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Abstract. In this paper, we study the boundedness of non regular pseudo-differential operators
on variable exponent Besov-Morrey spaces 5;(()) w()a() with symbols a(z, &) belonging to Cfo?(;.

For these symbols z-regularity is measured in Holder-Zygmund spaces.
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1. Introduction

Pseudo-differential calculus is a well-established tool for the analysis of partial differ-
ential equations, especially non-linear ones. Indeed, in [16] one can find many applications
of the calculus of non regular pseudo-differential operators to non-linear differential equa-
tions. The boundedness of these operators has been extensively addressed in several works.
For boundedness on Lebesgue spaces, Besov spaces, Triebel-Lizorkin spaces and Sobolev
spaces, we refer to [2], [6], [12] and [13].

The boundedness of pseudo-differential operators in Triebel-Lizorkin-Morrey spacses with
constant exponents denoted &, ,, , was studied by Yoshihiro Sawano in [15].

Our focus in this paper concerns the boundedness of pseudo-differential operators on

Triebel-Lizorkin-Morrey spaces with variable exponents denoted 5;(()) W) ('see [4]) with

symbols in the class Cfo{”(;.

The results of this paper are certainly relevant because they generalize those of [15].

Our approach is as follows. To treat the boundedness of these operators with non-regular
symbols belonging to C’fS{% we use elementary symbols as it was done in [2], [12], [14]
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and [15].

Indeed, the symbol reduction method, due to Coifman and Meyer[6], makes it possible to
be limited to symbols a(x,§) € Cfo% of the form a(z,§) = >_ 5 0j(2)1;(§)(see [14] and
[2]). Then, we rewrite the symbol as a sum of three parts, a ”low-high”, a ”high-high”, and
a "high-low” part. Thus, the operator a(z, D) with symbol a can be resolved into three
operators aj(z, D), az(x, D) and as(z, D) with symbols a;, as and a3. Now it remains to
study the boundedness of each elementary operators.

We structure this paper in 4 sections as follows. In Section 2 we give the preliminaries,
where we recall the definitions of Morrey spaces and Besov-Morrey spaces with variable
exponents. In Section 3, we recall necessary tools for the proofs of the lemmas and the
main result that we give in Section 4.

2. Preliminaries

We denote by R” the n-dimensional real Euclidean space, N the collection of all natural
numbers and Ng = NU {0}. Z stands for the set of all integer numbers. We write B(z, 1)
for the open ball in R™ centered at x € R™ with radius » > 0. We use ¢ as a generic
positive constant, i.e. a constant whose value may change with each appearance. The
expression f < g means that f < cg for some independent constant ¢, and f &~ g means
f < g < f. Throughout the paper we denote by M(R"™) the family of all complex or
extended real-valued measurable functions on R".

By suppf we denote the support of the function f , i.e., the closure of its non-zero set. If
E C R" is a measurable set, then y g denotes its characteristic function.

We denote by S(R™) the set of all Schwartz functions on R"™. We denote by

S’ = §'(R™) the dual space of all tempered distributions on R™. The Fourier transform of
a tempered distribution f is denoted by F f or f while its inverse transform is denoted by

Flforf.

2.1. Variable exponents

For more information on the results of this paragraph, see [11] and [7].
e By P(R™) we denote the set of all measurable functions p : R™ — (0, +00] (called variable
exponents) which are essentially bounded away from zero. We denote pi,.:= ess supgnp(z)
and pg, := ess infrap(x); we abbreviate p* = pﬁn and p~ = pgn-
e The function ¢, is defined as follows:

7 i p(x) € (0,+00),
Gp(z)(t) =1 0 if p(z) =+oo and t € [0, 1],
+oo if p(x) =400 and t € (1,400

The variable exponent modular associated to p(-) is defined by

op() (f) == /Rn Ppa) (1f (2)])dx.
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The variable exponent Lebesgue space L) := Lp.(R") is the family of (equivalence
classes of) functions f € M(R") such that g,.)(f/}) is finite for some A > 0.
L,y is a quasi-Banach space equipped with the quasinorm

£l = {03 g (57) <1}

e We say that a continuous function g : R" — R is locally log-Holder continuous, abbre-
viated g € Cllgcg(R"), if there exists ¢joq(g) > 0 such that

Clog(g)
g(x) —g(y)| <
90 =90 = fogte 1w =)
The function g : R® — R is said to be globally log-Holder continuous, abbreviated
g € C'8(R"), if it is locally log-H6lder continuous and there exists goo € R and cs(g) > 0
such that

for all z,y € R™. (1)

c0(9)

e | 11 R"™.
log(e+|m]) or all x €

9(x) = goo| <
1

We write g € P9(R™) if 0 < g~ < g(z) < g7 < +oo with — € C9(R).
g

1 1 1
We define — := lim —— and we use the convention — = 0.
Joo |z|—+oo g() 0

2.2. Variable exponent Triebel-Lizorkin-Morrey spaces

We refer to the papers [4], [18], [3], [5], [17] and [9], for further results on Triebel-
Lizorkin-Morrey spaces and variable exponent Triebel-Lizorkin-Morrey spaces.

e Morrey spaces
Definition 1. For p,u € P(R™) with 0 < p~ < p(x) < u(x) < 400, the variable exponent

Morrey space My u(y = Mp()u)(R") consists of all functions f € M(R"™) with finite
quasinorm

(2)

1ty o= sup v w [ f

zER™, >0 Lpey

By the definition of the L,y quasinorm, (2) can also be written as

S I PRI (e cf SR RS

z€ER™, r>0

Definition 2. Let p,q,u € P(R") with p(r) < u(x). The mized space My () (Lq))
consists of all sequences (f,), C M(R™) such that,

. 1a()
v=0

Mp(y,u()
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Remark 1. [4/ Note that ||'HMp(~),u(»)(£q(~)) defined a quasinorm on My ) ({y))- It is a

norm when min(p~,q~) > 1.

Proposition 1. Let f and g be two measurable functions with 0 < f(z) < g(x) for a.e.
z € R". Then it holds

HfHMp(»,u(-)(fq(») < ”g”Mpn),u(»(fq(o)’

Proposition 2. Let p,q,u € P(R™) with p(z) < u(z) and 0 < t < +o0.
Let (f,), € M(R™)

(1£1)w | o (47> - ”(f”)”Hl}Wp(-),u(-)(fq(-))

with the usual modification every time q(x) = 400.

eTriebel-Lizorkin-Morrey spaces.
We first recall a Littlewood-Paley partition of unity {1}, v > 0.
The functions v, are defined as follows. Let 1y € C§°(R™) such that ¢9 = 1 on B(0;1)
and supptyy C B(0;2).
Set
Yo (€) = 1o(277E) —ho(277T1E) for all v € N.

Then 1, is supported on the dyadic shell
D, ={¢eR": 2" 1 < ¢ <27y,

If f eS8’ then

F=> .

v>0

The Fourier multiplier ¢;(D) with symbol 1; is defined as

b(D)f (@) = F Wy - N@) = | 4u(©)F () 4de.

Definition 3. Let {4} be the usual Littlewood-Paley partition of unity. Let s : R™ —
R, p,q € P9R") and u € P(R™) such that 0 < p~ < p(z) < u(z) < supu < +oo
and ¢~ ,q* € (0,+00). The Triebel-Lizorkin-Morrey spaces 5;((:))7%)’(1(.) consists of all
distributions f € S'(R™) such that

=Dl , + |2 Ow0)s), | <o ()

e
p() MMy ) ) (Cg(y)

u(+),q(

Remark 2. [4/(remark.4) Note that ||| s, defined a quasinorm on &’ ) It

(.
p(),u(),a() p()u(-)q()’
is a norm when min(p~,q~) > 1.
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3. Basic tools

In this section we present some useful results for the last section. At First, we recall
the n-functions defined by

Mym(x) = 2" (1 +2%|z))™™, v e Ny, m>0.
Note that 7,,,, € L1 for m > n and the corresponding Li-norm does not depend on v.

The following lemma is from [8](Lemmal9) and [10](Lemma6.1)

Lemma 1. Let o € Cllgg(]R”) and let m > 0, R > cioq(cr), where cjoq is the constant from

(1) for a.
Then

2", i m(w = y) < 2 Wz —y)
with ¢ > 0 independent of x,y € R™ and v € Ny.

The following lemma is from [10](lemma A.6).
Lemma 2. Lett > 0,v € Ny and m > n. Then there exists ¢ = c¢(t,m,n) such that for
all g € S'(R™) with suppFg C {£ € R™: [¢| < 2T} We have
1
9(@)] < ¢ (an % gl'(@) " @ R
The following lemma is from[4](theorem3.3).

Lemma 3. Let p,q € P9(R") and u € P(R") such that 1 < p~ < p(x) < u(x) < supu <
+o00 and ¢~ ,q" € (1,4+00). If

1 1 1
m > n+nmax{0, sup ( — > - },
vekn \P(z)  u(z) P
then there exists ¢ > 0 such that for all sequences (f,), C Mp(.yu)(Cqe))-

G = f”)”HMp<->,u<»>(€q<-)) < eldullagy g
The following lemma is from[1](Corollary 4.8.)

Lemma 4. Let p € PY9(R") and u € P with 1 < p~ < p(z) < u(z) < supu < +oo. If

m > n + nmax {0,supx€Rn (ﬁ — ﬁ) — Ii}
Then there exists ¢ > 0 such that

[ f||Mp(4) s¢ HfHMpMu(») '

u(-) T

The following lemma is from[4](Lemma 3.7).
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Lemma 5. Let p,u,q € P(R™) with p(x) < u(x). Let 6 > 0. For any sequence (g;)

J€No

of mon negative measurable functions on R™, we denote

+oo A

Gy(x) := Z2‘|”_3|6gj(:n), z € R", veN,.

j=0

Then, i < H Y.
hen it holds ”(G”)V”Q«)(Mp«xu(») < e(,a)||(9); Loy (Mp()u()) where
1/q~
c(d,q) = max Z 2=, [Z 2_"'6‘1]
vEZ VEZL

4. Boundedness of pseudo-differential operators

We will use symbols for which z-regularity is measured in Holder-Zygmund spaces.

Definition 4. [14] The function a(x,§) on R™ X R™ belongs to the symbol class C’fSTé, de
[0,1], € > 0 if it is smooth in & and satisfies the following estimates:

a2al, ‘
‘ ca(-,€) ctsy,

9ga(z. )| < (¢

< o (&I g

(5)

In (5), (¢) stand for (1+|¢[2)"”,

A pseudo-differential operator on Sp(.)vu(%q“

/R Sl OF O € E 00

with symbol a € CLST’; is defined by

a(x, D) f(x) =

(2m)"

Definition 5. We call elementary symbol in the class C’fSI”%, 0 €10,1], £>0 an expres-
sion of the form
a(z,£) =Y a;(@)v; (&)
Jj=0
where 1Py is smooth supported on the ball B(0,2), 1;(&) = ¢¥(277¢) and ¢ € C§° is sup-
ported on the dyadic shell Dy = {€ € R" : 1/2 < |{| < 2}, while a; is uniformly bounded

sequence such that
lajllcesy, < 21 (o),

Since a(z, D) and v;(D) do not commute, to study boundedness of a(z, D), the sym-

bol reduction method due to Coifman and Meyer[6] makes it possible to be limited to
elementary symbols.
Therefore, the operator a(z, D) with symbol a can be resolved into ”elementary opera-
tors” ag(x, D) with symbols ag. This idea has been exploited to establish continuity of
pseudo-differential operators with non-regular symbols in inhomogeneous Sobolev spaces
H*P and Holder-Zygmund spaces C¢ ( see [12] and [2]).
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Lemma 6. [1}] Let f = Zj>0 [ inS', with suppfj C B(0, A27) for some A > 0. Then,
for £ >0, -

1lles < e(A)sup {27 15511, Y} (6)
j=0

The following lemmas plays a fundamental role in the proof of the boundedness of
pseudo-differential operators on 5;(()) w()a()”
Lemma 7. Let ¢c1,c0 >0, s € Cllgg, p,q € P°9(R"™) and u € P(R™) such that
0<p <plx)<ulxr) <supu<oo and g ,q" € (0,+00). Let {fk}ren, be a sequence of
tempered distributions such that

suppF fo C B(0,2¢2)

and
suppF fr. C {§ eR": 2"t < g < 022’““} for k>0
Then
+00
> fi s|(0n),| -
k=0 |lgst) kM) u() (a()
p(),u(),q(-)

Proof. Let {1;} be the Littlewood-Paley partition of unity defined above. By hypoth-
esis, ¥j,j > 1 are supported on the dyadic shell D;, while 1)y is supported on the ball
B(0;2). Hence, there is N1, Ny € Ny such that

~+o00 N1
to(D) (Z fk> = o(D) (Z fk>
k=0 k=0

+00 j+Na2
and (D) (Zn) = D) > f
k=0 k=j—N1
Then
“+oo N1 ) J+N2
S5 T I R T
_ s() — =j— -
F=0 e a0 r=0 Myp(),u0) e TZNIE My () ()
A J+N2
e Let us first estimate 275() Z )y * fi
k=j—N;

) } IZIMy () u() (o)
Since ¢; * fi, € S’ and suppF (v; * fi) C {£ € R™: [£] <271}, then, by lemma 2,

bt 1/t . .



M. Congo, M. F. Ouedraogo / Eur. J. Pure Appl. Math, 15 (1) (2022), 47-63 54

for any m > n + ¢jo4(s) + nmax {O,SUpweRn (Wlx) — ﬁ) - Ii} and any ¢ > 0.
Thus

§+No J+N2
20 Y G s NS 20 ety
k=j—N ‘ k=j—N. j
7= Jj=N1 My () Eg(y) I T My () ()

By lemma 1, we can move 2/5() inside the convolution

(- 1/t (. 1/t
25 (g 1fel)* S (Mimmcung(e) * 2 UI1)

Then
J+N2
2J8 Z 7/)] * fi
k=j—N; .
TZNUIM () (g ()
Jj+N2
S Z (njm Clog(8) * 233 ’fk| )
k=j—N; )
THMp (. () (bg()
J+N2
—_ 8
- Z (nj,m—clog (s) * 2] |fk’| )
k=j—N;

With ¢ € (0, min{1,p~, ¢~ }), lemma 4 yields

) Jj+N2 _ N1+No .
250 N ik fi S ) (2”5(')t|fj+k—1v1|t)j oy
k=j—N 4 k=0 Mpy e (Eq(y
I IZNIIMy ) ) (g () Rt aiinn
J+N2
Then 1270 5 4 1 [CON '
k=j—Ni k1 M) u) (b))

TZINMy () (g )

e Now we estimate the first term .

Since suppF (v * fr) C {£ € R™: |¢| < 2}, then by lemma 2, WO * fk‘ S Skl -
Thus

N

Ny
> 1kllag, ) e
k=0

My,

Ny
= Z ||(07 R fkv 07 e ')”Zq(‘)(MP(%u('))
k=0
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< Jron),

The proof is completed. O

La(y (M) u())

Lemma 8. Let ¢ >0, s € Cllgocg, p,q € P9(R"™) and u € P(R") such that
0<p” <plx) <ulr) <supu < 400, s~ >0 and ¢~,q" € (0,400). Let {fr}yey, be a
sequence of tempered distributions such that

suppF fr. € B(0, chH)

Then
<leon)

’“HMp«),um("qn))

+00
> i
k=0
Proof. In view of the hypothesis on Supp);, there is N € Ny such that

“+o0o
Yo(D) (Z fk) ‘

s() | k=0
£l My ()

s()
Eo(),u()a0)

“+oo
+ 2]'8(')%(1)) Z fx

k=j—N

+0o0
> Ik
k=0

FZNUM, ) iy ()

+oo
(i) At first we estimate || 27°0)y;(D) Z T

k=j—N 4
T Mp () u() ()
We have
250Dy | 3 fi =4 2 2O (i« fi)
k=j—N k=j—N

F2N g, (M) i) IUMp () ) ()

Since
{suppf (% fi) C {€ R [ < 271}
suppF (1@ * fr) C{{eR™: [¢] < ok+iy
by lemma 2 |
2950) (% f1) S 29500 (mjm * | fil1) "
{2j5(') (5% fi) S 2750 (i + 1 fl) "

for m > n 4 c1o9(1/q) + Clog(s) + nmax {0, SUP,cRrn <ﬁ1m) - L) _ Ii} and £ > 0.

u(z)
Therefore
| oo i 1/t
2°0y,(D) [ > fa < D 250 (x| fil")
k=j—N k=j—-N

Jj=N My u() Eqy) J My u() (Eq())
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+00
+ 3 2 Oks0) (g w | £l
k=j '
ol IV My Eqy)

Let us estimate each one of the two terms on the right-hand side.

Using lemmas 1 we can move 2“5() inside the convolution 25(") (nym * ]fk|t) YVt And we
have

1/t
2’/8(.) (nu,m * ’fk|t)1/t S (nu,mo * 2Vs<.)t|fk‘t) vV :] or k where mo=m — Clog(s)
Thus

j J
. Z 2]5(.) (nj,m * ‘fk|t)1/t _ Z Njmo * 2]5(-)t|fk|t
k=j—N

k:]*N . .
T M) u() (L) TUM ) wiy (Eg())

N

E H {nj,mo * 2js<.)t|fk+j|t} )
“ j
For t € (0,min{p~, ¢ }), lemma 3 yields

Z H o+ 2!} | Z H {20 11}

Mp() uty (¢ TMy) iy oy
t t 't t
Then
J
> 250 (i ¢ 1£el) 5| o) |
“ TNMy( iy (Bac)
k=j—N . (o) G
- TN My () (b)) ’ !
And

+o0
. 3 2D O9kO (| i)
k=3 }
1 TMp ),y ()

“+o00

Y 2l (n « 2ROt f |>

k=j+1

N

“+00

$% 2 (g 020 )

k=j+1

N
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+oo
{Z o—li—kls~ (%mo “ zks(.)t‘fk’t)}
k=0 j

By lemma 5 ,
—+00
{Z 2*|]*k|s_ ( 2ks |f | )} S H(nk,mo 2ks |f | ) H .
h=0 INM ) (%(»)) M
T\ T
For t € (0,minp~, ¢~ ), lemma 3 yields
ks )t ks()
Moo+ 25O || s[(E=0s) |
H( ’ ) M) ug) (Eq()) ( )k May(y,u() (g)
t 't t
Then
—+00
—(k—j)s(-)oks 1/t s(-
Z 9—(k—j)s(-)oks(") (ﬁkmo !fk\) / < H(2k ()fk)kHM .
k=j+1 p()u() (Ea()

TNMyp () () (g ()

(ii) Now we estimate

w0 ()],

p(-);u(")

Since
suppF (Vo = fi) € {€ € R J¢| < 24+,
Then
+00 N
DG - [
k=0 Mip() k=0 Mip() )
< - ( t\1/t
~ Nk,m * ‘fk‘ ) ;
k=0 M) u)

for m > n 4 c1o9(1/q) + Clog(s) + nmax {0, SUP,cRrn <ﬁ1x) - %m)) - Ii} by lemma 2.
Then by lemma 1

+oo
un(E1),
k=0

N
"
e
»
[
/N
=
>
3
o
o
Q
*
[}
E
»
_=
=
N—

Mp(),u()
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Thus

+00
Yo(D) (Z fk)
k=0

| S H (nk,quog(s) * 2k8()t|fk‘t)kH
Mp(),u() b i e

A

H (2k5(‘)fk) H by lemma 5 and lemma 2.
My ) (g ()

The proof is completed. O

Theorem 1. Let a(z, &) € C’fS{'?d wherem € R, § € [0,1] and £ > 0. Let1 < p~ <p(z) <
u(z) < supu < +oo and q~,q" € [1,+00). Let s € Cllsg such that 0 < s~ < st < (. Then

a(z,D): & )

(-)+m s()
p(+)su —¢

(.
0-a(-) p(+)su(-),q()
1s bounded.

Proof. We recall that the symbol reduction method, due to Coifman and Meyer[6],
makes it possible to be limited to symbols a(x, &) € CLST of the form (see [14] and [2])

a(z,&) =Y oj(z)1;(€)

j=0
where o; satisfies
j L6
lojllce < c2i(m+t8) 9)
and ol < e (10)

with ¢ depending on ¢ and £ but not on j. And 7); is exactly a Littlewood-Paley function.
We have

“+o0o
oi@) = Y (D)),
k=0

+o0
Then oj(x)y;(§) = (ij(D)Uj($)¢j(f)>-
k=0

+oo /+4oo
Therefore  a(z,§) = Z (Z 1/Jk(D)Uj($)> ¥;(£).

7=0 \k=0
Set Ay = @Dk(D)Uj. Then

+oo /+oo
a(w.§) =3 ( %-) ¥5(8)- (1)

=0 \k=

B
o
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(i) At first, it’s necessary to estimate |lag;||,_ .
We recall the quasinorm of C%: |4 (D)ol e = supy 2% (D)ol ;. -

Since ||1[Jk;(D)Uj||C$ < C||‘7j||(1f-
Then Sl;p okt ||¢k(D)0'jHLOO <c HUJ'”Q{ ‘

Using (9), we obtain '
H“ijLoo < (I mH8) 9=kt (12)

Note that (1 — A)%, m € R is an isomorphism that composes well with pseudo-
differential operators (see[14] and [15]). Therefore, it is enough to examine the case m = 0.
If m = 0 then

lagll;_ < 29027k (13)

(ii) Now we rewrite the symbol as a sum of three parts

j—4 Jj+3 00
a(z,€) = Y D ar(@)+ Y a@)+ D ari(x) | vi(6)
>0 \ k=0 k=j—3 k=j+4
= a1($,§)+a2(5€a§)+a3(w7 )
where
+oo [/j—4
ai(z,D)f = < akﬂﬂj(D)f),
j=0 \k=0
400 Jj+3
as(z,D)f = arj i (D) f ]
j=0 \k=j—3
“+o00 [e’e]
ag(x,D)f = Z arji(D)f
§=0 \k=j+4
eWe have
j—4 Jj—4
F <Zakjfj) = F (Yr(D)aj) x F (¢;(D)f)
k=0 k=0
j—d
= (VuFoj) * (V;Ff).
k=0

Using the fact that supp(f * g) C suppf+suppg for all compactly supported distributions
j—4

J
f,g € S8’, we have suppF ( akjf]) - {f ER": 27t < €] < 022j+1} with ¢1, ¢ > 0.
k

[e=]

Then lemma 7 yields
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o, D)l
p(),ul-),q(-)

+oo [j—4
= Z(Z%%(DU)
7=0 \k=0 gs(.)
p(),u(),q(-)

A

j—4
(2]’8“ > agi(D)f
k=0

TUMp () u(y ()

AN

j_
( ol 29500y (D) f
h=0 TNMp () (g ()

AN

(st(')¢j(D)f>

INMp () ) ()

Then

llar(z, D) fll o) S s :
p(),u(),a() p()u(),0)

400 J+3
eFor the second part [|as(z, D) f| .« = Z Z ak; f; ;
p()su()a() — |\ —~
7j=0 \k=j-3 &50)
p(-),u(-),q(")
we observe that
J+3 J+3
FI DY aifi| = D Fw(D)oy) = F(;(D)f)
k=j—3 k=;j—3
j+3
= Y (Foy) x (% Ff).

k=j—3

Jj+3
Then F | ) ax;fj | is supported on the ball B(0,27+4).
k=j—3
By lemma 8,

j+3

laz(z, D) f|l o) S 275() Z ak; fj

p()su()a() Ml '

TEMp () u() ()
j+3 '

27| Jlaggll, 2°Oy(D)f

k=j—3

IN

TMMyp() ) (g ()

60
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j+3 3
One have Z lak;ll, . < Z 2% < oo (with 6 =1).
k=53 k=-3
Then
las (@, D) £l ot < H (2D f)
p()u().a() I iy Eay)
S fllgse -
Ep() ().
“+oo
e Now let us estimate last part. Since F Z ag; f; | is not supported on any ball
k=j+4

or shell, we cannot directly use neither lemma7 nor lemmas.
However, in &’ we can write

+oo +4o0 +oo k—4
DD ali=)) kil
=0 k=j+4 k=4 j=0
We have
k—4 k—4
F arifi | =) (UnFaj)* (b Ff).
=0 §=0
j—4
We have suppF (Z akjfj> C {5 eR?| 271 < €] < 022j+1} with c¢1,co > 0.
k=0
Thus we can use lemma 7.
+oo [k—4
llas(z, D) fl gsc) = DDkt
p(-),u(-),a(") k=4 \ j=0 ()
&
p(-),u(),q(+)
k—4
S 2500 " f;
i=0
! RIMp () () (Eq()
k—4
N lag; ||, 25Oy;(D) f
~ Okl Lo j
=0
! kI Mip () ) (g ()
If we use(13) with 6 = 1, we have
k—4 ‘
llas(z, D) f| oo S| D2tk (D)f
p(-),u(),q(+) =0

kUM i (Gg()
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= 2(k_j)(3(')_£)2j5(')wj(D)f

j=0
kUM u() ()

IN

Z2_|k—jlls’—f|2j5(')¢j(D)f

j=0
kUM i) (Gg ()

+ZOO 2—|k—j||57—4|2j5(')¢j(D)f

j:0 k

IN

Mp(y, () (bq())

By hypothesis |s~ — ¢| > 0. Therefore, by lemma 5

k—4
Sy tesle 3140, ) < | Osm) | |
= . Mp(),u) (o)
T My u() ()
Then
llas(@, D) fl o) S llgse :
p(-)yu(-),q(-) p(-),u(),q(+)
The proof is completed. O
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