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Abstract. Burger’s equations, an extension of fluid dynamics equations, are typically solved by
several numerical methods. In this article, the laplace-Somé Blaise Abbo method is used to solve
nonlinear Burger equations. This method is based on the combination of the laplace transform
and the SBA method. After reminders of the laplace transform, the basic principles of the SBA
method are described. The process of calculating the Laplace-SBA algorithm for determining the
exact solution of a linear or nonlinear partial derivative equation is shown. Thus, three examples
of PDE are solved by this method, which all lead to exact solutions. Our results suggest that this
method can be extended to other more complex PDEs.
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1. Introduction

Partial differential equations (PDEs) describe the reality of numerous physical and
natural phenomena. Burger’s equations are such partial differential equations issues from
fluid mechanics. It finds its application in various field of applied mathematics, such as
the modeling of gas dynamics, accoutis or road traffic. However, to translate the realty of
physical and natural phenomena encountered, this PDE takes the from of a coupled system
(PDES). Several methods have been used to investigate these PDES like the iterative
variational method (VIM) [7], the homotopy perturbation method (HPM) [4] , [8], [10],
double Laplace transform method [6] and Adomian Pade Technique [3], [5], [9]. However,
most solutions of urger’s partial differential equations (coupled or not ) by these methods
are rarely exact. Or the Some Blaise Abbo (SBA) method is a powerful to solve non linear
PDES [1], [2], [12], [13], [15], [16], [17], [18]. By determining the exact solutions. Even if
the calculation of the integrals tuns out to be difficult by this method, the combination of
this-ci with the method of transformation of Laplace makes it possible to overcome this
difficulty. In this paper we use the Laplace-SBA method to construct the exact solution
of coupled Burger’s equations.
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2. The Laplace-SBA method

Suppose that we need to solve the following equation:

Au=f (1)

In a real Hilbert space H, where A: H — H, a linear is or a nonlinear operator, f € H
and w is the unknown function. Let’s suppose that we can decompose operator A in the
following form:

A=L+R+N (2)

where L + R is linear, N nonlinear, L inversible in the "sense", of Adomian with L=! as
inverse. Using that decoposition equation (2) can be rewritten as:

Lu+Ru+ Nu=f (3)

let’s note £;(u) the Laplace transform of the function w with respect to the variable ¢.
Applying the Laplace transform to equation (3), we obtain:

We suppose that: L(.) = gtm() Using the properties of the Laplace transform of a
derivative, we get:
dMu s
Ly [atm] = 5" Li(w) = Y sFu" D (z,0) (5)
k=0
Equation (4) gives
m—1
s"Li(u Z sPum=k =D (20) + L, (Ru) + L (Nu) = L; (f) (6)
k=0
(6)is equivalent to
™ Li(u) = —Lo(Ru) — Lo(Nu) + Z Fulm =R (@,0) + Lo f) (7)
Using the successive approximations, we get:
m—1
e (1) = =21 (Rel) = £ (Ne1) 4+ 3 I D@0+ L) (@)

7=0
According to the SBA method, we suppose that the solution of (8) has the following form:

w= lim o" 9)
k—>+o00
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Where
ub = Zuﬁ ;o k>1 (10)

let’s denote g,_; = Nu*~!. Substituting u* into (8), we have:

S L (1) = = Y2 (Rel) — g ) + 30 ST V@0 4 L)) (1)

n>0 n>0 §=0

and for every k > 1, we get u¥ for n > 0, through the following Laplace- SBA algorithm:

m—1
s™Ly (uf) = =Ly (gr—1) + Z sSu™ I (2,0) + L (f); k>1 (12)
=0
s™Ly (uf ) ==Ly (RuE™Y); n>0
(12) is equivalent to
1 1 m—1 f
Ly (u’é) = ——mﬁt(gk_l) + — Sku(mijil) (1‘,0) + Ly <m> o kE>1
s sm 4 s
1 3=0 (13)
L (u,’fbﬂ) = —S—mﬁt (Ru’fjl) : n>0

Applying the inverse Laplace transform £;* to (13), we obtain:

L1 1 s (]
(uf) = —L£;7* Lmﬁt(gk—l)} + £t D Jz:% sPum=I7 (2, 0) + L7t (s’”) o k>1
1
(k) = -7 [mat (Rug—l)] >0
S
(14)
The SBA principle needs that, for & = 1, we must choose u? like Nu’ = 0 and for
k > 1, we must verify that Nu*~1 = 0.
For k =1, we get:
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If the series Z(u}l) converges, then u! = Z(u,ll)
n>0 n>0
For k =1, we get:

If the series Z(ui) converges, then u? = Z(u%) The converge of the series has been
n>0 n>0
proved in [6].

Repeating this same process for k£ > 3. If the series Z(uﬁ) converges, then uF =

n>0
k
> (un).
n>0
Therefore, v = lim u" is the solution of the equation (1).

k—>400

3. Applications

To illustrate the powerfull, the simplicity and efficiency of Laplace-SBA method in
solving non linear coupled Burger’s equations [6]. Here, we consider three systems of these
equations.

3.1. Example 1

Let’s consider the following system of Burger’s equations [2] [3]

ou(x,t)  O*u(w,t) ou(xz,t) 0
ov(z,t)  0*v(z,t) ov(xz,t) 0
ot - A2 +2U($7t) ox - % (u(a:,t)v(x,t))

with initial conditions

{u(az, 0) =sinzx (18)

v(z,0) =sinx
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3.1.1. Résolution by Laplace-SBA method
According to the Laplace-SBA Method, we suppose that:
B ou(z,t) 0
Ny (U(IL’,t)’U(.’E,t)) - 2u(a;,t) ox - %(u(az,t)v(m,t))
(19)
B ov(z,t) 0
No (U(.’L’,t)'l)([l?,t)) - 2U($7t) o - ox (u(x,t)v(a:,t))
Then, the system (17) gives
ou(z,t)  O*u(w,t)
at - 81‘2 +N1 (u(x,t)v(a:,t))
(20)
ov(z,t)  O*v(w,t)
ot - o2 + N (u(:v,t)v(x,t))
Applying the Laplace transform to (20). we obtain:
2u(z,t
Ly (u(@, 1) = Lu(z,0) + 12, <8 gfj; )) + L2, (V) (ula, yo(z, 1))
(21)
2o(x, t
Li (v(@, 1)) = Lo(z,0) + 1L, <a g(; )> + 12 (N (ula, ho(z, 1))

From (21), we have:

) =ule. 06t () + 00 (3 (o) ) £ (2 (O oot 1)

v(x,t) = v(z,0)L;! (1) + Lt (}gﬁt ( 502 >> + L7t (1L, (N2 (u(z, t)v(z, 1))

(22) equivalent to:

u(z,t) = sinz + L, <i£t <

v(z,t) =sinz + L1 (iﬁt (
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Using the successive approximations, we get:

uF(z,t) = sinz + £ <i£t (W)) + L7 (Ley (N (ub Yz, t)0h (1))

k e E_l 1£ 82vk(x,t) E_l 1£ N. k—1 k—1
v¥(w,t) =sinx 4+ L7 | $Ly o + L7 (2L (N (uf (2, t)o" (2, 1))
(24)
According to the SBA method, we suppose that the solution of
(17) has the following form:
u(z,t) = lim uf(z,t) (25)
k— 00
where
+00
uF(z,t) = up (@, b); k>1 (26)
n=0
and, for every k > 1, we get u¥(z,t) for n > 0, through the following Laplace-SBA
algorithm:
r (

uf(z,t) =sinz + L£; (1L (N1 (W, )bz 1)))) k>1
_ O*uk (z,t
uf (2, t) = L7 (i['t <ua£2x)>> ; n>0

vE(x,t) = sinz + L1 (1L (N (W (, )" (2,0)))) k=1

_ 0%k (x,t
b (2, t) = L) <i[1t (Uaif)>> ; n>0

For k = 1, we have the following Laplace-SBA algorithm:

\

( 'u(l](x,t) = sinz 4+ L;! (L2, (N1 (uO(z, 0)0%(z,1))))
82 1 ,t
o= (be (TG)) s nzo

v (z,t) = sinx + £, (1L (Na (uO(z, t)0%(z,1))))

0%l (z,t
vh () = L1 (iﬁt <53(62 )>> ; n>0

“\

Let’s suppose that one can find u” and v% as Ny (u®(z, £)v°(2,t)) = 0 and Ny (u®(z, )" (2, 1)) =

0, we remark that, taking u"(z,t) = v°(z,t) = 0 we obtain Ny (u(z, ¢t)v%(z,t)) = Na (u®(z, t)v°(z,t)) =
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0

For k =1, we have the following Laplace-SBA algorithm:

([ u}(x,t) =sinz
82ul (x,1) (a)
ul (x,t) = L1 (1575 <"’)> ; n>0
| +1 t s ox2
(29)
v§(z,t) = sinx
2,,1 t (b)
v}erl(x?t) = 'Ct_l (iﬁt <avgx(§’)>> ; n>0
From (29),), we get:
ud(z,t) =sinx
ui(z,t) = —tsinx
ud(x,t) = %?2 sin z (30)
ul(z,t) = (_nﬁ sin
From (29) 4, we get:
vi(z,t) =sinz
vi(x,t) = —tsinz
ud(z,t) = (;ﬁ)Q sin x (31)
vi(z,t) = %sinx
From (30) and (31), we obtain:
ul(z,t) = nz:ou}b(x,t) = HZ:O o sinz = e 'sinz
(32)

o) = S S0 .
vi(z,t) = Zvn(az,t) = (Z n‘) sinz = e 'sinz

n=0 n=0
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For k = 2, we have the following Laplace-SBA algorithm:
( 'ug(x,t) =sinz + E;l (%Ct (N1 (ul(ac,t)vl(:n,t))))
_ 0?u2(x,t)
\ufﬂrl(x,t) =Lt (iﬁt <8a:z>> ; n>0
(33)
'03(% t) =sinz + L1 (L2, (Ns (u! (2, t)vl(z,1))))
0?02 (x,t)
2 _pr—1(1 n\+%» .
\ Un+1(l',t) = £t <s£t <a(132>> ;o n 2 0
We remark that:
( oul(x,t) 0
Ny (ul(z, t)vl(z,t)) = 2u1(gv,t)axa = (ul(x,t)vla(x,t))
_ s . — . — . 2
=2 (e tsmaz) <8x (e tsmx)) ~ 9 (e 2 sin 33)
=2(coszsinz)e 2 — 2 (coszsinz)e 2 =0
(34)
out(z,t) 0
Ny (ul(z, t)vl(z,t) = 2U1(x’t)8xa = (ul(m,t)v;(x,t))
=2 (e*t sin :v) (830 (e%inx)) ~ % (6*21e sin? w)
=2 (cosxsinz)e 2 —2(coszsinz)e 2 =0
and (33) becomes:
ru%(az,t) =sinx
_ 0?u? (z,1)
U%_,’_l(l',t) :£t1 (}Q,Ct (8:[;2>> N VnZO
(35)
v§(z,t) = sinx
_ 0?02 (x,t)
\ U?L+1($,t) = ‘Ct 1 (iﬁt (W)) N Vn > 0
We remark that (35)is the same algorithm that (29). Thus
u?(z,t) = v?(x,t) = e tsinx (36)
Using the same the procedure for k > 3, we get:
ut(z,t) = ol(x, t) = ud(z,t) = v*(x,t) = uP(x,t) = 3 (2, t) = - = uF (2, t) = vF(z,t) = e tsinz
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and the exact solution of (17) is:

w(z,t) = lim u¥(z,t) =etsinz
k—>+00

v(z,t) = lim oF(z,t) = e tsinz
k— 400

3.2. Example 2

Now, we consider the following system of Burger’s equations [10]

ou(z,t)  O%u(x,t) ou(z,t) 0 2.8 1 2 9
T + u(z, t) o + p (u(z,t)v(z,t)) = 2t°x° +t° — 2t +x
ov(x,t)  0%v(x,t) ov(z,t) 0 1 ttr
ot - Ox2 + ’U(Z‘,t) ox + ox (u(x,t)v(:c,t)) - T - 21,3 - 73 -1
with initial conditions
u(z,0) =
v(z,0) =

3.2.1. Résolution by Laplace-SBA method

Let’s denote:

ou(z,t)

Ny (u(z, t)v(x,t)) = u(zx, t) o

+ (u(x, t)v(z,t))

Ny (u(z, t)v(z,t)) = v(x,t)

0
oz
ov(x,t) n % (u(z, t)v(z,t))

ox

the system (41) can be rewritten as follows

ou(z,t) 9 30 o 0%u(z,t)

5 = 2t + 2zt + t° + oz Ny (u(z, t)v(z,t))
ov(z,t) 1 t 2, du(w,t)

% 7 @3 -t o2 N (u(z, t)v(z,t))

Applying the Laplace transform to (42). we obtain:

850
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1 4 2 1 0u(x,t 1
Cetulent) = (o2 + g = 2 2 ) e (D) - L oot )

2
1 2 2 2 %Lt (8 o(z,1)

= ) _ %L‘t (Na (u(z, )o(z, 1))

(43)

1 1
w(ot) =t — 2 4 L1 <5£t (a>) o (Szt (M, <u<x,t>v<x,t>>>) 2323 4 43

t 12 (1 0v(x,t (1 t3
oty =1 - et (Sa (Tpm)) - et (Sa 0 oot - g - e
(44)
Let’s denote
- 1 . .
Ny (u(z, o(z, ) = —L;! <S£t (N1 (u(z, t)v(:mt)») + 36003 4 gt
(45)
7 11 B
Na (ula, oo, ) = —£7 " (L0 (Na (ule, oz, 1)) ) = 5o = bt
From (44) and (45), gives:
(1 O*u(x,t) -
u(x,t) = ta® — 2 + L7 (Sﬁt (W)) + N1 (u(z, t)v(z, t))
(46)
t 2 (1 0v(z,t) ~
o) =5 Gt (o (T ) + % e vt )
Applying successive approximations to (46), we have:
K 2 o, 11, (OPuF(a,t) (k-1 k—1
u®(x,t) =ta” —t°+ L ;Et o2 + Ny (uF =z, t)oF (2, 1))
(47)
t 2 (1 O*vk (x,t) ~ _ _
Ho) = &= ot (Go () ) R )

We look for the solution of (47) in the following form:
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+oo
uF(x,t) = Zuﬁ(:ﬂ,t); kE>1
n=0 (48)

+o0
vk (z,t) = Zv,’i(m,t); kE>1
n=0
From (47), we obtain the following Laplace-SBA algorithm:

( (ulg(az,t) —t? -2+ Ny (uk_l(az,t)vk_l(aj,t)) E>1
1 (1 0?uk (x,t
ub o (2,t) = L)1 (sﬁt <5£2>)> ; n>0

t o~
v (z,t) = . + Ny (uf (2, t)oF "z, b)) k>1

t2 1 820k(x t)
k _ 1 n\%» .
\vn 1(:c,t)———3+£t (S,Ct (2 )) 7 n>0

For k = 1, we have the following Laplace-SBA algorithm:

(49)

(utl)(:v,t) =tz — 12+ N (u(z, )0 (z,t)) k=>1
(1 O*ul (z,t
Wy (2,1) = L <S£t <89§2)>> ; n=>0

t o~
vg(x,t) = - + No (u0(z, t)0%(z,t)) k>1

t2 (1 0?v} (x,t)
R <£<ax2>> =0

Let’s suppose that one can find u® and v° as Ny (u’(z,t)v°(z,t)) = 0 and Ny (u(z, )0 (z, 1)) =
0, we obtain the following Laplace-SBA algorithm:

U}L+1($7t) = -
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Therefore, we get:

vi(z,1)

vi(x,t) +vi(x,t) + - =

t
T

For k = 2, we have the following Laplace-SBA algorithm:

\

We remark that:

Ny (u(z, t)o(z,t) = —1t® (423 +2) + 26323 + L3 =0

U%_H(l',

U%+1($at) = -

1

t)y=L;" (8

t2
3

«

t
vi(z,t) = - + No (u!(z, t)vt(2,t)) k>1

-1
5 + L

Ny (u(z, t)v(z,t)) = %

and (53) becomes:

t3
3

0z?

((ud(z,t) = ta? — 12+ N (u!(z, t)vt (z,t)) k>1

0?u? (x,t)

) e

Ox2 >>  n=0

2,2
(iﬁt (8 vy (x,t)

3
(2303—1—2)—%%—%753:0

853

(51)
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(55)

We remark that (55) is the same algorithm that (51). Thus
u?(x,t) = ta?

t

2
7t:7
V(1) = -

Using the same the procedure for k > 3, we get:
u?(x,t) = ud(x,t) = - = 2%t
vi(z,t) =3 (z,t) = = —
x
Thus, the solution of example 2 is:

u(z,t) = kir{:oo ub(z,t) = 22t

v(z,t) = kirgoovk(x,t) =

3.3. Example 3

Let’s consider the following non homogeneous form of coupled Burger’s equations [6]:
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ou(z,t) B %5% <x8u({(;;t)> = u(m ) (9ué(;;, t) 4 &;337 (u(z, t)v(x,t)) = (—3;2 _ 4) et

Xl _ 1 (;w) P a2 % (u(w, t)o(z,t)) = (~a* —4) e

ot oz Ox ox
(59)
with initial conditions
u(z,0) = 22 (60)
v(z,0) = 22
3.3.1. Résolution by Laplace-SBA method
Let’s denote:
B ou(z,t) 0
Ny (u,v) = 2u(z,t) 5 Ba (u(z, t)v(x,t))
(61)
B ov(z,t) 0
No (u,v) - 2U($7t) o - O (u(x7t)v(xvt))
the system (59) can be rewritten as follows
ou(z,t) _ o [ Ou(x,t)
T:(—ZEQ—ZJ:)G t+%% l’aT +N1(u,v)
(62)
ov(w,t) 9 109 [ Ov(xt)
T—( X 4)6 +E% CET +N2(U,U)

Applying the Laplace transform to the system (62) with respect to variable t, we have:

Ly (u(z,1) = u(w,0) + L, ((—22 — 4) e™!) + £, (;gx (ﬂﬁ”)) + Ly (N7 (u,0))

sLi (v(z, 1)) = v(@,0) + Ly ((—a2 — 4) e7t) + L, (;8@ <x6”g;t)>> + Ly (N3 (u,v))

63)
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Using the inverse Laplace transform to (64), we get

e =7 () 4 67 (3 (-2 w6 (2 (2 (+2522) ) ) (e s )

ooty = () £ (3 (=20)) 2 (B (38 (+%50 ) ) ) + 6 (v )

From (65), we have:

u(w,t) = e ta? 4 de™t — 44+ L)1 (iﬁt (}Ea@x (x%?))) + L7 (AL (N1 (u,v)))
v(z,t) = e ta? f et — 4+ L1 <§£t <i£ <$8v((;;t)>>> + L7 (AL (N, (u,0)))

(66)
Applying the method of successive approximations to the system (66), we obtain:

k
) =t et —a (e (b (+25 00 ) ) )+ 6 (e (0 (A )

ovk (z,t)

X

x Oz

)))+ et (e (v ()
(67)

We look for the solution of (67)in the following form:

+o00
uF(x,t) = Zuﬁ(@lﬁ); E>1
" (68)
+o0o
vF(2,t) = Zv,’i(:ﬂ,t); kE>1
n=0

From (67), we obtain the following Laplace-SBA algorithm:
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k>1 (69)
oot = et b €7 (30 (N (1, 06)))
of(z,t) =de™t —44+ L7 (1L, (186 (xavo(%t))))
° Tor Ox
k
Uﬁ+1(x>t) = +£;1 (i[’t <i86; (.TW))) : n>0
Ox
Foor k = 1, we have the following Laplace-SBA algorithm:
ub(r1) = e~'a? + L7 (1L (N (u”,0"))
1
- (4 (242
° vor Oz
1
Upyr (2,8) = +L7 (iﬁ <ie§l (xaun(wat)») im0
Ox
(70)

1
e -sa0 (e 18 (e

Let’s suppose that one can find u” and v% as Ny (u®(z, t)v°(z,t)) = 0 and Ny (u®(z, t)0° (2, t)) =
0, we obtain the following Laplace-SBA algorithm:
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\

From (71), we obtain:

Therefore, we get:

u(l)(x,t) =

858

e ta?

(71)
Moyt
vi(a,t) =de~t -4+ £ (i,/;t <i§l (mavoa(;f, )>>>
ovk(z,t
O (8,1) = £ (iﬁt <iaax <x%a(xx)>>> V22
( u%)($at) =€ tlL‘z
ul(w,t) =4et —4+4—4det =0
\urlz—&—l(-rat)zo s Vn>2
(72)
(Ué(‘r,t) :e_tx2
vi(z,t) =4e ' —44+4—4e' =0
vp (@, t) =0 5 V n>2
(2, 0) = b, 1) = a2t
(73)

vi(x,t) = vi(z,t) = 2?7t

For k = 2, we have the following Laplace-SBA algorithm:
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859
((wd(z,t) = e7ta? + L7 (2L, (V1 (uh,01)))
o) =4t et (2 (14 (+2820))
W2, (o) = +L7) (iﬁt (iaax <$W>>> et
74
Bleat) = e+ £ (L (W (a1, 01)) h
o, t) = et — 4+ L7 (L, (iaé;: (xavg(;;c,t)»)

We remark that:

1
Ny (ul o) = 2u1(x,t)8u (z,t) _ 0

(75)

and (74) becomes:
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( ud(z,t) = e~ ta?

(76)
vi(z,t) = e ta?
ovg(z,t)
_ —1(1 1.0 0\Ls
vi(x,t) =4det — 4+ L, (sﬁt <xam (m(‘):c
2(x,t
U?L+1($,t):£t_1 (iﬁt <iéj§x <xa?)n($a )>>> : YV on>2
\ ox
We remark that (76) is the same algorithm that (71). Thus obtain:
u?(z,t) = 2%t
(77)
v (z,t) = 2%e”!
Using the same the procedure for k > 3, we get:
ul(z,t) = u?(x,t) = --- = uPF(a,t) = 2%
(78)
vz, t) = v3(x,t) = - = 0F(z,t) = 2%e7?
Thus, the solution of example 3 is:
u(z,t) = lim uf(z,t) = 2%
k—400
(79)
- 1 k — 2,1
v(z,t) i v (z,t) =2x%€

4. Conclusion

The results of this paper show that the use of this method allowed to obtain the
exact solutions of the coupled Burger’s equations. Consequently, Laplace-SBA method
is a powerful mathematical tool for solving any system of Burger’s equations with initial
conditions. However, further research is needed to verify the relevance and effectiveness of
this method in the resolution of various nonlinear differential equations.
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