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Comparison of the Adomian decomposition method and
regular perturbation method on non linear equations
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Abstract. In this paper, we study convergence of Adomian decomposition method applied to
second kind Volterra general integral and show that this method and regular perturbation method
converges to the same solution.
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1. Introduction

In the literature, there are few analytical methods or digital successful for solving non
linear integral equations. This is due to the strong non linearity of integral equations and
the difficulty to find their exact solutions. In this paper, we examine second kind Volterra
general integral :

go(x):f(ac)—l—a/ K(z,t)pP(t)dt;p > 2,0 <e < l,a<t<z<T <400 (1)
0

Where
© is the unknown function,
f is continuous function on ), = [a; 77,

and K € L*(Q) is continuous on Q = [a;T] x [a;T] .
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We used Adomian decomposition method and regular perturbation method permitted us
to find the solution of the problem (1).

The structure of the present study consists of an introductory section, Sections 2 and
3, and final conclusions. In Section 2, we prove the convergence of both methods. Section
3 contains numerical examples.

2. Convergence

In this section we show the theorem of convergence.

Theorem 1. Let us consider the non linear equations second kind of Volterra defined in
(1). Then the problem (P) converges to a unique solution ¢ € C(|a;T]) and the Adomian

algorithm [1-4, 6-10, 12]

(z) = f(x)
. ADM){ ula) = & i KA a0 > 1 (2)

converges to this solution. In addition, Adomian and reqular perturbation algorithms are
equivalents.

Proof. The Adomian polynomial are obtained by the following formula :

0 (N Ay) 0" (Nrepy, )P
[T ],\:0 = [T ])\:0 (3)
By unfolding, we get:
[ Ap= 4},
Ar=peh o

1 i _
Aa==p[205 oot (p — 1) 203

A3=gp[ﬁsoﬁf1@3—6ps0§72s01902+(p2—3p +2)pb 3]

7[3”(/\'“ or)P
n! oan

1

n

Ja=0i ¥ 20

We have following Adomian algorithm:

wo(z) = f(x)
p1(x) = ¢ [y K(z,t)Ao(t)dt
(Papm) pao(z) =€ (fK(ac,t)Al(t)dt (5)
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Let us show that the algoritm (P4pys) converges

e f is assumed continuous on Y, = [a;T], there existm > 0, such that V& € ),
Y(e,t) € Q= [0:T] x [T, |f(x)] <m

e K being continuous on 2 = [0; 7| X [a; T], there exist M > 0, such that V(z,t) € Q,
|K (z,t)] < M .

For ¢,(x), we have successively Vn > 1

Iw@ﬂénm-M y
[p1(z)] < mg[g (Tv_ o) = lp1(z)| <ma € (fu_a)]

M(z — a))? eM(z — a))?
lp2(x)] < pmgma AM( agN lpa(x)] <m [ M )

Let’s put
m' = Sup(mg, ma, ..., my)

it follows that :

[eM(z — a)]"
nla)| < m/ 2 2O
Let’s put
The series: M i
bn(z) = m/ EM\E = a)j
nzz:o n%:o n!

Converging geometrically toward the function:

g(z) = m'eEME=al o [0, T

Therefore, the series), ©F (x) converges normally and thus absolutely to ¢(x) on
[a; T which is the solution to problem (2)

-Let us suppose that the problem (P) admit two distinct solutions ¢ and ¥
For the function ¢ ,we have following Adomian algorithm:
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o(e) = (@) o
x)=¢ [§ K(x,t)By_1(t)dt; n > 1

Where

Bo= 1t X
Bi=pyy wll ,
By=gp[20f) " oot (p — 1) 0 ; )
Bs=gpl6v  vs—6pyy ¢rtba+(p°—3p + 2)uf 9]
.
L Bu=m =5 I
are Adomian’s polynomial.
Let’s put w(x) = () — ¥ (x), w(zx) checks the following Adomian algorithm:
afe) = gols) - () o)
v) =¢ Jo Kz )[Ana(t) = Boa(D)]dt; n > 1

By unfolding the algorlthm (9 ) for k > 1,we get:

)
)[AL(t) — Bu(t)]dt = e [y K(x,t)[pef()r(t) — pg(t)yr(t)]dt = 0

we have
= an(:c) =0
n>0
since
Vn > 0,wp(z) =0
And thus
w(z) = o(x) —(r) =0 & p(x) = P(z)

and

o= Va €y = [a;T).

This proves the uniqueness of the solution of the equation (1) and the convergence of
the Adomian algorithm.
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Let us show that the Adomian algorithm and the regular perturbation
converges to the same solution

Let us consider the problem (P)
e Applying the Adomian decomposition algorithm to (1) , we get:

(z) = f(z)
(P ADM){ on(z) =& fof K (e 0 An (Bt > 1 (10)

e Regular perturbation method [5, 11]

Let us suppose that ¢ is another solution of the problem (P)
This method consist to search the approximate solution by an asymptotic expression :

Y(x) =) e™nl2) (11)

n>0

where ¢ is a small parameter of the problem.

Let’s introduce (11) to (1), we get:

S (o) = Sy e [ K O(E unle) (0 (12)

n>0 n>0

Using Binomial Newton formula, we get

[o + (€01 +X)P = ¥+ pub (e + %4ho) +

p(pg_l)wé”‘?(e?w% +26M1n + eM3) + o+ (e + Po)?

By identification according to the growth power of ¢, we get:

K (x, t)yh(t)dt
: = [ K (2, )pyy () (t)dt
ss(x) = [ K (2, 6) 5208 o (t)+(p — 1)wh > ()93 (6)]dt

M M M O
w N = O
<-
(V)
/-\/&?A/\
S N N N
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e Comparision of the solution of the both methods

Let’s put ¢, (z) = @np(z) — ™y (x)
By unfolding, we get:

ii

( ¢o(z) = po(z) —o(z)f(z) = f(z) — f(z) =0

A< 7 OG0 = 010 o =
ot (DL (0)dt — 2[5 K (, Opug ()%(t)]dt

S K@D (O (1) — s (1))dt = 0

we have
Z bn(z) =0
n>0
— Z[@n( —&"n(2)] =0 Z on(x Zgnwn(x)] = p(x) =9(z)
n>0 n>0 n>0
and
p=yVr e X =[a;T]
And thus
w(z) = (@) —Y(z) =0 & ¢(z) =P(z)
and

o =1,Vre X =[a;T)].

This proves that t of the Adomian decomposition algorithm and regular perturbation
method converges to the same solution .

3. Numerical examples

3.1. Example 1

Let’s consider the following non linear integral equation of second kind of Volterra :

o(z) = Vo — 1(38932\/5_'_5/% () dt;0 <e k1 (13)
15 0 vV —t ’

e Solving by the Adomian decomposition method
- Applying the Adomian algorithm, it follows that (13)
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po(z) = /=

L Aot
o1(z) = *%8$2\/§+6j‘0 o(t)

dt
vV —t

enle) = f )

dt, n > 2

where .
Ap= %0

A1= 4¢3 @1
Ag=dipdpo+6p2p?

o (NP
H[W Ir=0
T Ao(t)
dt
5/0 Ve —t

Let’s take T'= x — t and integrating, we get:

1

n

- Computation of

= s/om (z—T)* T2 dT = %saﬂﬁ
By induction on n , we get:
po(z) = V&
o1(z) = —1—25.@2\/5 +efy Agg(t)tdt = 1—?8302\/5 + %56332\/5 =0
A
p3(z) =¢ fy %dt =cfy Hwog)w(f/);ﬁ?(t)%(t)]dt =0
op(x) =0, Vn>1

Let’s put

1050

(16)
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= o(x)
Then the exact solution of the problem (13) is:

o(@) = Va, (17)

e Solving by the regular perturbation method
Let us search the solution of (13) by an asymptotic expression :

2

=Y pula) (18)

n>0

where ¢ is a small parameter of the problem.

Let’s introduce (18) to (13), we get:

T n 4
Zs ©n(z x—ﬁgazz\f—ks/o (Z"ZO% _goz(t)) dt; (19)

n>0

Using Binomial Newton formula, we get

[po+(ep1+e2p2)]* = o +4pd (ep1+e%pa)+608 (214263 P12+ p3) +4tho (ep1+e%pa) 3 +(ep1+e%pa) ..

By identification and by unfolging according to the growth power of €, we get:

e po(z) = Va
el pi(z) = —%E$2ﬁ+ fx <p0 = —%gaﬁ\/i—l- %(55
2/r =0
m>k%gpmﬂ
o3(z) = [ [4¢3(t)¢2(ti+fi3(t)¢1(t)] dt—0
e op(z) =0;Vn>1

Let’s put

n>0
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= ¢o(z)
Then the exact solution of the problem (13) is:

p(z) =V, (20)
3.2. Example 2

Let’s consider the following a system of non linear integral equations of second kind of
Volterra :

—mx __ ,x
u(z) :e":+€(e +1e ) +e [y e ™ (t)dt; 0 <e < 1;m > 2
m
= —xfw T x—t, m . . 21
v(z)=e 5 . +e [y e ™ (t)dt; 0 <e < 1;m > 2 (21)
m_
_ 2x_€(em$_6x) T x—t, m . .
w(r) =e — +e [y e um(t)dt; 0 <e < 1ym > 2
m—

e Solving by the Adomian decomposition method
- Applying the Adomian algorithm, it follows that (13) :

up(x) = €e* vo(z) =e*
—-mx __ T 2mx T
ui(z) = E(em — “) e I er =t Ag(t)dt v (z) = —5<62m - f ) e I ev=tBy(t)dt
un(z) = ¢ [ € Ap_1(t)dt n > 2 vn(z) =€ [y € By (t)dt n>2
(22)
wo(z) = e2*
et
wl(x) = —ﬁ + Efo € Co(t)dt (23)
wp(z) = 5f0‘r ertCh 1 (t)dt n>2
where the Adomian polynomial’s are given by:
Ap= v’ By= wg’
A= mvgb_l v1 Bi= 77”Lw6n_1 wy
Agzém[%gl_lvg—i—(m — 1) 203 BQ:%m[ngn_lwg—&—(m — D" 2w?
An:%[‘(a,\zk)* Ja=o Bn:%[i(a,\qﬁk) Ja=o

(24)
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( COZ u6”
C1= mu’on_1 U1
m—1 m—2
C’gzim[ZUO ug+(m — u" “u? (25)
1 o™ (Newy, )™
n 7[[ aAn ]/\—0

(26)
Up(z)=0;Vn>1 U (2)=0;V n>1 wp(x)=0;V n>1

Let’s put

(u(@), v(x), w(z)) = () ualz), Y valz), Yy walx))

n>0 n>0 n=0
= (uo(z),vo(x), wo(z))

Then the exact solution of the problem (21) is:

(u(a:),v(x),w(x)) =(¢€", e—x,e%c) (27)

e Solving by the regular perturbation method
Let us search the solution of (13) by an asymptotic expression :

(u(a), (@), w(@) = (3 munl@), 3 eon (@), 3 M wn(@)) (28)

n>0 n>0 n>0

where € is a small parameter of the problem.

Let’s introduce (18) to (13) , we get:

—mz __ T
ano 6”un(x):e$ + 5(6 € )

e[y e im0 onl(t)) dt
20 € Vn(@)=eT — +e g e (X nzo e wn(t)) " dt (29)
2on0 & wn(w)=€" — e o) te fy e (X nzo e un(t)) dt

Using Binomial Newton formula, we get
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2, \im m m—1 2 m(m—1) 2
[ug + (eur + e“ug)|™ = wuy' +pul' (eur + e uz) + U (e2u? + 2e3uqug + etud) + ..
m(m—1
[vo + (cu1 + %va)]™ = o + pudY(evy + c2vg) + (2)1)6” 2(e20? 4 2830109 4 eM02) + ..
m(m —1
[wo + (ew1 + 2w2)|™ = wi + pw(ewy + 2wa) + (Q)w{)” 2(2w? 4 283wywo 4 eMwd) + ...

By identification according to the growth power of €, we get:

up(x)=e" vo=e~ %
ui(x)=0 vi(x)=0
ug(x)=0 va(x)=0
un(2)=0;¥V n >1 vp(2)=0;V n >1

Let’s put

g0 up(x) = e”
51:u1(x):7(6_mx ¢’) + [y e“ g
2. — xﬂ; t 1 m—1
e tug(x) = [y e ey (t)vr(t)dt
e ug(z) = [ e“”:_t§m[21}8@_1
"2y, (x) = ...
(D yp(x) =7
1. (€m$ 33 T x—t m
eliv(e) = ————> Sy —|—f
e vg(x) = [ e tngl Lt)w
e ug(x) = [y ex_tQ m[2wg' 1(t)w2(t)+(
"2y, (x) =
(&0 wp(z) = e
el twi(z) = (e—:l:—lex) + fo‘r ertym
€2t way(x) = fox e tmul' ™ ( )
€2 tws(z) = [} e* tim[2uf !
6n:2wn(x) —

— oy (8)of ()]dt

(30)

— Dwy" ™ (t)wi ()]dt

g
S
—~
B
I
)
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(u(@), v(x), w(z)) = (Y un(z), Yy e"vnlz), Y "wn())

n>0 n20 nz0
= (uop(x),vo(x), wo(z))

Then the exact solution of the problem (21) is:

(u(z), v(@), w(z)) = (e, e, e*) (32)

4. Conclusion

In this paper, we first showed that the Adomian decomposition method converges when

applied to Volterra general integral equations of second kind.

Then we showed that the Adomian decomposition method and regular perturbation

method converges to the same solution when applied to Volterra general integral equations
of second kind.

Lastly, we used these both method to solve a non linear integral equation of second

kind and a system of non linear integral equations of second kind of Volterra .

We showed that using the both method, we get the same solution. There are then the

very powerful numerical tools for the resolution of non linear equations and systems of
nonlinear equations of Volterra .
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