in 7,
for some r # k. Hence, T};\\S; is not a forcing subset for Tj. Therefore, either the sets S; or
T}, must be the forcing subset for T}, for some !l = 1,2,...,14 and forsome k = 1,2,..., m+1.
Now, if Ty starts with Sj, then let & = 3 and {uj,us,us,us} C T3 such that
T3 is a 'y;‘pw—set of C), different from R. Replace ug € R by wuy; to form Tj.
Then the next vertex to be chosen must be wug, that is, the vertex
Uj+q,u; must be in T3 for all ¢ = 3,813,....n — 9,n — 4. Then
T5 = {uy, ug, us, Ug, Uz, U, UT2, UL, - - - , Un—5, Un—4 } such that |T3] = |R|. Since u; € T3 and
Un—q is the last vertex in T3, the vertices u,, and u,_3 are directly observed vertices while
u,—1 and u,_o are remotely observed vertices. Hence, by definition, the edge u,_1u,_o is
neither a directly or a remotely observed edge. Thus, 053 (Cn) # E(C},), a contradiction,
that is, T3 is not a vfpw—set of C,. Since ug is arbitrarily replaced from R, we cannot
replace the vertex u; in R, where i = 8,13,...,n — 9,n — 4 to form another 'ﬁpw-set of C,,.
Therefore, only the fy,fpw—set R starts with Sy and so, {u1,ug,us, us} € T}, for all T}, # R.
Hence, {u1, ug,us,us} is a forcing subset for R. Therefore, e, (R)=4= fyz‘pw(C’n).

Case 2: Suppose that n = 0(mod 5). By Theorem 2.3, v/ (Cn) = n,
Suppose that n = 5. Then 77 (C5) = @ = 2. Clearly, S1 = {ui,uz2},
Sy = Aug,us}, S3 = {ug,usl, Sy = {us,us}, S5 = {us,ui}, are the

only ~; -sets of Cs. Note that fv; (C5) > 2. It follows that
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2 < f.,(C5) < v (C5) = 2, that is, fvy/ (C5) = 2. Now, suppose that n > 5.
Let p=% and j =1,2,...,p — 1,p. Group the vertices of C,, into p disjoint subsets R;

Ry = {u1, ug, uz, ug, us}
Ry = {ug, ur, ug, ug, u10}
R3 = {u11, w12, u13, u14, u1s }

Rp—l - {Un—97 Up—8, Un—7, Un—6, un—S}
Rp = {un747 Un—3, Un—2, Un—1, un}

Let ¢ = 1,6,11,...,n — 4. For every induced subgraph (u;, w;t1,uit+2,Ui+3, Ui+4), the
vertices u;, u;11 form a total dr-power dominating set since u;yo and wu;y4 are directly
observed vertices while u; 3 is a remotely observed vertex for all: =1,6,11,...,n—9,n—4.
Let the set

R = {uj,uit1:1=1,6,11,...,n—9,n—4}
- {/Uflv U2, Ue, U7, U11, U125 + - + , Upn—9, Un—8, Un—4, un—3}

where |R| = 2p = 2(%) = 22, OF(C,) = V(Cy), OR(Cy) = E(Cy), and the induced
subgraph (R) has no isolated vertex. By Theorem 2.3, R is a Vi, -set of Cn. Let m +1 be
the number of 'y;‘pw—sets of C), where m is a positive integer. Let k =1,2,...,m and T} be
a fyfpw—set of C,, different from R. Note that T} can be formed by starting all the vertices
of Sy for I =1,2,...,5 and replacing us by u, in Ss.

Now, if T} starts with Sp, then let & = 1 and {uy,u2} C T1. Replace ug € R by us
to form 77. Then the next vertex to be choosen must be ug, that is, the vertex w;14, u;
must be in Ty for all ¢+ = 1,6,11,...,n — 9,n — 4. It follows that
T = {u1, u2, Us, Ug, U10, UL1, U15, ULGs - - - y Un—5, Un—4} such that |T1| = |R|. Since u; € Ty
and u,_4 is the last vertex in 77, by the same argument in Case 1, 77 is not a ﬁpw—set of
Ch. Since ug is arbitrarily replaced from R, we cannot replace the vertex w; in R, where
1=26,11,...,n — 9,n — 4 to form another ’yfpw—set of C),. Therefore, only the 'yfpw—set R
starts with Sy and so, {u1,us} € Ty, for all k =1,2,...,m. Hence, {u1,us} is a forcing
subset for R. Therefore, fvf (R)=2= fv{ (Cy).

Case 3: Suppose that n = 1(mod5). By Theorem 2.3, 77 (Cn) = ks,

Suppose that n = 6. Then ﬁpw(C’(;) = Q(GE’ﬁ = 3. Clearly, S1 = {uy,us,us},

Sy = {uz,u3,us}, S3 = {us, us,us}, Sa = {ua,us,ue}, S5 = {us, ug,u1}, S6 = {ue, u1,ua},

are the only 'yt*pw—sets of Cg. Clearly, for I =1,2,...,6, {u1,us} C Si and {u1,usz} € S

for all [ # 1. Thus, {u1,us} is a forcing subset for Sy, that is, f; (51) =2 = f+{  (Cs).
n—1

Now, suppose that n > 6. Let p = *z= and j =0,1,2,...,p — 1,p. Group the vertices of
C), into p + 1 disjoint subsets R;
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Ry ={w1}

Ry = {ug,u3, ug, us, ug}

Ry = {u7,us, ug, w10, u11}
R3 = {u12, u13, w14, u15, U16 }

Rp—l - {Un—97 Up—8, Un—7, Un—6, un—S}
Rp = {un747 Up—3, Un—2, Un—1, un}

Let i = 2,7,12,...,n — 4. For every induced subgraph (u;, w;y1,u;jt2,Ui+3, Ui+4), the
vertices u1, u;, u;+1 form a total dr-power dominating set since u;12 and ;44 are directly
observed vertices while u; 3 is a remotely observed vertex for all: =2,7,12,...,n—9,n—4.
Let the set

R = {ul,ui,uiﬂ:i:2,7,12,...,n—9,n—4}

= {u1,ug, us, ur, ug, U12, U13, . . ., Up—9, Up—8, Un—4, Up—3 }

where |R| =2p+1=2(21) + 1 =223 0f(Cy) = V(Cp), OK(Cy) = E(Cy), and the
induced subgraph (R) has no isolated vertex,that is, R is a ﬁpw-set of Cy,. Let m+ 1 be
the number of fy;‘pw—sets of C), where m is a positive integer. Let k =1,2,...,m and T} be
a ﬁpw—set of C,, different from R. Note that T} can be formed by starting all the vertices
of S; for I =1,2,...,5 and replacing ug by u, in S5 and Sg and also, T}, can be formed
by having three vertices in any one or two of the R;’s where j > 0 such that the induced
subgraph is a graph P53 and two vertices in the other R;’s where [ # j. Replacing uz € R by

ug to form Ty, say 11, that is, Ty = {u1, ug, ug, w7, ug, 12, U13, - - . , Up—9, Up—8, Un—4, Un—3}
is a 7f -set of Cy. Clearly, {u1,us} € T1. Replacing ug € Ty by uiy to form Ty, say
T3, that is, Th = {u1, u, ug, uz, U11, U12, W13, - - - ; Up—9, Un—8, Un—da, Un—3} is @ 77 -set of Cy.

Clearly, {u1,us} € Tb. Continuing in this manner, {u1,ug} € T}, for some k.

Now, if T} starts with Sy, then let & = 3 and {uj,u3} C T5. Then us must be
in T3. Replace u7 € R by ug to form T35. Then the next vertex to be choosen must
be w7, that is, the vertex w;i4,u; must be in T3 for all ¢ = 2,7,12,...,n — 9,n — 4.
Then T3 = {ul, ug,us, Ug, U7, U11, 12, U16, U175+ - - y Upn—>5, un_4} such that ’T3’ = ’R‘
Since uj € T3 and u,,_4 is the last vertex in T3, by the same argument in Case 1, T3 is not
a ’yfpw—set of C,. Since w7 is arbitrarily replaced from R, we cannot replace the vertex u;
in R, where i =7,12,...,n —9,n — 4 to form another 'y;*pw—set of C,,. Therefore, only the
Vi,,,-set R starts with 1 and so, {ur,us} € Tj, for all k =1,2,...,m. Hence, {ui,us} is a
forcing subset for R. Therefore, fvf (R)=2= fy{ (Cp).

Case 4: Suppose that n = 3(mod5). By Theorem 2.3, »; (Cn) = 2"—;4.
Suppose that n = 8. Then vfpw(Cg) = 2(85))+4 = 4. Clearly, S1 = {uy,us,uq,us},

Sy = {u1,u2,us,us}, S3 = {ur,uz, ue,ur}, Sy = {us,us,us,ue}, S5 = {ug,us,ug,ur},
SG — {UQ,U3,U7,U8}, S? — {u37u47u67u7}7 SS - {U3,U4,U7,U8}, 59 - {US,U1,U3,U4},
S0 = {u4,us,ur,ug}, S11 = {us,ur,us,us}, and Sio = {us,u1,us,us}, are the only
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Vi,,-sets of Cs. Clearly, for I = 1,2...,12, {ug,us} C Sy and {ug,usa} € S for all 1 # 1.
Thus, {ug, us} is a forcing subset for Sy, that is, fv7 (51) =2 = fv;  (Cs). Now, suppose
that n > 8. Let p = ”T_?’ and j =0,1,2,...,p— 1,p. Group the vertices of C), into p+ 1
disjoint subsets R;

Ry = {u1,u2,u3}

Ry = {u4, us, us, ur, ug}

Ry = {ug, u10, w11, u12, 13}
R3 = {u14, uis, u16, u17, u1s}

Rpfl = {Un797 Un—8, Un—7, Un—6, un75}
Rp - {un—47 Up—3, Un—2, Un—1, un}

Leti=4,9,14...,n—4. For every induced subgraph (u;, w;+1, wi+2, Ui+3, ui+4), the vertices
u1, U2, Ui, wi+1 form a total dr-power dominating set since w3, u;42 and u;4 are directly
observed vertices while u; 3 is a remotely observed vertex for all i =4,9,14,...,n—9,n—4.
Let the set

R = {uj,uo,uj,uit1:1=4,9,14,...,n—9,n—4}
- {Ul, U2, U4, U5, U9, U10, U14, U15, - - -, Un—9, Upn—8, Un—4, un—3}

where |R| = 2p+ 2 = 2(%3) + 2 = 2 OF(C,) = V(C,), OR(Cy,) = E(Cy), and
the induced subgraph (R) has no isolated vertex. By Theorem 2.3, R is a ~; -set of
Cy,. Let m 4+ 1 be the number of Vi, -SELS of C,, where m is a positive integer. Let
k=1,2,...,m and T} be a q/fpw—set of C,, different from R. Note that T} can be formed
by starting all the vertices of S; for [ = 1,2,...,12 and replacing ug by u, in Sy, Si1
and Sia. Now, if T} starts with Si, then let £ = 1 and {ug,us} C {uy,us,uq,us} C T7.
Replace ug € R by ug to form T7. Then the next vertex to be choosen must be ug,
that is, the vertex w;i4,u; must be in 77 for all i« = 4,9,14,...,n — 9,n — 4. Then
T1 = {u1, ua, ug, us, ug, Ug, U13, Uid, U18, U19, - - - , Un—5, Un—at such that |T1| = |R|. Since
u1 € T1 and u,—_4 is the last vertex in T, by the same argument in Case 1, T is not a
'yfpw—set of C,. Since ug is arbitrarily replaced from R, we cannot replace the vertex wu;
in R, where i =9,14,...,n — 9,n — 4 to form another fy,fpw—set of C,,. Therefore, only the
Vi,,-set R starts with Sy and so, {ug,ua} € Tj, for all k =1,2,...,m. Hence, {us,us} is a
forcing subset for R. Therefore, fvf (R)=2= fy{ (Cy).

Case 5: Suppose that n = 4(mod5). By Theorem 2.3, 77 (Cn) = %
Suppose that n = 9. Then ﬁpw(Cg) = 2((‘2“ = 4. Clearly, S1 = {uy,us,us,ug},

So = {u1,ug,ue,ur}, S3 = {uo,u3,ue,ur}, Sy = {ug,us,ur,ug}t, S5 = {us,us,ur,us},
Se = {us, us, us, ug}, S7 = {ua, us,ug,ug}, Sg = {ua, us, ug, u1}, and Sy = {us, ug, ug, u1 }
are the only 77 -sets of Cy. Clearly, for I = 1,2,...,9, {ug,us} C Sy and {ug,us} € S

for all [ # 1. Thus, {ug,us} is a forcing subset for S, that is, fq/;‘pw(Sl) =2=fv, (Cy).

Now, suppose that n > 9. Let p = "T_‘l and j =0,1,2,...,p— 1,p. Group the vertices of
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C,, into p + 1 disjoint subsets R;

Ro = {u1,u2,u3,us}

Ry = {us, ug, ur, ug, ug }

Ry = {Ulo, Ui, u12, u13,u14}
R3 = {u1s, uie, u17, u1s, w19}

Rp—l - {Un—97 Up—8, Un—7, Un—6, un—S}
Rp = {un747 Up—3, Un—2, Un—1, un}

Let i = 5,10,15,...,n — 4. For every induced subgraph (u;, w41, Uit+2, Ui+3, Uit4), the
vertices uy, ug, u;, uj+1 form a total dr-power dominating set since usg,uq,u;+2 and wu; 4 are
directly observed vertices while wu;43 is a remotely observed vertex V ¢ = 5,10,15,...,n—4.
Let the set

R = {ul,uQ,uZ-,ui+1:i:5,10,15,...,n—9,n—4}

- {Ul, U2, U5, U, U10, U11, U15, U16, - + - y Un—9, Un—8, Un—4, Un—3}

where |R| =2p+2 =2(%%) +2 = 2282 OF(C,) = V(Cy), OR(Cy) = E(C,), and the
induced subgraph (R) has no isolated vertex. By Theorem 2.3, R is a Vi,,-set of Cy. Let
m + 1 be the number of ’yfpw—sets of C,, where m is a positive integer. Let k =1,2,...,m
and T be a ’yfpw—set of C,, different from R. Note that T} can be formed by starting all the
vertices of Sy for [ = 1,2,...,9 and replacing ug by u, in Sg and Sg. Now, if T}, starts with
Sy, then let k = 1 and {ug,us} C {uy,ug,us, ug} C T1. Replace uip € R by ug to form T;.
Then the next vertex to be choosen must be u1q, that is, the vertex w; 4, u; must be in Ty for
all i =5,10,15,...,n—9,n—4. Then T1 = {u1,ug, us, ug, Ug, U10, U14, U5, - - - y Up—5, Up—4
such that |T7| = |R|. Since u; € T} and u,,_4 is the last vertex in 77, by the same argument
in Case 1, T is not a ’yt*pw—set of C,. Since uyg is arbitrarily replaced from R, we cannot

replace the vertex u; in R, where ¢ = 10,15,...,n —9,n — 4 to form another ﬁpw—set of C,,.
Therefore, only the ’y;"pw—set R starts with S1 and so, {ug,us} € Tj for all k = 1,2,...,m.
Hence, {ug,us} is a forcing subset for R. Therefore, fy7 (R)=2= fy;  (Cn). O

Theorem 3.6. Let n be a positive integer with n > 2. Then the total dr-power domination
number of the complete graph K, is given by ’y,@"pw (K,) = 2 and its forcing total dr-power
domination number is given by

0, n=2
2, n>2.

ft, (Kn) = {

Proof. Let V(Ky) = {u1,u2,us, ..., uy}. Clearly, each pair of vertices u;, u; such that
i # jin K, forms a v/ -set of Ky, and so, 7/ (K,)= 2. If n =2, then K> has exactly
one 77 -set which is V(K3). By Theorem 3.1 (i), fv{ ,(K2) = 0. Suppose that n > 2.
Note that for all i = 1,2,...n, u; is contained in 7/ -sets {us,uj} and {u;, ug} such that
i # j # k # i and so, the set {u;} is not a forcing subset for any *yfpw—set of K, that is,
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fAi,, (Ky) = 2. Consequently, by Corollary 3.2, 2 < fr; (Kp) <~ (K;) = 2. Therefore,
fAg,, (Ky) =2 for all n > 2. O

Theorem 3.7. Let n be a positive integer with n > 2. Then the total dr-power domination
number of the fan graph F,, = K1+ P, of order n + 1 is given by VZ;U,(FH) = 2 and its
forcing total dr-power domination number is given by

2, n=2,3
* F _ ) y Iy
ffYtp’w( TL) {1, n 2 4.

Proof. By Corollary 2.6, ~7 (Fn) = (K1 + F) = 2 Let
V(Fn) = {v,u1,uz,us,...,un} such that deg(v) = n. Note that the 7} -sets of F,
are of the form {v,u;} for all u; € V(F,) and of the form {u;,u;} such that ¢ # j and
{ui,u;} is a y-set of P, by Theorem 2.5 and Corollary 2.6. Consider the following cases:

Case 1: Suppose that either n =2 or n = 3.

By Proposition 2.4, v(P,) = 2 for n = 2,3. If n = 2, then Ry = {v,u1}, Ra = {v,ua}
and R3 = {u1,us} are the 77 -sets of Fb. If n = 3, then Ry = {v,u1}, Ry = {v,us},
Ry = {v,u3}, Ry = {u1,uz} and Rs = {ug,us} are the 7{ -sets of F3. Clearly, for all
u; € V(F,) and n = 2, 3, the singleton {u;}, together with {v}, is not contained in exactly
one v; -set of F,, that is, the sets {u;} and {v} are not forcing subsets for any ~; -set of
F,. Thus, fvf  (Fn) > 2. Then 2 < fvf (F,) <7, (Fn) = 2. Therefore, fy7  (Fp) =2
for n =2, 3.

Case 2: Suppose that n > 4.

By Proposition 2.4, v(Py) = 2. If n =4, then Ry = {v,u1}, Ry = {v,us}, Rs = {v,us},
Ry = {v,us}, and R5 = {uz,u3} are the 7 -sets of Fy. Clearly, {u1} C Ry and {u1} ¢ R
for I =2,3,4,5, that is, {u1} is a forcing subset for Ry and so, fy; (R1) =1= fv; (Fa).
If n > 4, then v(F,) > 2 by Proposition 2.4 and so, the Vi, -sets of F, are of the form
{v,uit for all w; € V(F,). Clearly, R = {v,u1} is the only 7 -set of F}, containing u;.
Thus, {u1} is a forcing subset for R, that is, fv; (R)=1= fv;  (Fy) for n > 4. O

Theorem 3.8. Let n be a positive integer with n > 3. Then the total dr-power domination
number of the wheel graph W, = K1 + C), of order n + 1 is given by ’yfpw(Wn) =2 and its
forcing total dr-power domination number is given by

2, n=3,4
1, n>5.

f%?;w (Wh) = {

Proof. By Corollary 2.6, *yfpw(Wn) = ﬁpw(Kl + C,) = 2 Let
V(W,) = {v,u1,u2,us,...,u,} such that deg(v) = n. Note that the 'ﬁpw—sets of W,
are of the form {v,v;} for all u; € V(W,,) and of the form {u;,u;} such that i # j and
{ui, u;} is a y-set of Cp, by Theorem 2.5 and Corollary 2.6. Consider the following cases:
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Case 1: Suppose that either n = 3 or n = 4.

By Proposition 2.4, 1(C,) = 2 for n = 3,4. If n = 3, then R; = {v,u1}, Ry = {v,us},
Ry = {v,us}, Ry = {u1,u2}, Rs = {ua,us} and Rg = {u1,us} are the 7} -sets of Wi.
If n = 4, then Ry = {v,u1}, Re = {v,ua}, R3s = {v,us}, Ry = {v,us}, Rs = {uy,us},
Re = {u2,us}, Ry = {us,ua} and Rg = {us,u1} are the 7y -sets of Wy. Clearly, for all
u; € V(W,) and for n = 3,4, the singleton {u;}, together with {v}, is not contained in
exactly one 7/ -set of W), that is, the sets {u;} and {v} are not forcing subsets for any
Vi,,-set of Wy. Thus, fop (Wy) > 2. Then 2 < frf (Wy) <7 (Wy) = 2. Therefore,
[, (Wn) =2forn =34

Case 2: Suppose that n > 5.

Then 7(Cy) > 2 by Proposition 2.4 and so, the 7 -sets of W), are of the form {v,u;} for
all u; € V(Wy,). Clearly, R = {v,u1} is the only 7/ -set of W), containing u;. Thus, {u1}
is a forcing subset for R, that is, for alln > 5, fv; (R) =1= fv; (Why). O

Theorem 3.9. Let n be a positive integer with n > 1. Then the total dr-power domination
number of the star graph S, = K1 + K,, of order n + 1 is given by Vi (Sn) = 2 and its
forcing total dr-power domination number is given by

N 0, n=1
f’Ytpw(Sn) = {1’ n> 1.

Proof. By Corollary 2.6, = (S.) = 7, (K1 + K, = 2. Let
V(Sn) = {v,u1,us,us,...,un} such that deg(v) = n. If n = 1, then R = {v,u1} is
the only 77 -set of S1. By Theorem 3.1(i), f’ﬁpw(Sl) = 0. If n > 1, then the 7/ -sets
of S, are of the form {v,w;} for all u; € V(S,) by Theorem 2.5. Clearly, R = {v,u1}
is the only v -set of S, containing u;. Thus, {u1} is a forcing subset for R, that is,
A, (B) =1= fv{ (Sy) for alln > 1. O
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