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1. Introduction

Most of the real life problems have various uncertainties and that classical mathematics
may not be able to model properly. Among these uncertainties, there are two types of
mathematical tools for dealing with such problems: fuzzy set theory [32] and theory of soft
sets due to Molodstov [19], both of which aid in the solution of problems in various fields.
Maji et al. [23] introduced the fuzzy soft set, which is a hybrid of fuzzy and soft sets.
Roy and Maji [22] presented some results on the use of fuzzy soft sets in decision-making
problems. The applications of fuzzy soft sets have been extensively studied (see, e.g.,
[1, 3, 4, 6, 12, 15, 16, 18, 31]). Beaulaa and Gunaseeli defined the fuzzy soft metric space
in [7], and Sayed and Alahmari [25] defined the notions of some mappings and proved
several fixed point theorems in fuzzy soft metric spaces. Mustafa and Sims [20] introduced
the concept of G-metric space to extend and generalize the concept of metric space. Since
then, a number of authors have investigated a variety of well-known results in G-metric
space (see, e.g., [5, 13, 21, 24, 26-30]). Giler et al. [11] proposed the idea of a soft G-
metric space based on a soft element and found some of its properties. Then they came up
with the concepts ”soft G-convergence” and ”soft continuity”. They also established that
fixed points in soft G-metric spaces exist and are unique. Giiler and Yildirim presented
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soft G-Cauchy sequences and soft G-complete metric spaces in [10], and Shrivastava et al.
established fixed point results of mapping defined on soft G-metric spaces in [17]. Using
fuzzy soft elements, Sayed et al. proposed the concept of fuzzy soft G-metric space in [2].
They also investigated on fuzzy soft continuity and convergence in fuzzy soft G-metric
spaces. The main goal of the present paper is to study and prove some results of fixed
points for mappings satisfying different conditions in fuzzy soft G-metric spaces.

2. Preliminaries

Basic definitions of fuzzy soft sets and fuzzy soft G-metric spaces are presented in this
section.
Throughout this study, we will use the terms X to refer to an initial universe, E to refer
to the set of all parameters for X, and I = [0, 1] to refer to the initial universe.

Definition 1. [32] The membership function pua(x) of a fuzzy set A is a function py :
X —[0,1] So, every element x in X has membership degree: pa(x) € [0, 1].
A is completely determined by the set of tuples: A = {(x,pa(x)):xz € X}.

An empty fuzzy set, denoted by 0 is one whose membership value is 0,Vz € X. In
contrast to the above, when p4(xz) = 1, then the fuzzy set A is the universal fuzzy set,
denoted by 1.

Definition 2. [8] A fuzzy soft set fa over X is a pair (f, A), where f is a mapping
f:A— IX defined by .

_J 0, ifed A;
fale) = { otherwise, ife € A.

Definition 3. [9] A fuzzy soft set fa over X is said to be:
(a) null fuzzy soft set, denoted by ¢, if for alle € A, fa(e) =0,
(b) absolute fuzzy soft set, denoted by E, if for all e € A, fa(e) = 1.

The fuzzy soft real numbers were defined in [14], denoted by 75,1, ... etc, and 7, §, ¢ will
be denoted in particular type of fuzzy soft real numbers such that 7(e) is a fuzzy number
for all e € E.

Let A C E. R(A)* be a set of all nonnegative fuzzy soft real numbers and FSC(fa)
denotes a collection of all fuzzy soft points of a fuzzy soft set f4 over X.

Definition 4. [2/ Let E be a nonempty set of parameters, A C E and E be the absolute
fuzzy soft. A mapping G : FSC(FE) x FSC(E) x FSC(E) — R(A)* is said to be a fuzzy
soft G-metric on E if G satisfies the following conditions:

(qul>:g(f~elafe27f€3)zo if fer = fey = Jess -

(FSQQ) : Q%G(feu f62’f6~3)~f0r all f€1a f@éFSC(E) with fel 75 fe2;~

(FSG3> : G(f€17 f€17f€2)§G(f617 f627 f€3) fOT a’ll f817 f€27 fGBéFSC(E) thh f82 # f€3;
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(qu4) : Q(fela f€27f63) ~:~G(fe1a f637f62) - G(fegvfeyfel) = .y 5
(F'SG5) : G(fey, fe2~7 fes)SG(feys fes fe) + G(fe, f~627f63~) for all fe,, fess fess feEFSC(E).
The fuzzy soft set & with a fuzzy soft G-metric G on E is said to be a fuzzy soft G-metric
space and is denoted by (E,G).

Definition 5. [2/ Let (E,G) be a fuzzy soft G-metric space and {fe,,} a sequence of fuzzy
soft elements in E. The sequence {fe,,} is said to be fuzzy soft G-convergent to fe in
E if for every €20, chosen arbitrary, there exists a natural number N = N (€) such that

0<G (fer s fer fo)<E whenever n > N i.en > N = {f., YEB(fe,1,€). We denote this by
fen = fe as n — 00 or Limy_oo{fe,} = fe-

Definition 6. [2] Let (E,G) be a fuzzy soft G-metric space and {fe, } be sequence of fuzzy
soft elements in E. Then the sequence {fe, } is said to be fuzzy soft G-Cauchy if for every
¢>0, there exist 6>0 and a positive integer N = N (&) such that G(fe,, fe., fe,)<€ for all
n,m,l > N; that is é(fen,femjfel) —0 asn,m,l — oco.

Definition 7. [2] A fuzzy soft G-metric space (E, é) is said to be fuzzy soft G-complete
if every fuzzy soft G-Cauchy sequence in (E,G) is fuzzy soft G-convergent in (E, Q).

Definition 8. [2/ Let (E,Q), (LN?, CN;') be two fuzzy soft G-metric spaces. Then a function
T:E— FEis fuzzy soft G-continuous at a fuzzy soft element feéFSC(E) if and only if
for every €50, there exists 0>0 such that fe,, fe, €FSC(E) and G(fe, fe,, fe,)<0 implies
that G(T fo, T fe,, T fo,)<E.

A function T is fuzzy soft G-continuous if and only if it is fuzzy soft G-continuous at all
fuzzy soft elements f.e FSC(E)

3. Main Results

We start our main results in this paper with the following theorem (Theorem 4.2 in

[2])

Theorem 1. Let (E, G) be a fuzzy soft G-complete and T : (E,?) — (E, @) be a mapping
that satisfies the following condition for all fe,, fey, fes€EFSC(E),

C(T fers T fers T fes) G (for, Tfeys Tfer) + bG(fey, Tfeys T fer)+ )

+b
GC(feys T fegs Tfey) + AG(for, fess fes),

where 0<a + b+ &+ d=1.
Then T has a unique fixed point, say fe, and T is a fuzzy soft G-continuous at fe.

We will show that this theorem fails to verify if the set of parameter is not finite. For
this, we will provide the following two examples:
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Example 1. Let X = F = {% :n € N}. Consider the fuzzy soft G-metric space (E,G),
where

G(f@uf@zvf@s) - ; {’fel f62| + |f62 - fe3‘ + ‘fe1 - feal} ,erl,f@,fe:,,éFSC(E).

Note that, (E,G) is a symmetric fuzzy soft G-metric(Proposition 3.3, [2]).

Now, we show that (E,G) is fuzzy soft G-complete. For this, suppose that {fe, nen is a
fuzzy soft G-Cauchy sequence of fuzzy soft elements in (E G) Take the fuzzy soft real
number € such that E(A) = \,VYA € E, that is e( ) = 1,Vh € N. Then, 3k € N such that

G(fors forrs o) <E 0, m, 1 > k, which implies to G*(fen,fem, fe)(3) < &%), VYh € N,
Hence

i 1
§(|fen _fem‘ + ‘fem _fez‘ + ‘fen _fez‘) (ﬁ) h,vvn m,l > k,h €N

Which implies to

1
§(’fen _fem’ + |f€m _fel| + |fen fel|) — h/7vn m, l> k h’e N

So, we obtain that the sequence {fe, }nen is eventually constant, and hence fuzzy soft
G-convergent. Hence (E, G) is fuzzy soft G-complete.

Now suppose T : (E,G) — (E,G) is defined as:

T(fe) - %(fe)vvfe € FSC(E)
Note that T satisfies the condition (1). For any fe,, fey, fes €FSC(E) and n € E, we have

GT fors T o T o) (1) = (3 {§|fel a4 Mo — ool + M - fe3|}> ()
{’fel f62|+|f€2*f63|+|f61*f63‘}

(f617f627f€3)(7])
<f817Tf617Tf61) +é(f327Tf327Tf82) +é(fe37Tfe37Tf63)} (77)

I/
ol
O ool )

|l

Hence, we obtain
G(Tfer, Tfer, T foy)

Y

(fel‘)Tfel?Tfel) g <f627Tf627Tf€2) % (fe37Tfe37Tf63)

(fers fess fes)-
All conditions of Theorem 1 are satisfied but T is a fized point free map.

Example 2. Let X = F = {% :n € N}. Consider the fuzzy soft G-metric space (E,G),
where the fuzzy soft G-metric is defined as:

[\
0ol= 1100 =1

()

( fel +f€2+f63+1) iff@l#f@Q#feg,#Q;
fel +f€3+}7 Z'ffm:fez#feg?éo;
A _ f62+f€3+§7 if fer :Gafez#feg#oy'
G(fel’femfe?,)_ f62 +:z’7 Z.ffe1 :67.][.62?‘]063#(?;
.fe3+27 iffelzf62:07f€37é0:'
0, iffe1:f€2:f83;
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and extend the definition by symmetry in its arguments.
It is easy to show that (E, G) s a fuzzy soft G-metric which is not symmetric.
Now, we show that (E, G) is fuzzy soft G-complete. For this, suppose that {fe, }nen is a
fuzzy soft G-Cauchy sequence of fuzzy soft elements in (E, é)
Take the fuzzy soft real number € such that é(A\) = \,V\ € E, that is €(%) = %,Vh € N.
Then, 3k € N such that G(fe,, fer,, fo)<E ¥n,m, 1 >k, Which implies to
G(fens fems for)(2)ZE(E),Yh €N, that is G(feys fers fer) (1)< 5, Yn,m, 1 > k,Yh € N.
This is possible only if the sequence { fe, }nen is constant, and therefore it is fuzzy soft
G-convergent. We conclude that (E, G’) is fuzzy soft G-complete.

Now suppose T : (E,G) — (E,G) is defined as:

T(f.) = X(f.),Vf. € FSC(E)

Note that T' satisfies the condition (1). For any fe,, fey, fes EFSC(E) and n € E,
we have

(fers Tfers Tfer) + G(fegs Tfens Tfey) + G(fogs Tfegs Tfey) +
(f€17f62?f63)}(77)'

A
ooli=22
—

Qe )

Hence, we obtain

G for T fons T o) Z2G(For T Thur) + LG (fens T fons Tfn) + 3G (e T s T ) +

LG (fors fonr fos)-

All conditions of Theorem 1 are satisfied but T can be seen it has no fived point.

Next, we see that keeping the set of parameters finite, one can obtain the following
new results.

Theorem 2. Suppose (E, @) is a fuzzy soft G-metric space and T : (E, G) — (B, é) s a
mapping satisfying the following condition:

) | GUfers Tfers Tfes) )
EG(Tfel7Tf327Tf€3)Sb —"_q(fel?TfeB?TfeS) +EG(fel7f€27f33) (2)
+G(foy, Tfers Tfey)

Vfor, fons fes EFSC(E) and 05a, b, E21 with 3b + G<a.
Then T has an unique fixed point, say fe, and at fo, T is fuzzy soft G-continuous.

Proof. Assume that f.,eFSC (E) is an arbitrary fuzzy soft element and define the
sequence {ge, tnen as follows: T'gey = geys Te; = Geor T'Ger = Gegs - T'9er = Gepss -
Consider that ge, # ge,,, -

Substituting fe, = gens fes = Jensy a0d fey = ge,,, in (2), we obtain

G(gen’Tgen+1’Tgen+1) ~

aé(Tgen’Tgen+l7Tgen+l)éB +q(gen+17Tgen+17Tgen+1) + EG(gen7g€n+l7ge'n+1>
+G(gen+1 ) Tgen ’ Tgen)
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i

~ = (;gen 9 g€n+2 9 gen+2) .

= aG(ge"+17ge”+2’ge”+2)§b +G(g€n+1 J g€n+2vgen+2) + EG(gen7gen+1 ) gen+1)
_ + (g€n+17gen+17gen+1)

) b+

= aG(gen+1 9 gen+2 ) g€n+2 i (:1753) G(gen ) gen+1 ) gen+1)

!

= AG(Jenirs Genrar Gensa) SRG(Gens Geirs Geniy ), Where k= HE 21,
On continuing this process (n+ 1) times; we obtain

GG (Gen s> Gons2r Gons2) SRV CGeo Ger Ger ).
Similarly, we will conclude that

aG(ge, Jent1s Jenyi )Sk"G(geO, Ge ) 961)-
Next, we show that {ge, }nen is a fuzzy soft G-Cauchy sequence.
Then for all n,m € N, n < m, we have )
G(gen yGem s gem)<G(gen yGent1s gen+1) + G(gen+1 yGentas gen+2) + ...+ G(Qem_l s Gem s gem)
(kn + kD) +.t+ ka(Qeovgmagm)

G(Qeo, Yeqs gel)
Hence, {gen}neN 1s a fuzzy soft G-Cauchy sequence.
Since (E, Q) is fuzzy soft G-complete, there exists f.EFSC(E) such that {ge, }nen fuzzy
soft G-converges to fe.
Next, we will show that f. is a fixed point of T'.
For this, we take fe, = ge, and fe, = fes = fe in (3.1), then

B o G(gen>Tfeane) _
aG(Tge,, T fe, Tfe)<b +Q(feaneane) + €G(ge,, fe, fe)
+g(feaTgen7Tgen)
) ( G(fe.TE.TE) ]

= aG(fe,Tfe,Tfe)<bq +G(fe,Tfe,Tfe) ¢ +cG(fe, fes fe)-

G fer £
= G(fe. Tfe. T1) <SRG ((fe. Tfe. Tfe).
This is a contradiction, so T f. = f. i.e. fe is a fixed point of T’
Now, to prove uniqueness, assume that f. and g. are two fixed points of 7. Then by
inequality (2), we have

@‘H
=

@H

(

I/\I

B o G(NfeaTg&Tge) B
aG(T fe, Tge, Tge)<bq +G(ges Te, Tge) ¢ + CG(fe: ges ge)
N +G(g€7Tfe7Tfe)
) [ G(fer e 9e) )

= C:LG(fageage)Sb —i—G(ge,ge,ge) +5G(feageyge)-
+G(ge, fer fe)

So, we deduct that (a — b— )G (fe,ge,ge)<bG(ge,fe,fe)

= G(for ger ge)<—2—G(ge, fo, f) and by use of the same argument, we will find

(a— :E
(gevfe’fe)é @ % 5 (feagevge)-

a C

=
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~ - = 2 . = _._
Therefore, we get G(fe, ge, ge)< ((3—%—5)) G(fe, e, ge), since 3b + ¢<a, this is a contra-
diction implies that fe = ge.

To show that T is fuzzy soft G-continuous at f.. .

Let {he, }nen be a sequence of fuzzy soft elements in E such that {he, }neny — fe, then we
can deduce that using inequality (2), we have

) [ G(fe;The,;The,) .
aG(T fe; The,, The,)<bS +G(he,,The,.The,) ¢ +¢G(fe;he,, he,)
+G(he,, T fe, Tfe)
( G(fe,The,,The,)
= aG(fo,The,,The,)<b{ +G(he,,The,,The,) ¢ +cG(fe,he,,he,)
+G(h€na fea fe)
Taking the limit as n — oo from which, we see that
(a—2b)G(fe, The,, The,) — 0 and so, by proposition (4.1) in [2] we have that the sequence
{T'he,, }nen is fuzzy soft G-convergent to T'f. = fe, therefore proposition (4.4) in [2] implies
that T is fuzzy soft G-continuous at fe.

Theorem 3. Suppose (E, G) is a fuzzy soft G-metric space and T : (E, é) — (B, é) s a
mapping satisfying the following condition:

@ Tfelan827Tf€3)’

(

G(fer, Tfers Ther)s
(
(

GG(T fer, Tfer, T fey) +b min SEC(fers fens fes)  (3)

f@zquezquez)v
fegvaeganeg,)

Vfers feys fes EFSC(E) and 0<a, b, e<1 with & — b<a.
Then T has an unique fived point, say fe, and at f., T is fuzzy soft G-continuous.

G
G

Proof. Assume that f.,€FSC (E) is an arbitrary fuzzy soft element and define the
sequence {ge,, }neN as follows: T'geq = Ge1sT'9e; = Gess T'9er = Gess s L' Ge, = Jepnt-
Consider that ge, # ge,, -

Substituting fe, = gens fes = Jensy a0d fey = ge,,, in (3), we obtain

!

(Tgen7 Tgen+1 ) Tgen+1)7
(

Tg. . T -
GensTGens TGe,), 226G Gy GorraGonsa):

Q)

a(;Tnggn , L'ge,, +Z man
( e €n+1 € +1) (gen+1’Tgen+l7Tgen+1)’
(

gen+1 ) Tg€n+l ) Tg€n+l )

()

R

gen+1 ’ gen+2 ? g€n+2)7

(
= aé(gen+1’gen+27gen+2) + E mZn ~E
(

Q

Gens Yeni1s Jeni1)s
g€n+1 ) g€n+2 9 Tg€n+2))

Jent15Y9entar 96n+2)

ééé(gen »9eni1s Jenia )

'@

= C:LG(gen+17gen+27g€n+2) +

S
D

(ge +1age +27g€ +2)7 } ==
n n n <CG , . ’ .
(gen’gemrl , Tg€n+1) = (g€n Yenq1: Ye ,+1)
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We now have two cages:

3 G(ge ge ge ) } ~
cse 1:Hmm{ 5 L IEn 2 IR TS = G (Genyrs Jenyar Genya)s then
( ) G(gen,ge,L+1nge7L+l) ( ent1) Yenias Ge +2)

aG(gen+1 yJentar g€n+2) + bG(gen+1 y9ent2r Jenta ) égé(gen yJent1r Jent1 )

= G(gen+1 ) gen+2 ) gen+2)— —_,’_bG(gen 9 g€n+1 ) gen+1)

G(ge g g ) } -

Case : If min T\Gent1 Jentars Jenta)s | _ & G g ge ). then
( )~ { G(genagen+l,Tgen+1) ( e €n+41 e +1)

aG(gen+17ge"+2’ge“+ )+ bG<g€n7gen+17gen+1)§

= G(gen.t,.pgen+27g€n+2)%%G(gen7gen+17gen+1)
From (1) and (2), we have

G(gen-l»l I gen+2 ) gen+2)§ké(gen7 gen+1 I gen+1)
Similarly, we will conclude that _
q(gen 9 gen+1 9 gen+1 )Sleggen—l ) g€n7 gen) and Y
G(gen yGent1s Genti )SknG(Qeov Yeq s 961)
Next, we show that {ge, }nen is a fuzzy soft G-Cauchy sequence.
Then for all n,m € N, n < m, we have )
aG(gen7g€m7 gem)<Ci(genvgen+1 ) g€n+1) =+ G(gen+1 ) gen+2796n+2) + oo+ G(Gem_1> Gem» Gem)
(k™ + kO 4+ +k(m 1))G(geovge17g€1)

L. G(geo ) Jex s 962)

Hence, {gen}neN isa fuzzy soft G-Cauchy sequence.

Since (E,G) is fuzzy soft G-complete, there exists f.€FSC(E) such that {ge, }nen fuzzy
soft G-converges to f..

Next, we will show that f. is a fixed point of T.

For this, we take fe, = ge, and fe, = fe; = fe in (3), then

Qll

G(Gens Yenins Jenit)

I/\l I/\l

G(TgeanfmTfe)v
= = = . G(ge T'ge,,Tge )7 ~=
aG(Tge,,Tfe,Tfc)+b min " j " <G (ge,, fe, fe
(T'ge,, T fe, T fe) Gl T T1.), (Gens fes fe)
G(fe;Tfe,Tfe)
As n — oo, we have
f Tfe)Tfe 9

G(
Czlé(fe,Tfe,Tfe) +l=) min ggf TfE)Tfe ) iéé(fmfe’fe)

= aG(f.,Tf.,Tf.)<0, since ()gaei

This is a contradiction, so T f. = f. i.e. fe is a fixed point of T.

Now, to prove uniqueness, assume that f. and g. are two fixed points of 7. Then by
inequality (3), we have

(Tfe7 Tge,Tge),
(fea T fe, Tge),

7 (9es Te, Tge),
G(9ge, Tge, Tge)

aG(T fo, Tge, Tge) +b min <GG(fer ge» ge)

Qe
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= G(fe, ge, ge)igé(fe,ge,ge), this is a contradiction implies that f. = g.. To show that
T is fuzzy soft G-continuous at fe..

Let {he, }nen be a sequence of fuzzy soft elements in E such that {he, }nen — fe, then we
can deduce that using inequality (3), we have

T fe, Thfen ) Th’en)7

(

(for Tfe, Tfe), .

(he,,The,, The,), <EG(fer hes he,,)
( )

he,,The, ,The,

aG(Tfe,The,,The,) +b min

[T

(f€7 Then ) Then)7
(f€7f€7f6)7 ~ =
(henaThenaThen)7 SCG(fevh&mhen)
G(he,,The,,The,) )
Taking the limit as n — oo from which, we see that
G(fe, The,,The,) — 0 and so, by proposition (4.1) in [2] we have that the sequence
{The, } nen is fuzzy soft G-convergent to T'f. = fe, therefore proposition (4.4) in [2] implies
that T is fuzzy soft G-continuous at fe.

(TSR

= GG(fo, The,,The,) +b min

Theorem 4. Suppose (E,G) is a fuzzy soft G-metric space and T : (E,G) — (E,G) is a
mapping satisfying the following condition:

mzn{ C}(Tfeprez,Tfez)'G(fepreprel)a }
G(fepfeszfes,)’G(fegvaewaEQ)
G
G

mzn{ (Tfelvaewagg)'é(fel7Tfe17Tfe1)7 } (4)
(f617f627f63) : G(feganeganeg)

ééé(fenfwafw)

GG(T for, T foy, Tfes) +b

Vfers feys fes EFSC(E) and 0<a, b, e<1 with & — b<a.
Then T has an unique fived point, say fe, and at f., T is fuzzy soft G-continuous.

Proof. Assume that f.,€FSC (E) is an arbitrary fuzzy soft element and define the
sequence {ge, }nen as follows: T'gey = ey T'9e; = Gesy T'9es = Gegs s TGe,, = Genii1-
Consider that ge, # ge,, -

Substituting fe, = e, fes = Genys and fe; = ge,., in (4), we obtain

mzn { (Tgen7 Tgen+1 9 Tgen+ ) : G(gen 9 Tgen; Tgen)7 }
Tg@n ) Tgen+l ) Tgenj—l )7 G(g€n7 Tgen ) Tg@n)’ }

Gens Jent1) g€n+1) : é(gen+1 s Tgen+1 s Tgen+1)
: (
min
{ (Genr Gensrs Gensa)s G(Genirs T9eninr T ety )
<G (Gens Gens1s Jensr)

E’G(Tgen’ Tgen+1 9 Tgeﬂ,+1) + Z

!
—

SHGT
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. G(gen+1vgen+27gen+2) ) G(genagen_Hagen_H

T GlGens Genias Gensn) - ClGenins Gensar 9
aG(gen+1,gen+27gen+2) + b €nrJden+1) Jent1 €n+1) JEn429 6n+2
mm{ ( en+1’gen+2’gen+2) G(gen7gen+l7gen+l
(g6n7 g€n+1 9 g€n+1) G(g€n+1 9 gen+2 9 g6n+2

SEG En 9 gen+1 ) g€n+1)

(Y Qz

G gen+1 yGentas gen+2) N G(gen yGent1s g€n+1
G gen ) gen+1 ) g€n+1) : G(gen+1 ) gen+2 ) gen+2

= GG (Gepy1s Yensar ensa) +
en+t1r 9entos Je +2 mzn{ G gen+1,gen+2,gen+2) G(gen,genﬂ,ge,ﬂrl

SEG(Qeny Geni1s gen+1)
We now have four cases:

G:(gen-ﬁ-l ) gen+2 ) g€n+2) ~ GN’(gen ) g€n+1 ) gen+1 )a
Gggen ) gen+1 ) gen+1) : G(g~6n+1 ) gen+2 ) gen+2)
min{ G(gen+1 I gen+2 ) gen+2)7 G(gen 9 gen+1 I gen+1) }

min

Case (1): If

{ G(g€n+l7gent27gen+2) i G(g€n7gen+1?gen+1> }

:é(gn ’gn 7gn )
G(Qen,gen+1,gen+1) ent+1rIeny2r Yeny2

Then, we have _ .
aG(g€n+1 ’ g€n+2 ’ g€n+2) bG(g€n+1 ) gen+2 ) g€n+2 ) SEG(‘Q@”, g€n+1 ) g€n+1)

= G(96n+17g€n+27g€n+2)_7+b (genvgen+1vgen+1)

. { G(Gensrs Genrzr Jenrz) - GGens Gensis Gensn): }
(2). If G(Ngenvgenﬂagenﬂ) : G(g~6n+1vg€n+2agen+2)
mm{ G(gen+17gen+27gen+2)aG(genagen.Hagen_H) }

Case

{ G(gen+1 ) g€2+2 ) gen+2) : G(gen) gen+1 ) gen+1) }
G(gen+1 ) gen+2 ) gen+2)

= C:’(gen, Genis gen+1)

Then, we have ~
aG(genH y9ent2r Jent ): +bG (gen yGent1r gen+1)§EG(gen y9ent19 gen+1)
= G(g€n+17gen+27geﬁ+2)§%b (gen7gen+1’g~en+1)
mzn{ q(gen-‘rl 9 g@n+2 i gen+2) ~ G(gen ) gen+1 ’ gen-{»l )’ }
Case (3) If Gggen ) gen+1 ) gen+1) : G(gen+1 ) gen+2 ) gen+2)

mind G(Gepsrs Gensar Jento)s G(Gens Gensrs Genrs) |

{ G(gen7gen+1v~gen+1) : G(gen+17gen+2’gen+2) }

:é(gn ’gn 7gn )
G(Qen,gen+1,gen+1) ent+1rIeny2r Yenyo

Then, we have _ .
aG(gen-H ’ gen+2 ’ g€n+2) bG(g€n+1 ’ gen+2 ’ g€n+2 ) SEG(‘Q@", g€n+1 ) g€n+1)

c

= G(gen+1ygen+gagen+2) = l:7 (genvgen+1vgen+1)

a

)
e
i
) }

932
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{ H(Gen i1 Geniar Genia) - G(Gens Geny1s Genss): }
(4). If (N en7gen+l’gen+l) : G(g~€n+1vg€n+2agen+2)
mm{ G gen+1 » gen+27gen+2)a G(genagen.H ) gen_H) }

Case

{ G(gen) gen+£7 g€n+1) ) G(gen+1 yJentas gen+2) }
G(gen+1 ) gen+2 ) gen+2)
Then, we have ~
E/G(gen+1 y9entar gen+2) bG (ge,,, Jeni1s gen+1)§EG(gen yGent19 gen+1)
“a

= G(gen+17gen+27g€n+2) b (gen7gen+1’gen+1)
From Cases (1), (2), (3) and (4), we have _

G(gen+1 I gen+2 ’ gen+2)<kG<gen) gen+1 ) g€n+1)
On continuing this process (n + 1) times, we have

G(Gensrr Genpar Genra) K" TG (oo, Ger s er)
Similarly, we will conclude that

G(Gens Geni1s Gens1) k"G (Geos Gey s Ger )
Next, we show that {ge, }nen is a fuzzy soft G-Cauchy sequence.
Then for all n,m € N, n <m, we have .
aG(geanema gem)<G(genagen+1 ) gen+1) + G(gen.H ) gen+27.gen+2) + ...+ G(gem_l,gem,gem)
@ +k(n+1) + . "’k(m 1))é(geoage17961)

G(geo yGers geg)

Hence, {ge, }nen is a fuzzy soft G-Cauchy sequence.

Since (E,G) is fuzzy soft G-complete, there exists f.€FSC(E) such that {ge, }nen fuzzy
soft G-converges to fe.

Next, we will show that f. is a fixed point of T

For this, we take fo, = ge,, and fe, = fe, = fe in the inequality (4), then from the inequal-
ity (5), we have

= @(gem gen+1vgen+1)

[A I/\
}—‘I ??‘l

mz{ ~(Tgenan67Tfe) (geangenaTgen) }

(genafevfe)' (fe7Tfeane) b e

o {63<Tgen,Tfe,Tfe> G (Gens TGen» Te,),
G(Gens for fo) G Tfor T )

As n — oo, we have

mn{ G(fe: Tfe: Tfe) - G(fe, fer fe),}
aG(for TfurTf2) +b { Adfe ) TR TS } ZeG(fer for fe)

EG(Tgen,Tfe,Tfe)—H_) } ;:~(Qen7fe7fe)

G(ferTfe.T1e), G(fe. Tfe, T 1),
G(fe, fes fe), G(fe, T fe, T fe)
= aG(fe,Tf., Tf.)<0, since 0<a<1.

This is a contradiction, so T f. = f. i.e. fe is a fixed point of T.

Now, to prove uniqueness, assume that f. and g. are two fixed points of 7. Then by
inequality (5), we have
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min { G(Tf&TgevT.ge) 'é(geaTgeaTge)7 }
G(fe, ges ge) - G(ges Tge;s Tge)
(TfeaTgaT.ge) ' é(feu Tfevae)7
(fe,geage);G(geaTgeaTge)
eage) : G(geageage)> }

aé(Tfea Tge,Tge) +b { } iEé(fev e Je)

G(f.
_ = " { G(fe:ger ge) - Gge: Ge» ge -~
= aG(feygevge) + { ) ~( ) } SCG(fmgevge)

e

j=plll

7 (fea Ge; ge) C}(fea fes fe)
(fea Ge, ge) G(gea Je, ge)
= G(fe,ge,ge)égé(fe,ge,ge) since 0< < <1
This is a contradiction, implies that f. = ge.
To show that T is fuzzy soft G-continuous at f..
Let {he, }nen be a sequence of fuzzy soft elements in £ such that {he, }nen — fe, then we
can deduce that using inequality ( ), we have
{ (TfEaThen,Then)'é(feanevae)’ }
fe7henahen)‘ (feaneane) <
{ é TfevThenyThen) : é(feaneane)7 } N
G f67h8n7h’6n) ' (fe7Tfevae)

fea €n) n)~
G
G

aG(T fo, The, ,The,) + b

(fe7hen,h€n) (f f@yfe) .
es Neys he,
mm{ GlJfer They, The, ) - (e, fe, ), } - )

(fer Theyn The,) - G(fes fer Io), }
= aG(fe, The,,The,) +b cG

(f(i?h@nJh‘en) (f€7f€7f€)

Taking the limit as n — oo from which, we see that

G(fe, The,,The,) — 0 and so, by proposition (4.1) in [2] we have that the sequence
{The, }nen is fuzzy soft G-convergent to T'f. = f., therefore proposition (4.4) in [2] im-
plies that T is fuzzy soft G-continuous at fe.

Theorem 5. Suppose (E,G) is a fuzzy soft G-metric space and T : (E,G) — (E,G) is a
mapping satisfying the following condition:

(Gfers Tfor Tfe)) + Glfer Thens )| ]
mzn B é(Tf€17Tf537Tf€3>7 éaG(f€17f€27f63) (6)
|G (fers Ty Tfer) + Clfer T T1.)|

Vfors fons fes EFSC(E) and 0<a<1.
Then T has an unique fived point, say fe, and at f., T is fuzzy soft G-continuous.

Proof. Assume that f,,EFSC(E) is an arbitrary fuzzy soft element and define the
sequence {ge, }nen as follows: T'gey = gey, T'e; = Geos T'Ges = Gess s TGen, = Gep -
Consider that ge, # ge,, -

Substituting fe, = e, feo = Genss and fe; = ge,., in (6), we obtain
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é Gey s Tgen, Tgen) + é(gen , Tgen+1 ) Tgen+1)] s

(
G(TgeangenJrla T.genJrl)v iaé(gen?gewrlvgewrl)
G(gen+17Tgen+1 > TgenH) + G(gen+1 ) Tgen7Tgen)]

min [
|

~ G<96n+1 ’ gen+2 ’ gen+2 )7 éaG(gen ’ gen+1 ’ gen+1)
_G(gen+1 ) 96n+2 ) 96n+2) + G(g€n+1 ) gen+1 ) gen+1)

= min

= min SdG(gen y9ent1s gen+1)

{ é(gen y9ent1s gen+1) + é(gen yGentos gen+2):| )

é(ge"’genﬂ’genﬂ) + G~1<g€n7gen+27gen+2)} ’ } <86 (7)
G(gen+l’gen+2’gen+2)

We now have two cases:

Case (1): If min{ [G(gemgenfl,genﬂ) + G(ge"7gen+27ge"+2)} ’ } = é(g€n+1?g€n+27g€n+2)

G(g€n+1 ’ g€n+2 ) g€n+2)
Then, (7) is reduced to

G(gen+1 9 g€n+2 9 gen+2)§aé(gen? gen+1 ) gen+l)

Case (2): If min{ [G(gen’genﬂ’ge"“) * G(gen,ge,&zagenw)} ’ } =

G(g€n+1 ) g€n+2 ) gen+2)

[G(Qenv Geni1s gen+1) =+ é(gen’ Gepnyas gen+2)]
Then, (7) is reduced to

G (Gens Genrrr Gensn) + G(Gens Genrar Gensn) <G (Gers Gen 15 Gemrr)

é(gen7 gen+1 ’ gen+1) + |:G(gen+1 ’ gen+2 ’ gen+2) - G(gen ) gen+1 ) gen+1 )i| éaé(gen ) gen+1 ) gen+1)

= G(gen+1 ’ g€n+2 ) g€n+2)§aé(g€n ’ gen+1 ) g€n+1)

On continuing this process (n + 1) times; we obtain

G(Gensr» Jensas Gonsa) <" T G (geo, Ger» G )

Similarly, we will conclude that

é(gen y9ent1r Jent1 ) é(:Lné(geo? Gey s 961)

Next, we show that {ge, }nen is a fuzzy soft G-Cauchy sequence.

Then for all n,m € N, n <m, we have 3

G(genvgema gem)SG(genageM_l ) gen+1) + G(gen+17gen+zagen+2) + ...+ G(gem_l,gem,gem)
(@ +a™*t) + .+ @G (geo Ger > Ger )

n o~

G(Geos Gers Ger )-

A

Qll

—a
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Hence, {ge,, nen is a fuzzy soft G-Cauchy sequence.

Since (E,G) is fuzzy soft G-complete, there exists f.EFSC(E) such that {ge, }nen fuzzy
soft G-converges to fe..

Next, we will show that f. is a fixed point of T

For this, we take fe, = ge, and fe, = fe; = fe in (6), then

G(gen ) Tgen ) Tgen) + é(gem T fe, Tfe)} )

min ] G(Tge,,Tfe,Tfe), éaé(gen,feyfe)
G(fer Tfe. Tf) + C(fe Ty, T,

(Gfer for f) + Gl T 1T 1)

= min G(fes Tfe, Tfe), <aG(fer fes fe)

| [GUT 1T 1) + Clfer for £2)]

= G(fe; Tfe, Tfe)<0

This is a contradiction, so T f. = f. i.e. f. is a fixed point of T.

Now, to prove uniqueness, assume that f. and g. are two fixed points of 7. Then by
inequality (6), we have

[é(fe,fe,fe)+é(fe,ge,ge)] ) i
ming  Gfe ger ), <G (fe, fe. fo)
(G (g0 90290) + Clges for 1]

= G(fe, ger ge)<aG(fe, ge, ge), this is a contradiction implies that f. = ge.

To show that T is fuzzy soft G-continuous at f..

Let {he, }nen be a sequence of fuzzy soft elements in E such that {he, }nen — fe, then we
can deduce that using inequality (6), we have

G(fe. Tfe, Tfo) + G(fer The,, The, )|
minq G(T fe, The,, The,), <aG(fe, he,: he,,)
Glhens The,, The,) + Glhe, . Tfe, T1.)|

(Gfer for f0) + G(fes The,, The,)]
= min G(fe:The,, The,), <aG(fer heys he,)

(Ghe,s The,, The,) + Glhe, s for 1)

Taking the limit as n — oo from which, we see that

G(fe,The,,The,) — 0 and so, by proposition (4.1) in [2] we have that the sequence
{The, }nen is fuzzy soft G-convergent to T'f. = f., therefore proposition (4.4) in [2] implies
that T is fuzzy soft G-continuous at fe.
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Theorem 6. Suppose (E,G) is a fuzzy soft G-metric space and T : (E,G) — (E,G) is a
mapping satisfying the following condition:

) (Gfers Tfers Tfer) + Glfers T Ther) |
G(Tfelvaeszfezs)éa max ~ é(feufezvff:s)? (8)
|G fer Ty Tfer) + Cfer T Tf2)|

vf617f627 feg,éFSC(E) and (N)éczlii
Then T has an unique fixed point, say f., and at fo, T is fuzzy soft G-continuous.

Proof. Assume that f.,EFSC(E) is an arbitrary fuzzy soft element and define the
sequence {ge, tnen as follows: T'gey = ey, T'Ge; = Geos T'ges = Gegs s T9en, = Genis-
Consider that ge, # g, -

Substituting fe, = e, fes = Genys and fe; = ge,., in (8), we obtain

é(gen 9 Tg@n? Tgen) + é(gen 9 Tgen+l 9 Tgen+l )j| )

G(Tgen’Tg€n+l’Tg€n+l)éa maxr ~ G(gen7g€n+l7g€n+l)7
G(g€n+1 ) TgenHaTgenH) + G(Qenﬂ y Tge,, Tgen)}

é(gen ’ g€n+l ) gen+l) =+ é(gen ’ gen+2 ’ gen+2):| ’

= é(gen+17gen+27gen+2)éa max i G(Qen7 96n+17g€n+1)7
G(gen+1 ) gen+2 ’ g€n+2) + G(g€n+1 ’ g€n+1 ’ gen+1 )}

== é nyJenit1r Jen + é ny Jent27 Jen } )
= G(g€n+lvg€n+27g€n+2)§a’ max{ <ge Jen+1r Je H) ~ (ge Jenta> Je +2) } (9)
G(genvg€n+1vg€n+1)7G(gen+1agen+2’gen+2)

We now have three cases: }
Case (1): Tf maz [G(gen,genﬂ,genﬂ) + G(ge,”gem,gem)] : } _
G(gen 9 gen+1 9 g€n+1 )7 G(gen+1 9 g€n+2 b g€n+2)
[G(gen 9 gen+1 9 gen+1) + G(gen 9 gen+2 9 gen+2>:|
Then, (9) is reduced to

)<

Qll
—

G(Gen» Gensrs Gensr) + G(Gens Gensas Genso )}

G(g€n+1 ) g€n+2 ’ gen+2

a

= é(gen+1 yent2r Jenta ) < i_aG(gen y9ent1) Jent1 )

G G ] ~

Case (2>: It mam{ [ (gen7gen+17gen+1) :" (g€n7g€n+27g€n+2) ; } _ G(genagen+1vgen+1)
G(gen 9 gen+1 9 gen+1)a G(gen+1 I gen+2 I gen+2)

Then, (9) is reduced to

= G(g€n+1 ’ g€n+2 ’ gen+2 ) SC:LG(gen ’ g€n+1 ’ g€n+1)

Case (3): If max { [G(ge"’gen“’ge"“) r G(ge"’ge"“’ge”“)} ’ } = G(Geni1r ensnr Genia)

G(Gens Jeniis Jenin)s G(Gensrs entor Jenia)
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Then, (9) is reduced to .
G(Gens1rGenins Jenio) <0G (Geny 1> Geni2s Jento)s Which is a contradiction.
From cases (1), (2) and (3); we have
G(g€n+1 ) g€n+2 ’ g€n+2)§
On continuing this process (n + 1) times; w
G(g€n+1 ) gen+2 ’ g@n+2)§
Similarly, we will conclude that
G(Yen> Yens1s 9en) <0G (Gers Yont1s Jensr)
Next, we show that {ge, }nen is a fuzzy soft G-Cauchy sequence.
Then for all n,m € N, n <m, we have .
G(gen yJems gem)SG(gen yGent1s gen+1) + G(gen+1 s Gentas gen+2) + ...+ G(gem_1 s Jem s gem)
(@ +a"*t + .. + @G (geo: Ger» ger )
L=G(geg: Gers G )-
Hence, {ge, }nen is a fuzzy soft G-Cauchy sequence.
Since (E,G) is fuzzy soft G-complete, there exists f.€FSC(E) such that {ge, }nen fuzzy
soft G-converges to fe.
Next, we will show that f. is a fixed point of T'.
For this, we take fe, = ge, and fe, = fes = fe in (8), then

. [é(g€n7Tgfn7Tgen) + é(gen’ T fe, Tfe)] )
G(Tgenan&Tf@)éa ax (genvft??fe) _
(G TS T ) + G Ty, Tge,)|

G
[ (for fer fo) + GUfe TS T
e

(:IG(ge,“ Jeni1s g€n+1)
e have
an IG(geoa 961 ) gel)

CIAUA

= G(fe,Tfe;Tfe)<am G (fer fer fo),

(Jes Tfer TS) + G(fes foo fo)]
= Q(fe,Tfe»Tfe)<aG(feaTfeane)
= (1-a)G(fe;Tfe,Tfe)<0
This is a contradiction, so T f. = f. i.e. fe is a fixed point of T.
Now, to prove uniqueness, assume that f. and g. are two fixed points of 7. Then by
inequality (8), we have

) (G(fe.Tf 1) + G(fer Ty, Ta0)]
G(Tfe,Tge, Tge)éa max . G(fe,ge,gf),
[G(gev T.ge7 Tge) + G(967 Tfea Tfe)i|

(G fer for £2) + ClFer er90)]
G(fer 9e» 9e);

[@ (e» Ge» ge) + G(gmfe’fe)}

= é(feageage>§a max{ é’(fe?ge:ge) (gevfeafe) }

We now have two cases:

Case (I): If maw{ é(fe,ge,ge),é(ge,fe,fe) } = é(fe,ge,ge), then we get

= G(femg&ge)éa max



REFERENCES 939

é(fea Je, ge)éaé(fey Ge, ge)
This is a contradiction implies that f. = ge

Case (H): If maz{ é(fe: geage)aé(gea]ie,fe) } = é(gevf€7f€)a then we get
G(feageage)éaG(geafeafe)

So, we deduct that G(fe, ge, ge)<aG (ge, fe» fe).

By repeated use of the same argument, we will find G(ge, fe, fo) <aG (fe, ge, ge )-
Therefore, we get G(fe, ges ge) <a2G (ge, fe, fe)-

Since < (1/2), this is a contradiction implies that f. = g.

To show that T is fuzzy soft G-continuous at f..

Let {he, }nen be a sequence of fuzzy soft elements in E such that {he, }nen — fe, then by
using inequality (8), we can deduce that

G(fe; The,, The,) = G(T fe, The,., The, )<

(G(fes Tfes Tf) + Cfes The,, The,)|
G fer hen P,

(Glheys The, . The,) + Glhe, Tfe, TS|

il
3
Q
8

= G(fe.The, The,)<aG(fe, The,, The,)

= (1-a)G(fe,The,,The,)<0

Taking the limit as n — oo from which, we see that

G(fe, The,,The,) — 0 and so, by proposition (4.1) in [2] we have that the sequence
{The, }nen is fuzzy soft G-convergent to T f. = f., therefore proposition (4.4) in [2] im-
plies that T' is fuzzy soft G-continuous at f..

4. Conclusion

In this paper, some new results of fixed points for mappings satisfying different condi-
tions in fuzzy soft G-metric spaces were presented and proved. We’ll hope to improve the
search performance even more in the future for some more important results in this space.
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