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1. Introduction

Let G = (V(QG), E(G)) be a connected simple graph and v € V(G). The neighborhood
of v in the set Ng(v) = N(v) = {u € V(G) : wv € E(G)}. The degree of a vertex v in
a graph G, denoted by degg(v), is |[N(v)|. A subset S of V(G) is a dominating set of
G if for every v € V(G) \ S, there exists u € S such that uv € E(G). The domination
number v(G) of G is the minimum cardinality of a dominating set of G. A subset S of
V(G) is an independent set of G if uv ¢ E(G) for distinct pairs of vertices v and v in
S. An independent dominating set in G is an independent set in G which is dominating
in G. The minimum cardinality ;(G) of an independent dominating set in G is called
independence domination number.

Let £k > 0 be an integer. Consider a vertex v, its neighborhood set, N(v) and
the vertex-set of G, V(G). A vertex v € S C V(G) is said to be k-cost effective if
IN(v)N(V(G)\ S)| > |[N(v)NS| + k. A dominating set S is k-cost effective, if every

vertex in S is k-cost effective. The minimum cardinality of a k-cost effective dominating
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set of G is the k-cost effective domination number 7% (G) of G. In cases where there is
no k-cost effective dominating set for G, the k-cost effective domination number of G is
infinity. The k-cost effective domination index of G, denoted by 7n(G), is the maximum
value of k such that k-cost effective domination number is finite. That is,

n(G) = max{k : v (G) is finite.}

The mazimal cost effective domination number of G is equal to ’yge(G)(G).

2. Results

S C V(G + H). Then S is a k-cost effective dominating set in G + H if and only if
one of the following holds:

Theorem 1. Let G and H be connected graphs, k& > max{|V(G)|,|V(H)|}, and

(i) Sis (k— |V(H)|)-cost effective dominating set in G;
(ii) Sis (k —|V(G)]|)-cost effective dominating set in H;
(iii) V(G) n is (kK — ki)-cost effective dominating set in G, where

ky = |V(H )\ —2lV(H)N S| and V(H) NS is (k — ko)-cost effective dominating
set in H, where ko = [V(G)| = 2|V(G) N S]|.

Proof: Let k > maxz{|V(G)|,|V(H)|}, and S C V(G + H). Suppose S is a k-cost
effective dominating set in G + H and let x € S. Then

NG+ (x) \ S| = [Natu(z) N S| = k.
Suppose S C V(G). Then S is a dominating set in G. Now,
INg+u(2) \ S| = [Na+u(x) N S| = [V(H)| + [Na(z) \ S|

— [Ne(z) N S|
> k.

This implies that,
[Ne(x) \ S| = [Na(x) N S| = k= [V(H)]|.

Hence, S is (k — |V (H)|)-cost effective dominating set in G. Similarly, if S C V/(H), then
S is (k — |V(G)])-cost effective dominating set in H.

Suppose that S1 = V(G)NS # @ and Sy = V(H)NS # @. Since S is a k-cost effective
dominating set in G + H,

INGyu(z)\ S| = |Ngyru(r) N S| > k.
Let x € S1 € S. Then

ING+1(2) \ S| = [Nau(2) 0S| = [No(z) \ Sif + [V(H) \ S2| — [Na(x) N S1] =[S
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= |Na(z) \ Si| + [V (H)| = |S2| = [Na(x) N S1| — |52
= [Na () \ S1] = [Ng(z) N Si| + [V (H)| — 2|52/

This implies that,

[Na(2) \ S1f = [Na(z) N Si| = k= [V(H)| +2|V(H) N S|
=k—(V(H)|-2[V(H)NS|)
=k— kla
where k1 = |V(H)|—2|V(H)NS|. Thus, S1 = V(G)NS is (k—k;)-cost effective dominating
set in G. Similarly, So = V(H) N S is (k — ko)-cost effective dominating set in H.
Conversely, suppose that S satisfies Property (¢). Then S is a dominating set in G+ H

and
INg(z) \ S| — |[Ng(x)N S| >k —|V(H)|,Vx € S.

Now,
NG+ (x) \ S| = [Nan(z) N S| = [V(H)| + [Na(z) \ S|
— |Ng(z) N S|
> |V(H)|+k—[V(H)|
—k,

for all z € S. Since z is arbitrary, S is a k-cost effective dominating set in G4+ H. Similarly,
if S satisfies Property (i), then S is a k-cost effective dominating set in G + H. Suppose
S satisfies Property (ii7) and € V(G) N S. Then

|INg(x)\ S| = |[Ng(z) N S| > k — ki,
where k1 = |V(H)| —2|V(H) N S|. Now,

ING+1(2) \ S| = |Nau(z) 0S| = [No(z) \ S|+ [V(H) \ §| = [Na(x) 0 S|+ [V(H) N S|

= [Na(z) \ S| = [Ng(x) 0 S|+ [V(H) \ S| - [V(H) N S|
= [Na(x) \ S| = [Ng(x) N S|+ [V(H)| - 2|V (H) N S|
>k—ki+k

=k.

Similarly, for each z € V(H) NS, [Ng+m(z) \ S| — |[Ng+u(xz) NS| > k. Therefore, S is a
k-cost effective dominating set in G + H. O

Corollary 1. Let G and H be connected graphs, k& > maz{|V(G)|,|V(H)|}. If S is a
k-cost effective dominating set in G + H, then one of the following holds:

(i) SCV(G) and k <n(G)+|V(H)| ;
(i) SCV(H) and k <n(H) + |V(G)|;
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(iii) & <min{n(G) + |V (H)| =2|V(H) N S|,n(H) + |[V(G)] = 2[V(G) N S|}

Theorem 2. Let G and H be connected graphs such that v(G) = 1 or y(H) = 1 and
0<k<|V(H)|+|V(G)| —1. Then S C V(G + H) is a v£ -set in G + H if and only if S
is a y-set in G or S is a ~y-set in H.

Corollary 2. Let G and H be connected graphs such that 4(G) =1 or y(H) = 1. Then

L dif 0<k <|V(H)+[V(G)] -1

k _
Yee(G + H) = {OO, if k>|V(H)|+|V(G)-1.

Corollary 3. Let G and H be connected graphs such that v(G) =1 or v(H) = 1. Then
0(G+ H) = [V(H)| + |V(G)| — 1 and vt (G + H) = 1.

In the succeeding theorems, ~(G) > 2 and ~(H) > 2 and assume that
A(G) +|V(H)| < A(H) + [V(G)].

Theorem 3. Let G and H be connected graphs such that min{v(G),v(H)} > 2 and
0<k<A(G)+|V(H)| —2. Then S is a v%-set in G + H if and only if |S| = 2 and one
of the following holds:
(i) [V(G)nS|=1and [V(H)NS|=1;
(ii) S is a y-set in G such that k — |[V(H)| +2 < 40(S : G);
(iii) S is a y-set in H such that k — |V(G)| +2 < d0(S : H).
Proof: Suppose that A = {a,b} such that degg(a) = A(G) and
degr(b) = A(H). Clearly, A is a dominating set in G + H. Moreover,
NGt (a) \ Al = [Naym(a) N Al = dega(a) + [V (H)
=A(G)+ |V(H)
> A(G) + |V(H)
> k.

|
| —2

and

[Natw (0) \ Al = [Ngm (b) N Al = degr (b) + [V(G))]

Thus, A is a k-cost effective dominating set in G + H. Accordingly,
vk (G + H) = |S| < 2. Suppose that |S| = 1. Then v(G) = 1 or v(H) = 1, which is
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a contradiction to that fact that min{y(G),y(H)} > 2. Therefore, v% (G + H) = 2. Since
Sis ak-set in G+ H, |S| = 2.

Clearly, [V(G)N S| =1 and |V(H) N S| = 1. Thus, Property (i) holds.

Suppose that S C V(G). Since S is a dominating set in G + H, S is a dominating set
in G. Now, v(G) > 2, so S is a minimum dominating set in G, that is, S is a y-set in G.
Let S = {ai,a2} C V(G). Suppose a; and az are adjacent in S. Then

[Nata(ai) \ S| = |Navu(ai) 0S| = ([V(H)| + dega(ai) —1) — 1
= [V(H)| + dega(ai) — 2
> |V(H)|[+6(5:G)—2

>k i=1,2.
Thus, k — |[V(H)|+ 2 < §(S : G). Suppose a; and ag are not adjacent in S. Then

ING+#(ai) \ S| = [Ne+n(a;) N S| = [V (H)| + dege(as)
> |V(H)| + degg(a;) — 2
> |V(H)|+6(S:G)—2
=k i=1,2.

Thus, k — |[V(H)|+2 < (S : G). Similarly, £ — |V(G)| +2 < 6(S: H).
Conversely, suppose that S satisfies Property (7). Then S is a y-set in G+ H. Moreover,

ING11(a) \ S| = [Ne+m(a) N S| = [V(H)| =1 +dega(a) — 1
= [V(H)|+ A(G) -2
> k.

and

NG+ () \ S| = [Nam(b) N S| = [V(G)| = 1+ degr (b) — 1
= [V(G)| + A(H) -2
= [V(H)|+ A(G) - 2
> k.

Thus, S is a k-cost effective dominating set in G + H. Hence, S is a v%-set in G + H.
Suppose that S satisfies Property (7i). Then S is a vy-set in G + H. Suppose a; and as
are adjacent in S. Then

|Ne+r(ai) \ S| = |[Nau(ai) N S| = ([V(H)| + dega(a;) — 1) — 1
= |V(H)| + degg(a;) — 2
> |V(H)|[+6(5:G)—2
> k.
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Suppose a1 and as are not adjacent in S. Then

INa+m(ai) \ S| = |[Ngtm(ai) N S| = |V(H)| + degg(ai)
> |V(H)| + degg(ai) —2
> |V(H)+6(5:G)—2
= k.

Thus, S is a k-cost effective dominating set in G + H. Suppose that a singleton set is
a dominating set in G + H. Then v(G) = 1 or y(H) = 1, which a contradiction to the
fact that min{y(G),y(H)} > 2. Hence, S is a 7% -set in G 4+ H. Similarly, if S satisfies
Property (ii4), then S is a v~ -set in G + H.

Therefore, S is a v~ -set in G + H. Ul

Theorem 4. Let G and H be connected graphs such that min{y(G),v(H)} > 2
and k = A(G) + |V(H)| — 1. Then S is a k-cost effective dominating set in G + H if and
only if one of the following holds:

(i) S is an independent dominating set in G such that (S : G) > A(G) — 1;

(ii) S is a dominating set in H such that 0 < ry(a) + 2|Nuy(a) N S| —t < 1, where
rg(a) = A(H) — degp(a) and t = A(H) + |V(G)| — A(G) — |[V(H)|, and
degr(a) +[V(G)| = 2|Nu(a) N S| = A(G) + [V(H)| - 1.

Proof: Suppose that S is a k-cost effective dominating set in G + H. Consider the
following cases:

Case 1: V(G)NS#@and V(H)NS # o.
Let a € V(G)N S. Then

ING+u(a)\ S| — [Ne+m(a) N S| < A(G) =1+ |V(H)| -1
< AG) +|V(H)| -1
=k,

a contradiction. Thus, this case is not possible.
Case 2: S C V(G).

Suppose S is not an independent dominating set G. Let a € S. Then there exists
a € S such that dg(a,a’) = 1. Now

ING+u(a) \ S| — [Ne+m(a) N S| < A(G) =1+ |V(H)| -1
< AG) +|V(H)| -1
=k,

a contradiction. Thus, in this case S is an independent dominating set in G. Let
rg(a) = A(H) — degg(a). Now, S is a k-cost effective dominating set in G + H, so

INayr(a) \ S| = [Nt (a) N S| = degg(a) + |V (H)|
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= A(G) —rg(a) + [V(H)|

>A(G)+ |V(H)| - 1.
Thus, rg(a) <1 and degg(a) > A(G) — 1 for all a € S. Hence, 6(5: G) > A(G) — 1.
Case 3: S CV(H).

Since S is a k-cost effective dominating set in G + H, S is a dominating set in H. Let
a€Sandryg(a)=A(H)—degr(a), and t = A(H) + |V(G)| — A(G) — |V(H)| . Then

ING+1(a) \ S| = [Ngtm(a) N S| = degn(a) — [Nu(a) N S|+ |[V(G)| — [Nu(a) N S|
= A(H) —rg(a) —2|Ny(a) N S|+ |V(G)|
=AG)+|V(H)|+t—ru(a) —2|Ng(a)N S|
=A(G)+ |V(H)| - (ru(a) + 2|Ng(a) N S| —t).
Thus, 0 < rg(a) + 2|Ng(a) N S| — ¢ < 1. Hence, degp(a) + |V(G)| — 2|Nug(a) N S| =
AG)+|V(H)| -1.

Conversely, suppose that S satisfies Property (7). Then S is a dominating set in G+ H.
Let a € S. Then

ING+u(a)\ S| — [Nt (a) N S| = degg(a) + |V (H)
=A(G) -1+ |V(H)|
= k.

Hence, S is a k-cost effective dominating set in G + H.
Suppose that S satisfies Property (i7). Then S is a dominating set in G + H. Now,

[Newm(a) \ S| — [Nayu(a) N S| = degu(a) — [Nu(a) N S|+ [V(G)| = [Nu(a) N S|
= A(H) —ru(a) = 2|Ng(a) N S|+ [V(G)]
=A(G)+ |V(H)|+t—rg(a) —2[Nu(a) N S|
=A(G) + |[V(H)| = (ru(a) + 2|Ng(a) N S| = 1).
If rg(a) + 2|Ng(a) S| —t =0, then

ING+r(a) \ S| = [Ngvr(a) N S| = degn(a) = [Nu(a) N S| +[V(G)] - [Nu(a) N S|
= A(H) —ru(a) = 2|Nu(a) 0 S|+ [V(G)]

A(G) + |V(H)|+t —ru(a) = 2[Nu(a) N S|
=A(G) + |V(H)| — (ru(a) + 2|Ng(a) N S| — ¢
= A(G) + |V (H))
>AG)+|V(H)| -1
=k.

Hence, S is a k-cost effective dominating set in G + H. If

ra(a) +2|Ng(a)NS|—t=1
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then

ING+r(a) \ S| = [Ngrm(a) N S| = degH(a) — |Nu(a) N S|+ [V(G)| = [Nu(a) N S|
A(H) —rg(a) = 2|Ng(a) N S|+ [V(G))|
A(G) + |V(H)|+t —ru(a) = 2[Nu(a) N S|
A(G) +|V(H)| = (ru(a) +2|Nu(a) N S| -t
A(G) + [V(H)[ -1
=k.

Hence, S is a k-cost effective dominating set in G + H.
Therefore, S is a k-cost effective dominating set in G + H. O

Theorem 5. Let G and H be connected graphs such that
min{y(G),y(H)} > 2 and k = A(G) + |V(H)|. Then S is a k-cost effective dominating
set in G 4+ H if and only if one of the following holds:

(i) S is an independent dominating set in G such that 6(S : G) = A(G);

(ii) Sis a dominating set in H such that degy(a)+|V(G)| = 2| Ny (a)NS|+A(G)+|V (H)|
and rg(a) + 2|Ng(a) N S| —t = 0, where rg(a) = A(H) — degm(a),
t=AH)+[V(G)] - AG) = [V(H)|.

Proof: Suppose that S is a k-cost effective dominating set in G + H. Consider the
following cases:

Case 1: V(G)NS#@and V(H)NS # o.
Let a € V(G)N S. Then

INg1r(a) \ S| = [Nayr(a) NS < AG) =1+ |V(H)| -1
<A(G) +|V(H)|
=k,

a contradiction. Thus, this case is not possible.
Case 2: S CV(Q).

Suppose S is not an independent dominating set G. Let a € S. Then there exists
a € S such that dg(a,a’) = 1. Now

Nesri(@)\ S| — [No+ir(a) N 8] < AG) — 1+ |V(H)| 1
< AG) +|V(H)
=k,

a contradiction. Thus, in this case S is an independent dominating set in G. Now,

[N+ (a) \ S| = [Ngrm(a) N S| = degg(a) + [V (H)
= A(G) + [V(H))
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=k,

Thus, dega(a) = A(G) Y a € S. Hence, 6(5 : G) = A(G).
Case 3: S CV(H).

Since S is a k-cost effective dominating set in G + H, S is a dominating set in H. Let
a€ S andryg(a)=A(H)—degr(a), and t = A(H) + |V(G)| — A(G) — |V (H)|. Then

ING1r(a) \ S| = [Ngrr(a) N S| = degu(a) — [Nu(a) N S|+ |[V(G)| = [Nu(a) N S|
= A(H) —ru(a) = 2|Nu(a) N S[+[V(G)]
=A(G)+ |[V(H)| +t —rg(a) = 2|Ng(a) N S|

= A(G) + [V(H)| = (ru(a) + 2N (a) N S| - 1)

Thus, rg(a) + 2|Ng(a) N S| —t = 0. Hence, degy(a) + |V(G)| = 2|Ng(a) NS| + A(G) +
[V (H).

Conversely, suppose that S satisfies Property (7). Then S is a dominating set in G+ H.
Let a € S. Then

NG+ (a) \ S| = [N+ (a) N S| = degg(a) + [V (H)|
=0(S:G)+ |V(H)|
= A(G) +|V(H)|
=k.

Hence, S is a k-cost effective dominating set in G + H.
Suppose that S satisfies Property (ii). Then S is a dominating set in G + H. Now,

ING1#(a) \ S| = [Ngrr(a) N S| = degu(a) — [Nu(a) VS| + |[V(G)| — [Nu(a) N S|
(H) —rm(a) = 2|Ng(a) 0 S|+ [V(G)]
(G) + V(H)|+t—ru(a) = 2|[Nu(a) N S|
=AG) + [V(H)| + AH) + [V(G)] - AG)

— [V(H)| = A(H) + degn(a) — 2|Ng(a) N S|
= |V(G)| + degr(a) — 2|Np(a) N S|
= A(G) + |V (H))
= k.

=A
=A

Thus, S is a k-cost effective dominating set in G + H.
Therefore, S is a k-cost effective dominating set in G + H. 0

Theorem 6. Let G and H be connected graphs such that min{y(G),v(H)} > 2 and
AG)+|V(H)|+1<k<A(H)+ |V(G)|. Then S is a k-cost effective dominating set in
G + H if and only if S is a dominating set in H such that ¢t — rg(a) — 2|Ng(a) NS| > p,
where 1 <p<tandt=A(H)+|V(G)—A(G) — |V(H)|, and rg(a) = A(H) — degp(a)
and degg (a) + |V (G)| > p + 2|Ng(a) N S| + A(G) + |V (H)).
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Proof: Suppose that S is a k-cost effective dominating set in G + H. Consider the
following cases:
Case 1: V(G)NS#@and V(H)NS # @.

Let a € V(G)NS. Then

NG (a)\ S| = [Nasn(a) N S| < AG) =1+ |[V(H)| - 1
<AG)+|V(H)+1
<k,

a contradiction. Thus, in this case is not possible.
Case 2: S CV(Q).

Suppose S is not an independent dominating set G. Let a € S. Then there exists
a € S such that dg(a,a’) = 1. Now

ING+1(a) \ S| = [Ng+r(a) N S| < A(G) =1+ |V(H)|[ -1
<AG)+|V(H)| +1
< ka

a contradiction. Thus, in this case S is an independent dominating set in G. Thus,

INGg+m(a) \ S| = [Nayr(a) N S| = dega(a) + |V (H)|
= A(G) —rg(a) + [V(H)|
<AG)+ |V(H)+1
> k,

a contradiction. Thus, in this case is not possible.
Case 3: SCV(H).

Since S is a k-cost effective dominating set in G + H, S is a dominating set in H. Let
a€ S, ryla) =A(H)—degg(a) and 1 < p < t, wheret = A(H)+|V(G)|—A(G)—|V(H)|.
Then

Ne(a) \ S| — | Nos1(a) N S| = degr(a) - | Niz(a) 0 S|+ [V(G)| — [Niz(a) N 8|
— A(H) = ru(a) — 2|Nu(a) N S|+ |V(G)|
= A(G) + |V(H)| +t - rir(a) — 2Ng(a) N1 8],

Thus, t —rg(a) —2|Ng(a)NS| > p. Hence, degp(a)+ |V (G)| > p+2|Nu(a)NS|+A(G) +
[V (H)].

Conversely, suppose that S is a dominating set in H such that
t—rg(a) —2|Ng(a)NS| > p, where 1l <p<tandt=A(H)+|V(G) - A(G) - |V(H)|,
and ry(a) = A(H) —degp(a) and degg(a) + |V (G)| > p+2|Nu(a) N S|+ A(G) + |V(H)|.
Then

ING+m(a) \ S| = [Navr(a) N S| = degr(a) = [Nu(a) N S| +[V(G)] - [Nu(a) N S|
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= A(H) —ru(a) = 2[Nu(a) N S|+ |[V(G)|
=A(G) + [V(H)
= k.

Hence, S is a k-cost effective dominating set in G + H. O

Theorem 7. Let G and H be connected graphs such that min{y(G),v(H)} > 2 and
k> A(H)+|V(G)|+ 1. Then 4% (G + H) = .

Proof: Let k > A(H) + |V(G)| + 1. Suppose that there exists a k-cost effective
dominating set S in G + H. Consider the following cases:
Case 1: V(G)NS#@and V(H)NS # o.

Let a € V(H)N S. Then

ING+u(a)\ S| — [Na+m(a) N S| < A(H) =1+ [V(G)| -1
< A(H) +|V(G)| +1
=k,

a contradiction.
Case 2: S C V(G).

Suppose S is not an independent dominating set G. Let a € S. Then there exists
a' € S such that dg(a,a’) = 1. Now

Nesr(a)\ S| — [Noxr(a) N 8] < AG) — 1+ |V(H)| 1
<AH)—1+[V(G) -1
<AH)+|V(G)|+1
=k,

a contradiction. Thus, in this case S is an independent dominating set in GG. Thus,

ING+m(a) \ S| = [N+ (a) N S| = degg(a) + [V
)

~—
~—

a contradiction.

Case 3: SCV(H). . Let a € S. Then

ING+1(a) \ S| = [Nt (a) N S| = degn(a) = [Nu(a) VS| + |[V(G)| = [Nu(a) N S|
= A(H) —ru(a) = 2|Nu(a) N S|+ [V(G)]
=A(G) + [V(H)|+t—ra(a) —2[Np(a) N S|
= A(G) + [V(H)| = (ru(a) + 2[Nu(a) N S| = 1)



REFERENCES 1335

= A(H) + |V(G)| = (ru(a) + 2|Nu(a) N S| — t)
<A(H)+ |V(G)| +1
a contradiction. Hence, v% (G + H) = co. O

The next result follows from Theorem 3, Theorem 4, Theorem 5, Theorem 6 and
Theorem 7.

Corollary 4. Let G and H be connected graphs such that v(G) > 2, v(H) > 2 and
[V(H)|+A(G) < |V(G)| + A(H). Then

2, if0§k§|V(G)|—|—A(H)—2
K _ Jmin{yi (@), ()}, if V(@) + A(H) 1< k< AG) + [V(H)]
Vel GHH) =0, if V)| +AG) +1< k< |V(G)| + AH)
00 if k> |V(G)| + A(H) +1

where

YH(G) =min{|S| : S is a y;-set in G and 6(S : G) > A(G) — 1},

Y*(H) = min{|S| : S is a y-set in G and 0 < A(G) + |V(H)| — |V(G)| — degr(a) +
2|Ng(a)NS| <1}, and

Y(H) =min{|S|: S is a y-set in G and degp(a)+ |V(G)| — |V (H)| —2|Nu(a)N S| > p}
Corollary 5. Let G and H be connected graphs such that v(G) > 2, v(H) > 2 and
[V(H)| + AG) < |V(G)| + A(H). Then n(G + H) = |V(G)] + A(H) and
TG + H) = ().
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