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Abstract. Let mIO(X) be the family of x-open (resp. a-I-open, pre-I-open, semi-I-open, (-I-
open, etc.) sets in an ideal topological space (X, 7, I). By using mIO(X), we introduce and inves-
tigate the notions of an m-I-continuous multifunction F : (X, 7,I) — (Y, o) and mi*-continuous
multifunction F : (X, 7,1) — (Y,0,J) . The notion of mi*-continuity is a generalization of m-I-
continuity and ¢*-continuity [9].
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1. Introduction

Semi-open sets, pre-open sets, a-open sets, b-open sets and [-open sets play an impor-
tant role in the research of generalizations of continuity for functions and multifunctions. In
1961, Marcus [23] introduced the notion of quasicontinuity in topological spaces. Neubrun-
nova [26] showed that quasicontinuity is equivalent to semi-continuity due to Levine [21].
Banzaru [6] and Banzaru and Crivat [7] extended it to the notion of quasicontinuity for
multifunctions. Properties of quasicontinuous multifunctions are further investigated in
[13], [33], and [39].

The present authors introduced and studied a-continuous multifunctions [36], pre-
continuous multifunctions [39], S-continuous multifunctions [37]. Przemski [46] also intro-
duced the notions of a-continuity, precontinuity and presemi-continuity for multifunctions.
It is poved in [36] (resp. [39], [37]) that the notion of a-continuity (resp. precontinuity,
B-continuity) for multifunctions in the sense of Popa and Noiri is equivalent to that of
a-continuity (resp. precontinuity, presemi-continuity) in the sense of Przemski.

The notions of minimal structure, m-continuity, M-continuity are introduced in [40]
and [41]. By using these notions, the present authors unified theory of continuity in [42],
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[44], and [28] and other papers. The upper/lower m-continuous (resp. M-continuous)
multifunctions are introduced and investigated in [42], [44] (resp. [28], [29]) and other
papers.

The notion of ideal topological spaces was introduced in [20], [47]. As generelariza-
tions of open sets, the notions of semi-I-open sets, pre-I-open sets, a-I-open sets, b-I-open
sets and S-I-open sets are inroduced and studied. The notion of upper/lower-Icontinuous
multifunctions is introduced in [2]. Quite recently other results are obtained in [8], [9], [4],
[31] and other papers.

In this paper, by mIO(X) we denote the family of x-open (resp. semi-I-open, pre-
I-open, a-I-open, b-I-open, (-I-open, etc.) sets in an ideal topological space (X, 7,1I).
Then we introduce and investigate the notion of an m-I-continuous multifunction F' :
(X,7,I) — (Y,0) which generalizes the results obtained in [36], [37] and [39]. Further-
more, we introduce the notion of an mi*-continuous multifunction ' : (X, 7,I) — (Y, 0, J)
which generalizes the notions of i*-continuous multifunctions [9] and m-I-continuous mul-
tifunctions.

2. Preliminaries

Let (X, 7) be a topological spacce and A a subset of X. The closure of A and the
interior of A are denoted by Cl(A) and Int(A), respectively.

Definition 1. A subset A of a topological space (X, 7) is said to be
(1) a-open [27] if A C Int(Cl(Int(A))),
(2) semi-open [21] if A C Cl(Int(A)),
(3) preopen [24] if A C Int(Cl(A)),
(4) b-open [3] if A C Cl(Int(A)) UInt(Cl(A)),
(5) B-open [1] if A C Cl(Int(CI(A))).

The family of all semi-open (resp. preopen, a-open, b-open, -open) sets in (X, 7) is
denoted by SO(X) (resp. PO(X), a(X), BO(X), B(X)).

Throughout the present paper, spaces (X, 7) and (Y, o) always mean topological spaces
and F' : (X,7) — (Y,0) presents a multivalued function. For a multifunction, we shall
denote the upper and lower inverses of a subset B of Y by F*(B) and F~(B), respectively,
that is,

Ft(B)y={zx € X :F(z) CB}and F(B)={z € X : F(z) N B # 0}.

Let P(Y) be the collection of all nonempty subsets of Y. For any open set V' of Y, we

denote VT ={BeP(Y):BCV}and V- ={B e P(Y): BNV # 0} [46].

Definition 2. A multifunction F : (X,7) — (Y, 0) is said to be quasi-continuous [6], [7],
[33] (resp. precontinuous [39], a-continuous [36], 5-continuous [37]) at a point x € X if
for each open sets Gy, Gs of Y such that F(x) € G NG5, there exists a semi-open (resp.
preopen, a-open, (B-open) set U of X containing x such that F(u) € G NG5 for every
u € U. A multifunction is said to be quasi-continuous (resp. precontinuous, a-continuous,
B-continuous) if it has this property at each point of x € X.
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3. m~-continuous multifunctions

Definition 3. A subfamily myx of the power set P(X) of a nonempty set X is called a
minimal structure (briefly m-structure) on X if ) € myx and X € mx. Each member of
mx is said to be mx-open (briefly m-open) and the complement of an mx-open set is
said to be mx-closed. (briefly m-closed). A set X with an mx-structure my is called an
m-space and is denoted by (X, mx)

Remark 1. Let (X, 7) be a topological space. Then the families 7, a(X), SO(X), PO(X),
BO(X), B(X) are all m-structures on X.

Definition 4. Let X be a nonempty set and mx an m-structure on X. For a subset A
of X, the mx-closure of A and the mx-interior of A are defined in [22] as follows:

(1) mCl(A) ={F:ACF, X —-F ecmx},

(2) mInt(A) = U{U : U C A,U € mx}.

Remark 2. Let (X,7) be a topological space and A a subset of X. If mx = 7 (resp.
SO(X), PO(X), BO(X), a(X), B(X)), then we have

(1) mCl(A) = CI(A) (resp. sCI(A), pCI(A), bCI(A), aCl(A), 3CI(A)),

(2) mInt(A) = Int(A) (resp. sInt(A), pInt(A), bInt(A), adnt(A), gInt(A)).

Lemma 1. ([22]). Let (X, mx) be an m-space. For subsets A and B of X, the following
properties hold:

(1) mCl(X — A) = X — mInt(A) and mInt(X — A) = X —mCI(A),

(2) If (X — A) € mx, then mCl(A) = A and if A € mx, then mInt(A) = A,

(3) mC1(0) = 0§, mCl(X) = X, mInt(§) = @ and mInt(X) = X,

(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),

(5) A C mCl(A) and mInt(A) C A,

(6) mCl(mCl(A)) = mCI(A) and mInt(mInt(A)) = mInt(A).

Definition 5. A minimal structure mx on a nonempty set X is said to have property B
[22] if the union of any family of subsets belonging to mx belongs to mx.

Remark 3. Let (X, 7) be a topological space. Then the families 7, SO(X), PO(X), a(X),
BO(X) and f(X) are all minimal structures having property B.

Lemma 2. Let X be a nonempty set and mx an m-structure with property B. Then, the
following properties are hold:

(1) mInt(A) = A if and only if A € mx,

(2) mCl(A) = A if and only if A is m-closed,

(8) mInt(A) € mx and mCI(A) is m-closed.

Definition 6. A multifunction F : (X, myx) — (Y, 0) is said to be m-continuous at x € X
[42] if for each open sets Vi, Va of Y such that F(x) € V" NV, there exists U € mx
containing x such that F(u) € V;T NV, for every u € U. F is said to be m-continuous if
it has the property at each point of X.
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Remark 4. Let F': (X, mx) — (Y, 0) be a multifunction. If mx = SO(X) (resp. PO(X),
a(X), BO(X), 5(X)), then F is quasi-continuous (resp. precontinuous, a-continuous, b-
continuous, S-continuous).

Theorem 1. ([44]). For a multifunction F : (X, mx) — (Y, 0), the following properties
are equivalent:

(1) F is m-continuous at x € X;

(2) F(z) € Vit NV implies x € mInt[F*+ (V1) N F~(V4)] for every open sets Vi, Vo of
Y:

(3) v € mClF~(By) U F*(Bg)) implies x € F~(CI(By1)) U F*(Cl(Bsg)) for every
subsets B1, By of Y;

(4) v € F~(Int(By)) N F*(Int(Bs)) implies x € Int(F~(By) N FT(By)) for every
subsets By, Bs of Y.

Theorem 2. ([42]). For a multifunction F : (X,mx) — (Y,0), the following properties
are equivalent:

(1) F is m-continuous;

(2) FY(G1) N F~(Gy) = mInt(F*(G1) N F~(G3)) for every open sets G1,Ga of Y ;

(3) F~ (K1) U Ft(Ky) = mCl(F~ (K1) U FT(K3)) for every closed sets K1, Ko of Y;

(4) mCl(F~(By) U F*(Bg)) C F~(CI(By)) U F+(CI(By)) for every subsets By, By of
Y:

(5) F~(Int(B1)) N F*(Int(Bz)) C mInt(F~(B1) N F*(By)) for every subsets By, By of
Y.

For a multifunction F': (X, mx) — (Y, 0), we define D,,(F) as follows:
D, (F) = {x € X : F is not m-continuous at z}.

Theorem 3. ([44]). For a multifunction F : (X, mx) — (Y,0), the following equalities
hold:
Din(F) = Ug, creat FT(G1) N F7(G2) — mInt(F(G1) N F~(G2))}
= Up,,p,ePr){F~ (Int(B1)) N F*(Int(B2)) — mInt(F~(B1) N F(B2))}
= Up, BoeP(){mCUF™(B1) U FF(By)) — [F~(C(B1)) U F(CL(B2))]}
= UHl,ng]:{mCI(F_(Hl) U F*(Hs)) — [F~(Hy) U F*(Hs)]},
where F is the family of closed sets of (Y, 0).

Definition 7. ([42]). Let (X, mx) be an m-space. For a subset A of X, the mx-frontier
mFr(A) of A is defined as follows:

mFr(A) = mCl(A) NmCl(X — A).
Theorem 4. ([42]). The set of all points x € X at which a multifunction F : (X, 7,1) —

(Y,0) is not m-continuous is identical with the union of the mx-frontiers of the intersec-
tions of upper/lower inverse images of open sets containing/meeting F(z).

Definition 8. A subset B of a topological space (Y, o) is said to be
(1) a-regular [19] if for each b € B and any open set U containing b, there exists an
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open set G of Y such that b € G C CI(G) C U,
(2) a-paracompact [48] if every o-open cover of B has a o-open refinement which covers
B and is locally finite for each point of Y.

For a multifunction F : (X,mx) — (Y,0), by CI(F) : X — Y [6] we denote a
multifunction defined as follows: Cl(F)(z) = Cl(F(z)) for each x € X. Similarly, sCI(F)
(resp. pCl(F), aCl(F'), bCI(F), SCI(F') ) is defined in [32] (resp. [34], [35], [8], [38]).

Theorem 5. ([42]). Let F : (X,mx) — (Y,0) be a multifunction such that F(x) is a-
reqular and a-paracompact for each x € X. Then the following properties are equivalent:
(1) F is m-continuous;
(2) G is m-continuous, where G = Cl1(F), sCI1(F), pCl(F), aCl(F), bCl(F), and
BCI(F).

Definition 9. ([42]). A multifunction F : (X, mx) — (Y, 0) is said to be

(1) upper m-continuous at x € X if for each open set V' containing F'(x), there exists
U € mx containing x such that F(U) C V,

(2) lower m-continuous at x € X if for each open set V meeting F'(x), there exists
U € mx containing x such that F(u) NV # 0 for every u € U,

(3) upper/lower m-continuous if it has this property at each point = € X.

Theorem 6. ([42]). Let X be a nonempty set with two m-structures m and m% satisfying
property B such that V) € m% and Vo € m?X implies Vi N Vy € m% If a multifunction
F : (X,mY) — (Y,0) is upper m-continuous and F : (X,m%) — (Y,o) is lower m-
continuous, then F : (X,m%) — (Y,0) is m-continuous.

Theorem 7. ([42]). Let X be a nonempty set with two m-structures m_1X and m%c satisfying
property B such that V, € m}( and Vo € mg( implies V1 N Vy € m}( If a multifunction
F : (X,mY) — (Y,0) is lower m-continuous and F : (X,m%) — (Y,0) is upper m-
continuous, then F : (X,m%) — (Y,0) is m-continuous.

4. Ideal topological spaces

Let (X, 7) be a topological space. The notion of ideals has been introduced in [20] and
[47] and further investigated in [1§]

Definition 10. A nonempty collection I of subsets of a set X is called an ideal on X if
it satisfies the following two conditions:

(1) Ae I and B C A implies B € 1,

(2) A€l and B € I implies AUB € I.

A topological space (X, 7) with an ideal I on X is called an ideal topological space and
is denoted by (X, 7,I). Let (X,7,I) be an ideal topological space. For any subset A of
X, A (I,7)={x e X:UNAg¢I for every U € 7(x)}, where 7(z) = {U € 7 : z € U},
is called the local function of A with respect to 7 and I [18]. Hereafter A*(I, 1) is simply
denoted by A*. It is well known that CI*(A) = A U A* defines a Kuratowski closure
operator on X and the topology generated by CI* is denoted by 7*.
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Lemma 3. Let (X, 7,1) be an ideal topological space and A, B be subsets of X. Then the
following properties hold:

(1) A C B implies CI*(A) C CI*(B),

(2) CI*(X) = X and CI*(0) = 0,

(3) CI*(A) UCI*(B) Cc CI*(AU B).

Definition 11. Let (X, 7, 1) be an ideal topological space. A subset A of X is said to be
(1) a-I-open [16] if A C Int(Cl*(Int(A))),

Cl
weakly b-I-open [25] if A C Cl(Int(Cl*(A))) U CI*(Int(Cl(A))),
strongly -I-open [15] if A C CI*(Int(CI*(A))),
semi*-I-open [12] if A C Cl(Int*(A)),
) pre*-I-open [11] if A C Int*(Cl(A)),
11) Br-open [11] if A C Cl(Int*(CI1(A))).

)
)
)5
) weakly semi-I-open [14] if A C CI*(Int( (A))),
)
)
)
0

The family of all a-I-open (resp. semi-I-open, pre-I-open, b-I-open, 3-I-open, weakly
semi-/-open, weakly b-I-open, strongly [-I-open, semi*-I-open, pre*-I-open, [7-open)
sets in an ideal topological space (X, 7, 1) is denoted by alO(X) (resp. SIO(X), PIO(X),
BIO(X), SIO(X), WSIO(X), WBIO(X), SFIO(X), S*IO(X), P*I0(X), SrO(X)).

Definition 12. By mIO(X), we denote each one of the families 7%, alO(X), SIO(X),
PIO(X), BIO(X), BIO(X), WSIO(X ), WBIO(X), SBIO(X), STO(X), P*IO(X), B*IO(X).

Lemma 4. Let (X, 7, 1) be an ideal topological space. Then mlO(X) is a minimal structure
and has property B.

Definition 13. Let (X, 7, ) be an ideal topological space. For a subset A of X, mClj(A)
and mInt;(A) are defined as follows:

(1) mCli(A) = {F: AC F, X\ F e mlO(X)},

(2) mInt(A) = U{U : U C A,U € mIO(X)}.

Let (X, 7,I) be an ideal topological space and mIO(X) the mx-structure on X. If
mlIO(X) = 7* (resp. alO(X), SIO(X), PIO(X), BIO(X), SI0(X), WSIO(X), WBIO(X),
SPAIO(X)), S*I0(X), P*I0(X), B*I0(X), then we have the following:

(1) mCl;(A) = CI*(A) (resp. aCli(A4), sCli(A), pCli(A), bCli(A), SCL(A), wsCli(A),
wbCli(A), sBClL(A), s*Cli(A), p*Cli(A), 5*Cli(A)),

(2) mInt;(A) = Int*(A) (resp. alnti(A), sInti(A), pInt;(A), bInt(A), SInt;(A), wsIntr(A),
wblntr(A), sfIntr(A), s*Int;(A), p*Inti(A), 5*Int;(A)).

5. m-I-continuous multifunctions

Definition 14. A multifunction F : (X,7,1) — (Y,0) is said to be m-I-continuous at
x € X if for each open sets Vi, V5 of Y such that F'(x) € V1+ﬂV2_, there exists U € mIO(X)
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containing x such that F(u) € V;T NV, for every u € U. F is said to be m-I-continuous
if it has the property at each point of X.

By Theorem 1 and Definition 13, we obtain the following theorem.

Theorem 8. For a multifunction F : (X,7,I) — (Y,0), the following properties are
equivalent:

(1) F is m-I-continuous at x € X ;

(2) F(z) € Vit NV, implies x € mInt;[F+ (V1) N F~(Va)] for every open sets Vi, Vo of
Y:

(3) v € mCli(F~(B1) U F™(Bsg)) implies x € F~(Cl(By1)) U F*(CI(Bg)) for every
subsets B1, By of Y;

(4) x € F~(Int(B1)) N F(Int(Bz)) implies € mlnt;(F~(By) N F(By)) for every
subsets B1, By of Y.

By Theorem 2 and Definition 13, we obtain the following theorem:

Theorem 9. For a multifunction F : (X,7,I) — (Y,0), the following properties are
equivalent:

(1) F is m-I-continuous;

(2) FT(G1) N F~(G2) € mIO(X) for every open sets G1,Ga of Y ;

(3) F~ (K1) U Ft(Ks) is m-I-closed for every closed sets K1, Ky of Y;

(4) mCly(F~(By) U F*(By)) C F~(CI(By)) U FT(C1(B2)) for every subsets By, By of
Y:

(5) F~(Int(B1)) N F*(Int(Bs)) C minty(F~(By) N FT(Bs)) for every subsets By, By

of Y.

Let mIO(X) = 7*, then by Theorem 9, we obtain the following corollary:

Corollary 1. For a multifunction F : (X,7,I) — (Y,0), the following properties are
equivalent:

(1) F is 7" -continuous;

(2) F*(Gy) N F~(Gy) € T for every open sets G1,Ga of Y;

(3) F~ (K1) U F*(Ks) is 7" -closed for every closed sets K1, Ks of Y;
(4) CI*(F~(B1)UF™(By)) C F~(CI(By))UFT(CI(By)) for every subsets By, Ba of Y;
(5) F~(Int(B1)) N F*(Int(Bg)) C Int*(F~(B1) N F*(By)) for every subsets By, Ba of
Y.

Let mIO(X) = SIO(X), then by Theorem 9, we obtain the following corollary:

Corollary 2. For a multifunction F : (X,7,I) — (Y,0), the following properties are
equivalent:

(1) F is semi-I-continuous;

(2) F*(G1) N F~(Gs) € SIO(X) for every open sets G1,G2 of Y;

(3) F~ (K1) U Ft(Ks) is semi-I-closed for every closed sets K1, Ko of Y;

(4) sCli(F~(By) U F*(Bg)) C F~(CI(By1)) U F*T(CI(Bg)) for every subsets By, By of
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}/7.

(5) F~(Int(By)) N FT(Int(Bsy)) C slnty(F~(B1) N F*(Bsy)) for every subsets By, By of
Y.

For a multifunction F': (X, 7,1) — (Y, 0), we define D,,;(F') as follows:
Dp1(F) = {xz € X : F is not m-I-continuous at x}.

Theorem 10. For a multifunction F : (X, 7,I) — (Y,0), the following equalities hold:
Dy (F) = U, goeoatFT(G1) N F7(G2) — mInt (F7(G1) N F~(Ga))]}
UBl,BQEP {F (Int(Bl)) N F+(Int(32)) — mIntI(F*(Bl) N F+<B2))}
UBl,BQGP(Y {mClL(F~(B1) U F*(B2)) — [F~(CI(B1)) U F*(CI(B2))]}
= Un, e FAmCL(F~ (Hy) U FT(Hy)) — [F~(Hy) U F*(Hy)]},
where F is the family of closed sets of (Y, o).

Let mIO(X) = SIO(X), then by Theorem 10 we obtain the following corollary.

Corollary 3. For a multifunction F : (X,7,I) — (Y, 0), the following equalities hold:
Din(F) = Ug, aeo{FT(G1) N F7(Ga) —sInti(F7(G1) N F~(Ga))]}
= U, B,eP){F~ (Int(B1)) N F*(Int(By)) — sInty(F~(B1) N F*(B2))}
= U, yeP ) {sCL(F™(B1) U F(By)) — [F~(CI(B1)) U F (CL(By))]}

= UHl,ng]:{SCII(F_(Hl) U F* (Hy)) — [F~(Hy) U FT (Ha)l},
where F is the family of closed sets of (Y, 0).

Definition 15. Let (X,7,I) be an ideal topological space. For a subset A of X, the
my-frontier mrFr(A) of A is defined as follows:

miFr(A) = mCl(A) NmCl (X — A).
Theorem 11. The set of all points v € X at which a multifunction F : (X, 7,I) — (Y, 0)

is not m-I-continuous is identical with the union of the my-frontiers of the intersection of
upper/lower inverse images of open sets containing/meeting F(x).

Proof. The proof follows from Definition 13 and Theorem 4.

If mIO(X) = 7*, then we obtain the following corollary:

Corollary 4. The set of all points x € X at which a multifunction F : (X,7,1) — (Y,0)
is not T*-continuous is identical with the union of the T*-frontiers of the intersection of
upper/lower inverse images of open sets containing/meeting F(x).

If mIO(X) = SIO(X), then we obtain the following corollary:

Corollary 5. The set of all points x € X at which a multifunction F : (X,7,1) — (Y, 0)
is not semi-I-continuous is identical with the union of the St-frontiers of the intersection
of upper/lower inverse images of open sets containing/meeting F(z).
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Theorem 12. Let F : (X, 7,I) — (Y,0) be a multifunction such that F(x) is a-reqular
and a-paracompact for each x € X. Then the following properties are equivalent:

(1) F is m-I-continuous;

(2) G is m-I-continuous, where G = CUF(z)), sCI(F), pCl(F), aCI(F), bCIl(F),
BCI(F).

Proof. The proof follows from Theorem 5.

Definition 16. A multifunction F': (X, 7,I) — (Y, 0) is said to be

(1) upper m-I-continuous at x € X if for each open set V containing F'(x), there exists
U € mIO(X) containing x such that F(U) C V,

(2) lower m-I-continuous at xinX if for each open set V meeting F(z), there exists
U € mIO(X) containing z such that F(u) NV # ) for every u € U,

(3) upper/lower m-I-continuous if it has this property at each point z € X.

Theorem 13. Let X be a nonempty set with two m-structures mﬁ( and m% satisfying
property B such that V) € m}( and Vo € mg( implies V1 N Vy € m}( If a multifunction
F : (X,7,1) = (Y,0) is upper mi-I-continuous and F : (X,7,1) — (Y,0) is lower

m3 -I-continuous, then F : (X,7,I) — (Y,0) is mX-I-continuous.

Theorem 14. Let X be a nonempty set with two m-structures m& and mﬁ( satisfying
property B such that V) € m}( and Vo € m%( implies V1 NV, € m}( If a multifunction
F:(X,7,1) = (Y,0) is lower mk -continuous and F : (X,7,1) — (Y,0) is upper m%-

continuous, then F : (X,7,1) — (Y, o) is m} -I-continuous.

6. mi*-continuous multifunctions

A multifunction F' : (X, 7,1) — (Y, 0, J) is said to be i*-continuous [9] if for each € X
and each o*-open sets Vi, V5 of Y such that F(x) € Vl+ NV, , there exists a 7*-open set
U containing = such that F(U) C V;" and F(u) N Vs # 0 for every u € U.

Definition 17. A multifunction F : (X, 7,I) — (Y, 0,J) is said to be mi*-continuous if
for each z € X and each o*-open sets V1, V5 of Y such that F(z) € Vl+ N V5, there exists
an mIO(X)-open set U containing x such that F(U) C V;© and F(u) NV, # 0 for every
uecU.

Remark 5. For a multifunction F' : (X, 7,1) — (Y, 0, J), we have the following properties:
(1) If mIO(X) = 7*, then every mi*-continuous multifunction is i*-continuous. There-
fore, the notion of mi*-continuity is a generalization of ¢*-continuity.
(2) If J = {0}, then o* = o. Therefore, the notion of mi*-continuity is a generalization
of m-I-continuity.

Theorem 15. For a multifunction F : (X, 7,1) — (Y,0,J), the following properties are
equivalent:
(1) F is mi*-continuous;
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(2) For each point x € X and each o*-open sets Vi, Va of Y such that F(x) € V[ NV;,
z € mlnt (F+ (V) N F~(Va));

(3) FT (Vi) N F~(V2) € mIO(X) for every o*-open sets Vi, Va of Y';

(4) F~ (K1) U Ft(Ksy) is m-I-closed for every o*-closed sets K1, Ko of Y;

(5) mCly(F~(B1) U FT(By)) C F~(CI*(By)) U F*(CI*(By)) for every subsets By, Bo
of Y;

(6) F~(Int*(By)) N FT(Int*(Bz)) C mInt (F~(B1) N F(By)) for every subsets By, Bo
of Y.

Proof. (1) => (2): Let x € X and Vj, V2 be any o*-open sets of Y such that
F(z) € V;"NV, . Then there exists U € mIO(X) containing x such that F(U) € V;* NV, .
Therefore, U C F*(V;) N F~(V3) and hence x € mInti(F+(Vy) N F~(V3)).

(2) => (3): Let Vi,V be any o*-open sets of Y and z € F* (V) N F~(V3). Then
F(z) ¢ Vi and F(z) N Vo # 0. By (2), we have z € mlnt;(F*(V;) N F~(V)) and
FH(Vi)NF~(V2) C mint (F*(V1)NF~(V2)). This shows that F'*(V1)NF~ (V2) € mIO(X).
(3) => (4): This easily follows from the fact that F~(Y — B) = X — F*(B) and
FY(Y — B) =X — F~(B) for every subset B of Y.

(4) => (5): Bi,Ba be any subsets of Y. Then CI*(B;) and Cl*(B3) are o*-closed.
By (4), mCli(F~(B1) U FT(By)) C mCli(F~(CI*(B1)) U FT(CI*(By))) = (F~ (CI*(By)) U
F+(CI*(Bg)).

(5) => (6): By, Ba be any subsets of Y. By (5), we have

X — mIntI(F*(Bl) ﬁF+(BQ)) = mClI(X — (Fi(Bl> ﬁF+(B2))) = mClI((X — Fi(B1>) U
(X—F*(By))) = mCly (F* (Y —By)UF—(Y —By)) C F*(CI*(Y —By))UF~(CI*(Y —By)) —
(X — P~ (Int*(B1))) U (X — F*(Int*(Ba))) = X — (F~(Int*(B1)) N F~* (Int*(By))).

Therefore, we obtain F~ (Int*(By)) N F(Int*(Bs)) C mint;(F~(By) N F1(By)).

(6) => (1): Let z € X and V4, Va be any o*-open sets of Y such that F(z) € V;f NV, .
By (6), F~ (V1) NF*(V2) C mlnt;(F~ (V1) N FT(V3)). This shows that F~ (V)N F*(V3) €
mlIO(X). And put U = F~ (V1) N F*(V3). Then U is an mIO(X)-open set containing x
such that F(U) C V;" and F(u)NV, #  for every u € U. Therefore, F is mi*-continuous.

If mIO(X) = SIO(X), by Theorem 15 we obtain the following corollary:

Corollary 6. For a multifunction F : (X, 7,1) — (Y,0,J), the following properties are
equivalent:
(1) F is si*-continuous;
(2) For each point x € X and each o*-open sets Vi, Vo of Y such that F(z) € V[ NV, ,
x € slnty(F* (Vi) N F~(Va));
(3) F* (Vi) N F~(V,) € SIO(X) for every o*-open sets Vi,Va of Y;
(4) F~ (K1) U Ft(Ks) is semi-I-closed for every o*-closed sets Ky, Ko of Y;
(5) sClf(F~(B1)U F™(Bs)) C F~(CI*(By))U FT(CI*(B3)) for every subsets By, By of
Y:
(6) F~(Int*(By)) N F*(Int*(Bg)) C slnty(F~(By) N F1(By)) for every subsets By, Ba
of Y.
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If mIO(X) = PIO(X), by Theorem 15 we obtain the following corollary:

Corollary 7. For a multifunction F : (X,1,I) — (Y,0,J), the following properties are
equivalent:

(1) F is pi*-continuous;

(2) For each point x € X and each o*-open sets Vi, Vo of Y such that F(z) € V"NV, ,
x € plnty(FT (V1) N F~(V3));

(3) F*(Vi) N F~(V,) € PIO(X) for every o*-open sets Vi, Vs of Y ;

(4) F~ (K1) U FT(K3) is pre-I-closed for every o*-closed sets K1, Ko of Y;

(5) pClL(F~(B1) UF*(Bg)) C F~(CI*(By)) UF*(CI*(By)) for every subsets By, Ba of
Y:

(6) F~(Int*(By)) N F+(Int*(Bs)) C pInty(F~(By) N FT(Bg)) for every subsets By, By
of Y.

Theorem 16. The set of all points x € X at which a multifunction F : (X, 7,I) —
(Y, 0,J) is not mi*-continuous is identical with the union of the my-frontiers of the inter-
section of upper/lower inverse images of x-open sets containing/meeting F(x).

Proof. The proof follows similarly from Theorem 11.

If mIO(X) = 7*, then we obtain the following corollary:

Corollary 8. The set of all points x € X at which a multifunction F : (X, 7,1) — (Y,0,J)
is not T*-continuous is identical with the union of the T*-frontiers of the intersection of
upper/lower inverse images of x-open sets containing/meeting F(x).

If mIO(X) = SIO(X), then we obtain the following corollary:

Corollary 9. The set of all points x € X at which a multifunction F : (X, 7,1) — (Y,0,J)
is mot si*-continuous is identical with the union of the Sr-frontiers of the intersection of
upper/lower inverse images of x-open sets containing/meeting F(x).
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