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A Note on the Infinite Sum of the Lerch function
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Abstract. We derive the infinite sum of the Lerch function in terms of the incomplete gamma
function and the Lerch function. Special cases are evaluated in terms of fundamentals constants.
All the results in this work are new.
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1. Introduction

Infinite sums of special functions have been studied in the works of [1, 5, 6, 10, 13]. In
this present work we derive a new expression for the Lerch function in terms of the infinite
sum of the Incomplete gamma function given by

(1)

∞∑
n =1

2k−n+1
(
2−n

)k
em21−n

Φ
(
−e2

1−nm,−k, 2n−1 log(a) + 1
)

= −a−m(−m)−kΓ(k + 1,−m log(a))

m
− 2k+1e2mΦ

(
e2m,−k,

log(a)

2
+ 1

)
where the variables k, a,m are general complex numbers. This new expression is then
used to derive special cases in terms of fundamental constant and special functions. The
derivations follow the method used by us in [12]. This method involves using a form of
the generalized Cauchy’s integral formula given by
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where y, w ∈ C and C is in general an open contour in the complex plane where the
bilinear concomitant [12] has the same value at the end points of the contour. This
method involves using a form of equation (2) then multiplies both sides by a function,
then takes the definite integral of both sides. This yields a definite integral in terms of
a contour integral. Then we multiply both sides of equation (2) by another function and
take the infinite sum of both sides such that the contour integral of both equations are
the same.

1.1. The Incomplete Gamma Function

The multivalued incomplete gamma functions [3], γ(s, z) and Γ(s, z), are defined by

γ(s, z) =

∫ z

0
ts−1e−tdt,

and

Γ(s, z) =

∫ ∞

z
ts−1e−tdt,

where Re(z) > 0. The incomplete gamma function has a recurrence relation given by

γ(s, z) + Γ(s, z) = Γ(s),

where z ̸= 0,−1,−2, ... The incomplete gamma function is continued analytically by

γ(a, ze2mπi) = e2πmiaγ(a, z),

and
Γ(s, ze2mπi) = e2πmisΓ(s, z) + (1− e2πmis)Γ(s),

where m ∈ Z. When z ̸= 0, Γ(s, z) is an entire function of s and γ(s, z) is meromorphic

with simple poles at s = −n for n = 0, 1, 2, ... with residue (−1)n

n! . These definitions are
listed in Section 8.2(i) and (ii) in [3].

2. The Lerch function

We use equation (1.11.3) in [2] where Φ(z, s, v) is the Lerch function which is a gen-
eralization of the Hurwitz zeta ζ(s, v) and Polylogarithm functions Lin(z). The Lerch
function has a series representation given by

Φ(z, s, v) =
∞∑
n=0

(v + n)−szn (3)

where |z|< 1, v ̸= 0,−1,−2,−3, .., and is continued analytically by its integral representa-
tion given by

Φ(z, s, v) =
1

Γ(s)

∫ ∞

0

ts−1e−vt

1− ze−t
dt =

1

Γ(s)

∫ ∞

0

ts−1e−(v−1)t

et − z
dt (4)

where Re(v) > 0, and either |z|≤ 1, z ̸= 1, Re(s) > 0, or z = 1, Re(s) > 1.
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3. Contour integral representation for the infinite sum of the Lerch
function

We use the method in [12]. The cut and contour are in the first quadrant of the
complex w-plane with 0 < Re(w + m) < 1. The cut approaches the origin from the
interior of the first quadrant and goes to infinity vertically and the contour goes round
the origin with zero radius and is on opposite sides of the cut. Using a generalization of
Cauchy’s integral formula (2) we first replace y → log(a)+21−n(y+1) then multiply both
sides by (−1)yem21−n(y+1) and take the infinite sums over
y ∈ [0,∞) and n ∈ [1,∞) and simplify in terms of the Lerch function to get

(5)
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∞∑
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∞∑
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C
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∞∑
n=1

∞∑
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=
1

2πi

∫
C

∞∑
n=1

(
2−naww−k−1 tanh

(
2−n(m+ w)

)
+ 2−naww−k−1

)
dw

=
1

2πi

∫
C

(
aww−k−1 coth(m+ w)− aww−k−1

m+ w
+ aww−k−1

)
dw

from equations (5.3.8.4) in [11] and (1.232.1) in [4] where Re(w+m) > 0 and Im(w+m) >
0 in order for the sums to converge.

3.1. Additional contour integral

Using a generalization of Cauchy’s integral formula (2) we first replace y → log(a) then
multiply both sides by 2−n and take the infinite sum over
n ∈ [1,∞) to get

(6)

−
∞∑
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2−n logk(a)
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= − 1

2πi

∞∑
n=1

∫
C
2−naww−k−1dw
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∞∑
n=1

2−naww−k−1dw

= − 1
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aww−k−1dw
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4. Contour integral representation for the Lerch and incomplete gamma
functions

Using a generalization of Cauchy’s integral formula (2) we first replace y → log(a) +
2(y + 1) then multiply both sides by e2m(y+1) and take the infinite sum over y ∈ [0,∞)
and simplify in terms of the Lerch function to get

(7)−
2k+1e2mΦ

(
e2m,−k, log(a)2 + 1

)
Γ(k + 1)

=
1

2πi

∫
C
aww−k−1 coth(m+ w) + aww−k−1dw

from equation (1.232.1) in [4] where Im(w +m) > 0 in order for the sum to converge.

4.1. Additional contour integral

Using a generalization of Cauchy’s integral formula (2) we first replace y → log(a) and
simplify to get

(8)
logk(a)

Γ(k + 1)
=

1

2πi

∫
C
aww−k−1dw

4.2. Contour integral representation for the incomplete gamma function

Using a generalization of Cauchy’s integral formula (2) we first replace y → y+ log(a)
then multiply both sides by emy and take the definite integral over y ∈ [0,∞) to get

(9)
a−m(−m)−k−1Γ(k + 1,−m log(a))

Γ(k + 1)
= − 1

2πi

∫
C

aww−k−1

m+ w
dw

from equation (3.383.4) in [4] where 0 < Re(w +m) < 1.

5. Infinite sum of the Lerch function in terms of the Lerch function

Theorem 1. For all k, a,m ∈ C,

∞∑
n=1

2k−n+1
(
2−n

)k
em21−n

Φ
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−e2

1−nm,−k, 2n−1 log(a) + 1
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= −a−m(−m)−kΓ(k + 1,−m log(a))

m
− 2k+1e2mΦ

(
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Proof. Observe that the the addition of the right-hand sides of equations (5) and (6) is
equal to the addition of the right-hand sides of equation (7), (8) and (9) so we may equate
the left-hand sides and simplify the the Gamma function to yield the stated result.

6. Special cases

In this section we will evaluate equation (10) for various parameter ranges. We will
use the following functions for simplification; exponential integral function En(z) given in
section (8.19) in [3], and the exponential integral function Ei(z) given in equation (6.11.2)
[3], and the Riemann zeta function given in equation (25.2.1) in [3].

Example 1. The degenerate case.

∞∑
n=1

21−n

(
1− 1

em21−n + 1

)
=

∞∑
n=1

2−n
(
tanh

(
m2−n

)
+ 1
)
= − 1

m
+ coth(m) + 1 (12)

Proof. Use equation (10) and set k = 0 and simplify using entry (4) in table below
(64:12:7) in [9].

Example 2. Apéry’s constant ζ(3)

(13 )
∞∑

n =1

(−1)2
−n

4n−1Φ
(
(−1)1+2−n

, 3, 1 + 2n
)
=

1

16
(−4E3(−iπ)− 3ζ(3) + 4)

Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next set k = −3, a = 2 and
simplify using equation (8.19.2) in [3] and entry (2) in table below (64:7) in [9].

Example 3. Fundamental constant ζ(5)

(14 )
∞∑

n =1

(−1)2
−n

16n−1Φ
(
(−1)1+2−n

, 5, 1 + 2n
)
=

1

256
(−16E5(−iπ)− 15ζ(5) + 16)

Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next set k = −5, a = 2 and
simplify using equation (8.19.2) in [3] and entry (2) in table below (64:7) in [9].

Example 4. Catalan’s constant C

∞∑
n=1

(−1)2
−n

2n−1Φ
(
(−1)1+2−n

, 2, 1 + 2n−1
)
= −2C + 3 +

1

2
πΓ

(
0,− iπ

2

)
(15)
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Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next set k = −2, a = 3/2
and simplify using equation (8.19.2) in [3], equation (64:4:1) in [9] and equation (2.2.1.2.7)
in [7].

Example 5. The exponential integral function En(z)

∞∑
n=1

(−1)2
−n

Φ
(
(−1)1+2−n

, 1, 1 + 2n−1
)
=

1

2

(
2iEi

(
iπ

2

)
+ 4 + π

)
(16)

Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next we apply l’Hopital’s
rule as k → −1 and simplify using equation (8.19.2) in [3] and equation (64:4:1) in [9].

Example 6.

∞∑
n=1

(−1)2
−n (

2−n
)3/2

Φ

(
(−1)1+2−n

,−1

2
, 1 + 2n

)
= −E− 1

2
(−iπ) +

(
2
√
2− 1

)
ζ

(
−1

2

)
+ 1 (17)

Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next set a = 2 and simplify
in terms of the Riemann zeta function ζ(s) using entry (2) in table below (64:7) in [9].
Next set k = −1/2 and simplify.

Example 7.

∞∑
n=1

(−1)2
−n√

2−nΦ

(
(−1)1+2−n

,
1

2
, 1 + 2n

)
= −E 1

2
(−iπ) +

(√
2− 1

)
ζ

(
1

2

)
+ 1 (18)

Proof. Use equation (11) and set m = −1 and simplify in terms of the Hurwitz zeta
function ζ(s, a) using entry (4) in table below (64:12:7) in [9]. Next set a = 2 and simplify
in terms of the Riemann zeta function ζ(s) using entry (2) in table below (64:7) in [9].
Next set k = 1/2 and simplify.

7. Infinite sum of the Lerch function in terms of the Lerch
transformation

Theorem 2. For Re(s) < 0, 0 < v ≤ 1, 0 ≤ Im(α) < 2π,

∞∑
n=1

eα(−2−n)2−n−s+1
(
2−n

)−s
Φ
(
−e−2−nα, s, 2n(v − 1) + 1

)
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= 21−sαs−1
(
e2(v−1)

)α/2
Γ(1− s, (v − 1)α)− e−α21−s

(
αs−1Γ(1− s)eαv

−i(2π)s−1Γ(1− s)eαv
(
ei(

πs
2
+2πv)Φ

(
e2iπv, 1− s, 1− iα

2π

)
− e−i(πs

2
+2πv)Φ

(
e−2iπv, 1− s,

iα

2π
+ 1

)))
(19)

Proof. Use equation (12) in [8] and substitute into equation (11) and simplify.

8. Extended Vălean Infinite Sums and Infinite Products

In the book of Vălean [14] section (3.59) has some very interesting infinite sums of
trigonometric functions. In this section of the present paper we will expand on the sums
published by Vălean using a special case of equation (11) for various values of the param-
eters involved.

Lemma 1.

∞∑
n=1

(−1)2
−n

2k−n+1
(
2−n

)k
Φ
(
(−1)1+2−n

,−k, 2n(a− 1) + 1
)

= 2k+1

(
2kζ

(
−k,

a

2

)
− 2kζ

(
−k,

a+ 1

2

))
+i
(
e2(a−1)

)− iπ
2
(−i)−k2k+1π−k−1Γ(k+1, i(1−a)π)

(20)

Proof. Use equation (11) and set m = 1 and simplify using entry (5) in Table below
(64:12:7) in [9].

Example 8.

∞∑
n=1

21−2n
(
1 + α2n

(
1 + eiπ2

−n
))

cos (π2−n) + 1
= 2α+ 4α2

(
e2α
)− iπ

2 E−1(−iπα) + 1 (21)

Proof. Use equation (20) and set k = 1 and replace a → α+ 1 and simplify.

Example 9.
∞∑
n=1

8−n sin4
(
π2−n−1

)
csc3

(
π2−n

)
=

1

π3
(22)

Proof. Use equation (20) and set k = 2, a = 1 and simplify.

Example 10.
∞∑
n=1

2−4n
(
cos
(
π2−n

)
− 2
)
sec4

(
π2−n−1

)
=

48

π4
− 1 (23)
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Proof. Use equation (20) and set k = 3, a = 1 and simplify.

Example 11. The polylogarithm function Lin(z) and Riemann zeta function ζ(s)

∞∑
n=1

−2k−n+1
(
2−n

)k
Li−k

(
(−1)1+2−n

)
= 2k+1

(
−
(
2k+1 − 1

)
ζ(−k) + i(−i)−kπ−k−1Γ(k + 1)

)
(24)

Proof. Use equation (20) and set a = 1 and simplify using entry (1) in Table below
(64:7) in [9].

Example 12. The polylogarithm function Lin(z)

∞∑
n=1

√
21−nLi 1

2

(
(−1)1+2−n

)
= −

(√
2− 2

)
ζ

(
1

2

)
+ (−1− i) (25)

Proof. Use equation (24) and set k = −1/2 and simplify.

Example 13.
∞∑
n=1

4−n sec2
(
π2−n−1

)
= 1− 4

π2
(26)

Proof. Use equation (10) and set k = 1, a = 1,m = πi/2 and simplify using entry (3)
in table below (64:12:7) in [9].

8.1. Definite Integral of Infinite Sum

In this section we extend upon the results in [14]. We take the definite integral of
specific infinite sums in terms of hyperbolic trigonometric functions. These definite in-
tegrals result in the sum of the logarithm of hyperbolic trigonometric functions which is
equivalent to the infinite product of the logarithm of hyperbolic trigonometric functions.

Example 14.

Using equation (10) and setting k = 1, a = 1,m = y and

simplifying using entry (3) in table below (64:12:7) in [9] we get
∞∑
n=1

4−n sech2
(
2−ny

)
=

1

y2
− csch2(y)

Next we take the definite integral over y ∈ [x, x/2] to get∫ x

x/2

( ∞∑
n=1

4−n sech2
(
2−ny

)
=

1

y2
− csch2(y)

)
dy
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We reverse the order of integration and summation and again take

the definite integral over x ∈ [z, z/2] to get∫ z

z/2

( ∞∑
n=1

−2−n
(
tanh

(
2−n−1x

)
− tanh

(
2−nx

))
=

1

x
− coth

(x
2

)
+ coth(x)

)
dx

Reversing the order of the sum and integral and simplifying we get
∞∑
n=1

log
(
cosh2

(
2−n−2z

)
cosh

(
2−nz

)
sech3

(
2−n−1z

))
= log

(
tanh2

(z
4

)
+ 1
)

whence upon replacing z → x we obtain that
∞∏
n=1

cosh2
(
2−2−nx

)
cosh (2−nx)

cosh3 (2−1−nx)
= 1 + tanh2

(x
4

)
Example 15.

∞∏
n=1

cosh
(
2−nx

) (
tanh

(
2−n−1x

)
+ 1
)
e2

−n tanh(2−n−1x) sech(2−nx) =
1

2
(ex + 1) e

1
x
−coth(x

2 )+coth(x)

(27)

Proof. Use the process in Example (14) with k = 1, a = e,m = x and simplify.

Example 16.
∞∏
n=1

cosh7
(
2−1−nx

)
cosh8

(
2−3−nx

)
cosh (2−nx) cosh14 (2−2−nx)

=
cosh6

(
x
4

)
cosh8

(
x
8

)
cosh

(
x
2

) (28)

Proof. Use the process in Example (14) with k = 2, a = 1,m = x and simplify.

Example 17.
∞∏
n=1

cosh
(
2−nx

) (
tanh

(
2−n−1x

)
+ 1
)
=

1

2
ex/2 sinh(x) csch

(x
2

)
(29)

Proof. Use the process in Example (14) with k = 1, a = e2a,m = x and simplify.

Example 18.
∞∏
n=1

cosh (2−nx)

cosh (2−1−nx)
=

sinh(x)

2 sinh
(
x
2

) (30)

Proof. Use the process in Example (14) with k = 1, a = ea,m = x and simplify.

Example 19.
∞∏
n=1

cosh2
(
2−2−nx

)
cosh (2−nx)

cosh3 (2−1−nx)
=

cosh
(
x
2

)
cosh2

(
x
4

) (31)

Proof. Use the process in Example (14) with k = 1, a = ea,m = x by forming a second
equation with replacing a → −a and simplify.
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9. Discussion

The authors construct an infinite sum of the Lerch function Φ(k, a,m) in terms of
the incomplete gamma function Γ(k, a) and the Lerch function, where the parameter con-
straints are wide. The infinite sum of the Lerch function in terms of the Lerch transforma-
tion was also derived. The derivations used fundamental constants and special functions,
and the infinite sum allowed for a wide range of the parameters. We checked the outcome
numerically using Wolfram Mathematica.
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