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Abstract. In that paper, the concept of (i,j) — mx — S—exterior sets in a biminimal structure
space (BSS) and a biminimal structure subspace (BSs) were introduced. Based on properties of
BSS and BSs, some new notions and several properties of those sets dealing with this space were
obtained in both of BSS and BSs. Some examples were given to illustrate the effectiveness of these
results.
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1. Introduction

A general space in mathematics, topology space has been widely studied in every field
of mathematics as a fundamental concept including the definition of limits, continuity,
neighborhoods, closed sets, open set and connnectedness among others. In 2020, T. M.
Al-shami et. al. [1] focused their attention on topology space. The concept of supra semi
limit points of a set and new types of separation axioms using supra semi-open sets were
introduced to minimize the conditions of topology for other reasons. Some applications of
supra preopen sets on supra topological spaces was studied by M. E. El-Shafei and et. al
[5]. The concept of supra prehomeomorphism maps and the concepts of supra limit and
supra boundary points of a set with respect to supra preopen sets and their properties
were introduced. More recently, A. Mhemdi and T. M. Al-shami [6] defined the functional
separation axioms on general topology and provided some notions of them. The notions
of almost SD-compact and almost SD-Lindel6f spaces, nearly SD-compact and nearly SD-
Lindelof spaces, and mildly SD-compact and mildly SD-Lindel6f spaces were investigated
by T. M. Al-shami and T. Noiri [13].

The above discussion motivated the current study, of some branches of topology. The

*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v14i3.4003

Email addresses: torsak.p@ku.th (T. Prasertsang), patarawadee.s@ku.th (P. Prasertsang)

http://www.ejpam.com 915 © 2021 EJPAM All rights reserved.



T. Prasertsang, P. Prasertsang / Eur. J. Pure Appl. Math, 14 (3) (2021), 915-922 916

concept of a biminimal structure space (BSS) and some properties of m}(m%—closed
sets and mim3 —open sets in BSSs were introduced by Boonpok [2] in 2010. That

, (X, m}(,mg() is called a biminimal structure space, where X is a nonempty set and
m,m% are minimal structures on X where minimal structures are defined by giving
P(X) as the power set of a nonempty set X. A subfamily mx of P(X) is called a minimal
structure on X if ) € myx and X € mx.

Biminimal structure space has been of wide interest in studying in Topology. Further-
more, Boonpok et al. [2-4] provided some properties of them to as a preliminary for the
current study, such as (i, j) —mx —a—closed, (i, j) —mx —a—open, (i,j)—mx — —closed
and (i,7) — mx — S—open, which are advantageous for studying BSS. Later, S. Sompong
and S. Muangchan [10, 11] studied the notion of exterior sets in this space and obtained
some characterizations and fundamental properties of those sets. E. Subha and N. Na-
gaveni [12] studied strongly minimal generalized closed set in BSSs and obtained some
properties for the set. Later, P. Prasertsang and S. Sompong [8, 9] studied the concept
of (i,7) — mx — a—boundary and exterior sets and (i,j) — mx — S—boundary sets and
provided some fundamental properties of such sets dealing with those spaces as well, which
was relevant to the current research.

In this paper, the concepts of (i, j) —mx — f—exterior sets are introduced and some fun-
damental properties of those sets are obtained and some examples are given for completing
some properties. Lastly, the special properties of a biminimal structure subspace and the
product of those sets are defined and then some fundamental properties are provided.

2. Preliminaries

In this section we recall some notions, notations and previous results.

Definition 1. [11] Let P(X) be the power of nonempty set X. A subfamily mx of P(X)
is called a minimal structure (briefly m — structure) on X if 0 € mx and X € mx.

Definition 2. [2] Let X be a nonempty set and mk,m3 be minimal structures on X.
The triple (X, m},m%) is called a biminimal structure space (briefly BSS) or a bispace

(briefly bi m—space [7])

Lemma 1. [3] Let (X, mk,m%) be a biminimal structure space and A be a subset of X.
It follows that:

1. A is (i,7) — mx—regular —closed if and only if A = mXC'l( g( t(A)),

2. Ais (i,j) — mx—semi—closed if and only if mXInt( Cl(A)) C A,

3. Ais (i,7) — mx—preclosed if and only if mXC'l(mJXInt( ) C A

4. Ais (i,j) — mx — a—closed if and only if mXC’l(mXInt(mXCl(A))) C A,
5. A is (i,5) — mx — B—closed if and only if m’ Int(m% Cl(m% Int(A))) C A.

Definition 3. [9] Let (X, m},m%) be a biminimal structure space and A be a subset of

X. Then, m% — B—closure of A and the m% — f—interior of A wherei,j =1,2 and i # j.
are defined as follows:
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1. myCly(A) = {F:ACF,F is (i,j) — mx — —closed},
2. mZ)](I”t%(A) =UH{U:U C AU is (i,j) — mx — B— open}.

Lemma 2. [9] Let (X,m%,m%) be a biminimal structure space and A, B be subsets of
X, the following hold: N N -

1. m{Clg(0) =0, mYClyg(X) =X, m{intz(0) =0 and mIntz(X) = X,

2. AC m%Cl@(A) and mglntgg(A) C A,

3. If A C B then mCly(A) C m%Cly(B) and m' Intgz(A) C m%Int(B).

Lemma 3. [9] Let (X,m%,m%) be a biminimal structure space and A be a subset of X.
The following properties hold:

1. mgC’lgg(A) is (i,7) — mx — B—closed,

2. m%]nt@(A) is (i,j) — mx — B—open,

3. Avis (i,7) — mx — f—closed if and only if mgClL@(A) = A,

4. Avis (i,j) —mx — B—open if and only if mgfnt@(A) = A.

Lemma 4. [9] Let (X,m%,m%) be a biminimal structure space and A, B be subsets of
X, the following hold:

1. If A and B are (i,j) — mx — f—closed then AN B is (i,5) — mx — f—closed,

2. If A and B are (i,j) — mx — B—open then AU B is (i,7) — mx — S—open.

Lemma 5. [9] Let (X, m}(,mgg) be a biminimal structure space and A a subset of X:
1. m%Intzg(X\A) = X\mYClg(A),
2. mYClg(X\A) = X\m¥ Intz(A).

Lemma 6. [9] Let (X, m%,m%) be a biminimal structure space and A a subset of X, for
any i,j =1,2 and i # j,

1. mll)](‘Bdrg(A) N mgj(lntg(X\A) =0,

2. m?{C’lz(X\A) = m‘Z)J(B‘drgg(A) U m‘?(f'ntgg(A),

3. X =mYIntg(A) UmY Bdrg(A) UmY Intg(X\A) is a pairwise disjoint union.

Definition 4. [9] Let (X, m}, m%) be a biminimal structure spaces and W be a subset of
X. Define mIl/V andm%v as follows: m‘l/v =ANW:Ace€ m_1X andm%/ =BNW:Be€e m_2X
A triple (W, m%v, m%/v) 1s called a biminimal structure subspace of (X,mﬁ(,mg().

Let (W, mi;,,m%,) be a biminimal structure subspace of (X, m%,m%), and A be a
subset of W. The (4, ) — mw — f—closure and (7, j) — mw — f—interior of A with respect
to myj, are denoted by m%C'l'gg(A) and my}, Intz(A), respectively (for i = 1,2 and i # j).
Then, m%Clgg(A) =Wn m%Clg(A),

mﬁ,lnt@(A) =Wn m%]nt(@(/l)
and myVBdrg(A) =Wn ml)](—BdngA(‘A)
consequently, myf, Extz(A) = W Nm% Extg(A).
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3. Main Results

In this section, we introduce the concepts of (i, j) —mx — f—exterior sets in biminimal
structure space which contains some characterizations and several fundamental properties
of those sets.

Definition 5. Let (X, m},m%) be a biminimal structure space, A be a subset of X and
z € X. Then, x is called (i, j) — mx — B—esterior point of A if x € m5 Intjg(X\A) The

set of all (i, 7) —mx — B—exterior point of A are denoted by: mXExtj(A) wherei,j = 1,2
and i # j.

By the Definition 5, m’ Emt%(A) JInt%(X\A) = X\mé](ACL@(A).

Example 1. Let X = {1,2,3}. Define m—structures m% and m% on the biminimal
structure space X as follows:

mk ={0,{2},{1,3}, X} and m% = {0,{1},{3},{1,2},{2,3}, X}.
We have that: m 2 Ext5({1,2}) = {3} and m¥ Ext({1,2}) = 0.

Lemma 7. Let (X, m}(, m?X) be a biminimal structure space, A be a subset of X. Then,
for any z ,j=1,2 and i # j, the following statements hold:

1. m Emtgg(@) X and mf)](E:Ut%( ) =10,

2. ml)](Extg(A) NA=0 and m% Extg(A) N ijClvg( ) =10,

3. m%E.%’t;;(A) Ea:tf%(X\A 0 cmd m% Extg(A) N m%Bdrt@(A) =0,

4. X = m%[nt@(A) U mgBdr@(A) ExtJ(A) is a pairwise disjoint union.

Proof. Assume that (X, ml,m%) is a biminimal structure space and A is a subset of
X.

1. Since mCly(0) = 0 and m%Cly(X) = X, we obtain: m% Extg(0) = X\ = X
and ngxtgg(X) = X\X = 0.

2. By Lemma 2 (2), X\mijClg(A) C X\A, (X\m%Clz(A)) N A C 0. That is:
ngxtg(A) NA=0.It follow that: m% Extg(A)N m?('C’ng( ) = 0.

3. It follows by Lemma 6 (1).

4. Tt is obvious by Definition 5 and Lemma 6 (2), (3).

Theorem 1. Let (X, m}(,mg() be a biminimal structure space and A, B be subsets of X
with A C B. Then, fori,j=1,2 and i # j,
mY Exty(B) C mY Exty(A),
2. m' Extj(B) C X\mY Bdrg(A).

Proof. Assume that (X, m}X, m%) is a biminimal structure space and A, B are subsets
of X with A C B. For any i,j = 1,2 and @ # j,
1. From Lemma 2 (3), m%Clgg(A) C m%Cly(B) yields
X\m"j Cls(B) C X\m Clg(A),
E:L‘tug(B) E:L'tz(A)
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2. By Lemma 7 (3), mé{Ethg( ) € X\m ' Bdr(A) and by (1), we have
m% Extg(B) C X\mXBdr(,g(A).

Corollary 1. Let (X,mk,m%) be a biminimal structure space and A be subsets of X.
Then, fori,j = 1,2 and i # j,

1. mz)j{Extog( ) € m¥ Extg(m% Int 5(A)),

2. mZ)J(ExtQ( ”C’lg( ) € ECCt_E(A)

3. mf,ﬂ;Em,j( ) C X\m% Bdr%(m;(mt%(A))

4. m E.’Etg(mz)](Clg( )) € X\m% Bdrz(A).

Proof. Tt follows by Theorem 1 and Lemma 2 (2).

Theorem 2. Let (X,m%,m%) be a biminimal structure space and A be a subset of X.
Then, for any i,j = 1,2 and i # j, the following statement are true:

1. Ais (i,j) — mx — B—closed if and only if my Exty(A) = X\

2. Ais (i,5) — mx — B—open if and only zfm Extg(X\A)

Proof. Assume that (X, ml,m%) is a biminimal structure space and A is a subset of
X.
1. (=) Suppose that A is (i, j)—mx—S—closed. Then, m%Extgg(A) = X\mgCl,%(A) =
X\A.
(«<=) Suppose that m E.’L’tﬂ(A) = X\A. It means that X\m%Clgz(4) = X\A.
Since A C m%Cl@(A) then m%Clyz(A) = A. Finally, A is (i,j) — mx — S—closed.
2. (=) Suppose that A is (z Jj)—mx —ﬂ—open. Then, X\ A is (i,j) —mx — B—closed.
Using (1), m% Extg(X\A) = X\(X\A) = B
(<=) Suppose that m'’ Extﬂ(X\A) A. We have A = X\m%Clyg(X\A)
= X\(X\m% Intz(A)) = m%Intz(A)). Hence, A is (i,j) — mx — S—open.

Corollary 2. Let (X, mX,mX) be a biminimal structure space and A be a subset of X.
Then, fori,j =1, 2 and 1 # j,

1. mXE:ztgg( Y Cly(A)) = m¥ Exty(A),

2. m Extg(X\m' Extz(A)) = m% Ext z(A)

Proof. This follows by Theorem 2 immediately.

From Example 1, m 2 Ext5({2})UmZExt5({1,3}) # mi2Ext»({2}N{1, 3}), whereas
mPZExty({2}) UmPZExt4({1,2}) = mi2Ext4({2} N {1,}). Therefore, it needs some con-
ditions to show that

m Extz(A) UmY Extg(B) = my Extz(AN B),
which found in the next result. Slmﬂarly, the followmg equation

]El‘tj(AUB) ]E$t%(A) ﬂmXExtug(B)
is true if it has some appropriate conditions.
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Theorem 3. Let (X, mX,mX) be a biminimal structure space, A, B be subsets of X.
Then, for any i,j = 1,2 and i # j, we have:
1. If A and B are A(Ai,]) myx — —closed, then
m') Extg(A) Um* Extg(B) = m Extz(AN B).
2. If A,B and AU B are (i,j) — mx — 3— closed then
mY Extg(AU B) = mY Extg(A)N 'mXExtA(B)

Proof. Assume that (X, mﬁ(, mg() is a biminimal structure space and A, B are subsets
of X.
1. Assume that A and B are (i,j) — mx — f—closed. Therefore, A N B is also
(,j) —mx — f—closed. By Theorem 2 (1),
mY Extgz(ANB)=X\ANB
= (X\A)U(X\B)
=mY Extg(A) UmY Exty(B).
2. Assume that A, B and AUB are (i, j)—mx —B8—closed. By Theorem 2 (1),m§Emt@(A) =
X\A,m} Ext%(B) = X\B and ngxt,@(A U B) = X\(A U B). Furthermore,
m Extz(AUB) = X\(AU B)
= (X\A)N(X\B)
= mY Extg(A) NmY Extg(B).

Next, we give some notions for the product of two biminimal structure space as the
following:

Definition 6. Let (X, m%,m%) and (Y, mj,,m3) be biminimal structure spaces, A, B be
subsets of X and Y, respectively. Then, -
mXXYClgg<A x B) = [m%Clg(A) x YN [X x my Cly(B)]
where 1,7 = 1,2 and i # j.
From Ezample 1, let Y = {a,b,c}, we have my, = {0, {a}, {b},{a,c},Y} and m} =
{0,{c},{a,b}{b,c},Y}. Therefore,
i,y Cly({2} x {c}) = MRCL({2}) x Y] N [X x mi2Cly({e})] = {2.c}.

Lemma 8. Let (X,mk,m%) and (Y,ml,m%) be biminimal structure spaces, A, B be
subsets of X and Y, respectively. Then, -
m%.yExtg(A x B) = [m{ Extg(A) X YU [X x my Extg(B))].

Proof. Let (Y, mi,,m}) be a biminimal structure subspace of (X, m},m%) and A4 a
subset of Y. Let us consider:
m%. yErtg(Ax B) = (X x Y)\mXXYClgg(A X B)
= (X x Y)\((m¥Clz(A) x Y) N (X x m/Cly(B)))
(X % Y)\(mE Cly(A) x Y)) U (X x YI\(X x miiCly(B)))
= (X\myClg(A)) x Y) U (X x (Y\m{Cly(B))))
= (MY Ertg(A) X Y)U (X x my Extjg(B))

The next results study the biminimal structure subspace and obtain some properties
of them. Furthermore, the product of the (i,j) — mx — S—exterior sets is introduced.
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Lemma 9. Let (W, miy,, m¥;) be a biminimal structure subspace of (X, m%,m%), A and
B are subsets of X and W, respectively, and A = BNW are (i,j) — mx — 8 — closed.
Then, mjj, Extz(A) = m% Extg(B) N W.

Proof. Let (W, m};;,m%,) be a biminimal structure subspace of (X, m},m%) and A
be a subset of Y. Consider, -
my Extg(A) = myl, Extz(BNW)
=miExtz(BNW)NY
= [m"} Ext5(B) Um'} Extz(W)|NY
= [mY Bt z(B) N WU [m% Ext (W) N W]
= [m"] Ext5(B) N W],

4. Conclusion

This study investigated (i,j) — mx — S—exterior sets in a biminimal structure space
(BSS) and a biminimal structure subspace (BSs). First, (i,7) — mx — f—exterior sets in
a biminimal structure space are defined in Definition 5. Second, Theorem 1 present the
notion for the subsets of (i, j) — mx — f—exterior sets. Third, the relation of (i,j) —mx —
B—exterior sets and (i, j) —mx — f—closed and open sets are covered in Theorem 2. The
union, intersection and product of (i,j) — mx — S—exterior sets are given in Theorem 3
and Lemma 8. The authors describe the (i,7) — mx — S—exterior sets of a biminimal
structure subspace (BSs), in the last Section 3.
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