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Abstract. In this paper, we study a new approach of investigation of existence, uniqueness and
stability of the periodic solution of the nonlinear fractional integro-differential equation of type
Caputo-Fabrizio fractional derivative with the initial condition, periodic boundary conditions, and
integral boundary conditions by using successive approximations method and Banach fixed point
theorem. Finally, some examples are present to illustrate the theorems.
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1. Introduction

Fractional differential equations have been recognized in the last decade as important
tools to describe the mathematical modeling of processes in the fields of physics, chem-
istry, engineering, statistics, aerodynamics, control theory, signal and image processing,
etc.[10, 11, 13]. On the other hand, we observe periodic motions in every field of science
and everywhere in real life [6]. The theory and applications of the fractional differential
equations have recently been addressed by several researchers for a variety of problems,
which we refer the reader to [1, 2, 4]. We mention here some of these definitions, such
as Riemann-Liouville, Hadamard, Griinwald-Letnikov, Weyl, Riesz, Erdélyi-Kober, and
Caputo. Compared with an integer order, a significant feature of a fractional order dif-
ferential operator appeared in its hereditary property. In other words, when we describe
a process by a fractional operator, we predict the future state by its current as well as its
past states [14, 16].

However, the new definition suggested by Caputo and Fabrizio [5], which has all the
characteristics of the old definitions, assumes two different representations for the tem-
poral and spatial variables.They claimed that the classical definition given by Caputo
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appears to be particularly convenient for mechanical phenomena, related to plasticity,
fatigue, damage, and with electromagnetic hysteresis. The main advantage of the Caputo-
Fabrizio approach is that the boundary conditions of the fractional differential equations
with Caputo-Fabrizio derivatives admit the same form as for the integer-order differential
equations. On the other hand, the Caputo-Fabrizio fractional derivative has many signifi-
cant properties, such as its ability in describing matter heterogeneities and configurations
with different scales [12, 20].

In [21], we have the analytic solutions of a viscous fluid with the Caputo and Caputo-
Fabrizio fractional derivatives. In [8], the authors used the fractional derivative with
a nonsingular kernel to model a Maxwell fluid and found semianalytical solutions. In
[22], we found a comparison approach of two latest fractional derivatives models, namely,
Atangana-Baleanu and Caputo- Fabrizio, for a generalized Casson fluid and obtained exact
solutions. Due to the abovementioned applications, the existence of solutions for nonlinear
differential equations is an attractive research topic and has been studied using different
techniques of nonlinear analysis [9, 18]. One of the most important theorems in ordinary
differential equations is Picard’s existence and uniqueness theorem. This theorem, which
is applied on first-order ordinary differential equations, can be generalized to establish
existence and uniqueness results for both higher-order ordinary differential equations and
systems of differential equations [3, 7, 15, 17].

In this paper, we investigate the existence and approximate periodic solution of the
following nonlinear fractional integro-differential equation:

a(t)
6" D (u(t) = h <t7U(t)7/ g(S,U(S))d8> (1.1)
0

such that ¢t € J = [0,T], with the initial condition u(0) = ug, where {¥ D¢ denotes
the Caputo-Fabrizio fractional derivative (« € (0,1]). We extend Picard’s theorem to this
problem, and by the successive approximation method, an iterative process is provided to
obtain the periodic solution.

2. Preliminaries

In this section, we recall some notations and definitions which are needed throughout
this paper. Further, some lemmas and theorems are stated as preparations for the main
results. First, in the following, we provide some basic concepts and definitions in connec-
tion with the new Caputo-Fabrizio derivative.

Let H'(a,b) = {g|lg € L?*(a,b),g’ € L?(a,b)}, where L?(a,b) is the space of square inte-
grable functions on the interval (a,b).

Definition 1. [10] For a function g : (0,00) — R, the Caputo derivative of order a > 0
of g is defined by

EDog(t) = —— ) / (t— 5" g™ (g)ds  (2.1)

'n—a
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where n = [a] + 1 and [a] denotes the integer part of «, and I'(.) denotes the Gamma
function, i.e., T'(z) = [ e "t*  dt

Definition 2. [10] Let g be a function which is defined almost everywhere a.e on [a,b],
for a > 0, we define

b I 1

D™ =— b—t)* " g(t)dt (2.2

207 = s [ o=0twar (22)
provided that the integral (Lebesgue)exists.

Definition 3. [5/ Let g be a given function in H'(a,b). The Caputo-Fabrizio derivative
of fractional order a € (0,1) is defined as

i) = (1) [ e [-at=E] @ (29)

l—«o

where N(«) is a normalization function. Also, if a certain function g does not satisfy in
the restriction g € H'(a,b), then its fractional derivative is redefined as

aN («) t—az]dx (2.4)

t
CF na _ _ —
Do) = T2 [ ) - g)exp | o
Clearly, if one sets 0 = (1 —a)/a € (0,00) and a« = 1/(1 4+ o) € (0,1), then the Caputo-
Fabrizio definition becomes

—

i) = M2 [*gwyen [ 29

g

where N(0) = N(oc0) =1, and

lim exp [—Uﬂ —§(z—1). (26)

Also, the fractional derivative of order (n+ «) whenn >1 and o € [0,1] is defined by the
following

CFD M (g(1) = oD (DMg(t))  (2.7)
Definition 4. [5] Let g € H'(a,b), then its fractional integral of an arbitrary order is
defined as follows:
2(1 — a) 20 ¢
—— gt + ds,t >0 (2.8
TR+ Gy [ 9@t =0 28)

It is dear, in view of the abowe definition, that the a th Caputo-Fabrizio derivative of
function g is average between g and its first-order integral. Therefore,
2(1 —«) n 2a
(2—a)N(a)  (2—a)N(a)

So, we arrive at the following

aCi(g(t)) =

=1 (29)
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Definition 5. The periodic solution of the fractional integro-differential equation (1.1),
with initial condition u(0) = ug and periodic boundary condition u(0) = u(T) are defining
the following integral equation

u(t,ug) = ug + %hu u(®), ) g(s, u(s))ds)
<(2 i>ﬁ3a) e Jo hls,u(s), 5@ slru(r >> s + N(a)
Jah(s,u(s), [ g(r,u(r))dr) — % [T A(s,u(s), [ 7))dr)ds)ds  (2.11)
For allt € J.
Lemma 1. [19] Let g(t) be a vector function which is defined in the interval 0 <t < T,

then: /Ot <g(s) 7 ;/(]Tg(s)d5> X

where M = maXeo 1y lg(t)| and B(t) = 2t (1 - %) » MaX¢e(0,7] 1B(1)] < %
The proof follows directly from the estimate:

/Ot<g(3)—;/ng(s)ds)ds < <1—>/ lg(s |d5+/ s)|ds

< Bt)M

Theorem 1. [10] (Banach fized point theorem). Let (E,||.||) be a Banach space and
P : E — E be a contraction mapping i.e. Lipchitz continuous with Lipchitz constant
L €10,1). Then ¢ € E has a unique fized point.

< BOM, (2.12)

3. Conditions for Convergence of Successive Approximation

Some conditions are needed for investigate of the successive approximation for pe-
riodic solution of the problem (1.1) with u(0) = ug, suppose that the functions h €
C ([0,T] x Dy x D3,R),g € C([0,T] x D1,R), Dy and Dy are compact subset of R, a(t) is
continuous functions on [0, 7], moreover define |.| = max;c(o 7] |-|, and satisfies the follow-
ing hypothesis.

H; There exist positive constants M, L, k1, ko,and L1, such that

|h(t,u,2z)| < M (3.1)
lg(t,u)| <L (3.2)
’h (t,u1, 21) —h (t,’u,g, 22)| <k |U1 — ’LLQ’ + ko |2’1 — Zg’ (33)
g (t,u1) — g (t,u2)| < Lifur —ua|  (3.4)

where Zl_fo (s,ui(s))ds and for all t € [0, T], w,ui,us € Dy and z; € Do, i=1,2
Hs : There exist posmve constants ar, such that for ¢t € [0, 77,

la(t)| < ar (3.5)
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Define the non-empty set

Dp=D;— M; (3.6)
where

M, = <2(1—a)+a2T>M

Furthermore, we suppose that the following condition is valid:

A= <2<1 — a) + Oé2T> (kl + aTle‘g) <1 (3.7)

4. Main Results

Our main results separate to the following parts:

4.1. Approximation of Periodic Solution of (1.1)

In this section, we study the periodic approximation solutions of nonlinear fractional
integro-differential equations (1.1) with u(0) = up. In the beginning, we define the follow-
ing sequence of functions {um+1},._, given by the iterative formulas

Um+1 (t,u0) = uo + ﬁ (t, um (t fo (s, um(s)) ds)
22% Z\O;(a T fo (s, um (s oa(S) g(r, “m( ))dT) ds + 1 o?)aN(a)
fo (s, um(s), fy (s) g (7, um( ) dr) — - fo (s, um(s fa(s) g (T, upm (7)) dr)ds)ds (4.1)
For all t € J,ug(t) = ugp,m =0,1,2,...,
then will be introduced by the following theorems.

Theorem 2. If the nonlinear fractional integro-differential equation (1.1) with u(0) = ugp
satisfy the conditions Hy, and Ha, then the sequence of functions (4.1), which are periodic
in t of period T, converges uniformly as m — oo on the domain:-

(t,uo) € [O,T} x Dy (4.2)

to the limit functions ug defined on the domain (4.2) which is periodic in t of period
T and satisfies the following integral equations:

u (t, up) = g + %h u(t) fo u(s))ds)
((2 oléj\ofl()a) Tfo >f0 K T, U ) 7)ds + W
Jo (s, u(s), Jy*) g( T, <T>>d7> - %IOT Jus), f3) g(r, u(r))dr)ds)ds  (4.3)

on the domain (4.2), provided that
lu (t,10) — Uyt (£, ug)] < A™(E - A)"IM;  (4.4)
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forallm > 0,up € D, and t € J
Proof. Setting m = 0 in the sequence of functions (4.1) and by using Lemma 1, we have
41 - «) 2
t) | M
a e * =)

luq (t,up) — up| < <

< <2(1—a)+0‘2T>M:M1

for all t € [0,T],up € Dy, we get uy (t,up) € D1. Thus by mathematical induction, we find
that

|t (£, u0) —ugl <My (4.5)

mean that for all ¢ € [0,7T],uy € Dj, we get up, (t,up) € D1,m =0,1,2,...
Now, we claim that the sequences of functions (4.1) are uniformly convergent on the
domain (4.2). By the inequalities (3.3)-(3.5), we obtain

oI
|um+1 (t,uo) — Um, (t,UQ)| < (2(1 — Oé) + 2> (k‘l + aTleg)

|um <t7 9 UO) — Um—1 (ta 9 UO)’
= A|up (t,,up) — Um—1 (tr,uo)| (4.6)

By mathematical induction, we obtain that
| U1 (£, 10) — U (£, 00)] < A™|uq (8, up) —uo|  (4.7)
Now fromm =1,2,... and p > 1, we find that

ol

Ut (£, 10) — U (£, 10)] < A™(1— A)~? ((2(1 —a)+ 2) M)

<A1 =AMy, (4.8)

for all t € [0, T], up € Dy,
Since A = (2(1 — a) + %) (k1 + arLiks) < 1 and lim,,—,oo A™ = 0, so that the right side
of (4.8) tends to zero. Therefore the sequence of functions wu,, (t,ug),m = 1,2,3,... is
converges uniformly on the domain (4.2) to the limit function u (t,ug) which is defined on
the same domain. Let

Hm wy, (6, u0) = ug (t,ug)  (4.9)

m—r0o0

Since the sequence of functions (4.1) are periodic in t of period T, then the limiting function
ug (t,ug ) is also periodic in t of period T. By using the relation (4.9) and proceeding in
(4.1) to limit, when m — oo, it is converging that the limiting function w (¢, ug) is the
periodic solution of the integral equation (4.3).

Theorem 3. If all assumptions of the Theorem 2 are satisfy, then u(t,uy ) is a unique
solution of the problem (1.1 ) with u(0) = up.
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Proof. Assume that @ (¢,up) is another solution of the problem (1.1) with «(0) = wo,
as follows

G (t,up) = ug + %h t), [ t) s, (s))ds)
((22% a)a) Tfo (s,a(s), fo g g(T, ( )) )d5+m
Jin(s,a(s), [7 g(r,a(r))dr) — L [ h(s,a(s), [ g(r,a(r)dr)ds)ds  (4.10)

Now, the difference between the two solutions u (t,up) and 1 (t,up),for all t € [0, T]
and ug € Dy, hence, by the inequalities (3,3) — (3.5), we get

. oT .
|U_ (t,uo) —1u (t, u0)| < <2(1 — oz) + 2) (kl + ayleg) \u (t, 11()) —1u (t,u0)|
< Afu(trug) —a(t,ug)|  (4.11)

By mathematical induction, we find that

[u(t,up) —a(t,up)| < A™ju(t,ug) —a(t,ug)| (4.12)
From the condition ( 3.7 ), shows that the solution u (t,up) = 1 (t,up), thus u(t,up ) is a
unique periodic solution on the domain (4.2).
4.2. Existence of Periodic Solutions of (1.1)

The problem of the existence of the periodic solution for the problem (1.1) with u(0) =
up is uniquely connected with the existence of the zeros of the functions:-

T a(s)
p(0,u9) = }I‘/o h <s,u(s),/0 g(T,’LL(T))dT) ds (4.13)

Also, we define the sequences of functions p,, (0, ug) are approximately determined by the
following:

T a(s)
Jian (0, 10) = 1T/o h (3,um(s),/0 o (r, um(T))dT> ds (4.14)

Theorem 4. If the hypotheses and all the conditions of the theorem 2 are given, the
following inequalities are satisfied:-

|;L (O,UO) — Um (0,110)| < (/6‘1 + aTle'g) Am(l — A)_lMl (4.15)
holds for allm > 0
Proof. From equations (4.13) to (4.14), we obtain that

[k (0,u0) = pim (0,u0)| < (k1 + arLiks) [u (¢, u0) — um (¢, u0)|

<
< (k1 + apLike) A™(1 — A)™*M;  (4.16)
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The inequality (4.15) is hold for all m > 0.

Theorem 5. Let the function h(s,u(s),z(t)) be defined on the intervals [c,d] on R and
periodic in t of period T, suppose that for all m > 0, then the sequences of the functions
tm (0,ug) which are defined in (4.14) satisfy the inequalities:-

ming, (e, fm (0,10) < — (k1 + arLika) A™(1 — A)~' M, } (4.17)

maxy,ele,d fm (0,10) > (k1 + arLika) A™(1 — A)~1M;

Then the problem (1.1) has a periodic solution u (t,ug ) such thatug € [c,d] = [c + My, d — M;]

Proof. Let u; and uy be any points belonging to the intervals [c, d], such that

fi (0,u1) = minuoe[c,d] fim (0, 10) } (4.18)
fim (0, u2) = maXy,cle,d) Hm (0,u9)

By using inequalities (4.15) to (4.18),, the following are obtained:-

£(0,u1) = i (0, 1) + (120, w1) — pomn (0,11)) < 0
1(0,u2) = pm (0,12) + (1 (0,u2) — pi (0,12)) >0 } (4.19)

and from the continuity of the functions p (0, u1) , i (0, u2) and the inequalities (4.19), then
the isolated singular points u” € [c, d] exist such that u (O, uo) = 0. This means that (1.1)
has a periodic solution u (t,up).

4.3. Stability of Periodic Solution of (1.1)

In this section, we investigate the stability or periodic solution of (1.1).

Theorem 6. Let the function p(0,up) be defined by the equation (4.13) where u (t,up) is
a limit of the sequence of the function (4.1), then the following inequalities yield:-

|1 (0,u0)| < M (4.20)

and
1 (0,u) — p (0,u8)| < FoFs ug —ug|  (4.21)
where
ol 1
Fy :2(1—0[)—{—7, Fy=ki+arliky, F3= (1—F1F2)

Proof From the properties of the function w (¢, ug) as in the Theorem 2, the function
1£(0,10) ,up € D is continuous and bounded by :=2¢¢” + M in the domain (4.2). From

(4.13), we obtained that
a(s)
h(suts), [ etr (s
0

1 T
1 (0,u0)| < T/ ds <M (4.22)
0
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Next, from inequality (4.13), we get
|\ (0,u8) — p (O,ug)‘ < (k1 4 arLiks) [u (t,ug) —u(t, ug)‘

< Fu(t, ug) — u (t, ug)‘ (4.23)

where the functions u (t, u(l)) and u (t, ug) are solutions of the integral equation:-

(t uo) =+ 2l h (o () 5 g (s, (s, 0)) ds ) -
ot t fy ( (o), 58 o uf)) dr) ds-+
(2 @) fo Ju (s ,ug), oa g (ru(r, UO)) dr) —

—T fo (s,u (s uo) fO (S)g (1, u (T uo)) dr)ds)ds  (4.24)

where k = 1,2, from (4.24), we get

|u (t,ué) —-u (t,u%)’ <|u} - ug] + % (k1 +arLiks) ‘u (t,ué) —u (t,u%)‘ +

oT

m (k1 + apLiks) ‘u(t’u(l)) —U(t,u%)‘ (4.25)

Therefore, we obtain that
[u(t,u) —u(t,ud)| < [ud —ud| + (201 — @) + %) (k1 + arLiks) Ju (t,uf) —u (t,43)|
< |uj —ud| + FiFs Ju(t,ug) —u(t,ug)|  (4.26)
From equations (4.26), we have
[u(t,ug) —u (t,ug)| < Fslug—ug| (4.27)
Substitutes (4.27) in (4.23), we get that (4.21)

Remark 1. [22/. Theorem 6 confirms the stability of the solution of the problem (1.1),
when a slight change happens in the points ug, then a slight change will happen in the
function 1 (0, up).

4.4. Existence and uniqueness of periodic Solution of (1.1) with integral
boundary condition

In this section, we investigate the periodic solution of the problem (1.1) with integral
boundary conditions:

T
_ /0 H(u(s))ds (4.28)

Where the function H(u(s)) defined and continuous on are compact subset of R and
periodic on t of periodic T.
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Theorem 7. All assumptions of the Theorem 2 are satisfy, and the function H(u(s))
satisfies
|H (ul) —H (U2)| < L2 |'LL1 — UQ’ (429)

then the problem (1.1) and integral boundary condition(4.28) has unique solution if

T 1— T
Q= (2(1 —a)+ O‘2> (k1 + arLiks) + (O‘JO‘)LQ <1 (4.30)
Proof. We define an operator P : C[0,T] — C|0,T]
P(u(t)) = ug — 122D [T F (u(s))dt+
@%ﬁbwmw)ﬁ’(,UM$ Tﬁ%@mmﬁma <»mmw
a2ty Jo (hls,u(s), 3 a(r u(r))dr) = % [ h(s,uls), 3 a(r, u(r))dr)ds)ds
Therefore, we get
(1—a+al)

IP(u(t) — Plw(®)] = (20— a) + &

5 ) (k1 +arLiks) +

Lo)|u(t) — w(t)|

From (4.30), the operator P satisfies contraction mapping, hence the problem (1.1) and
(4.28) has unique solution.

Theorem 8. If the hypotheses and all the conditions of the theorem 2 and the inequality
(4.29) are given, the following inequalities are satisfied:-

10 (0, 19) — oy (0, w0)| < (kl +arLiks + >Qm( —Q)"'M;  (4.31)

T a(s)
om (0,up) = 1T/0 h (s,um(s),/o g (T, upm (7)) d7'> ds

—a)N(a) [T
+(2203111\I()/0 H (um(s))ds (4.32)

where

holds for all m > 0, here

(1—a+al)
a

Mg = My + Mo (433)

and
My > |H(u(t))| (4.34)

The proof of this theorem is direct.
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Theorem 9. Let the functions h(s,u(s),z(t)) and H(u(t)) be defined on the intervals
[c1,d1] on R and periodic in t of period T, suppose that for all m > 0, then the sequences
of the functions on, (0,u9) which are defined in (4.32) satisfy the inequalities:-

Miny, e, dy] Om (0, u0) < — (k1 + arLiks + £2) Qm(1 — Q)1 M3 } (4.35)
max,cle;. a1 Om (0,u0) > (k1 + arLiks + £2) QM (1 — Q)1 Ms

Then the problem (1.1) with (4.28) has a periodic solution such that ug € [c1 + Ms,d; — M3]
where M3 defined in (4.33).

This theorem’s proof was similar to that of theorem 5.

Theorem 10. Let the function o (0,uy) be defined by the equations (4.32), then the fol-
lowing inequalities yield:-

M
o (0,u0)] < M + f (4.36)

and
o (0,u) — o (0, ug)‘ < F2E3 |ug — ug‘ (4.37)
where

aT L _
—, FEy = k1 + arLiks + ;1, E3 = (1 — ElEg) 1

E1:2(1—Oé)+ 5

The proof of this theorem was similar to the proof of theorem 6.

5. Examples

In this section contains two example to illustrate the previous theorems.
Example 5.1. Consider the following fractional integro-differential equation

1 S U
et+5u(t)+/0 msm(u(s))ds (5.1)

such that ¢ € J = [0,2], with the initial condition u(0) = 1, where §¥D$ denotes the
fractional Caputo-Fabrizio derivative (a = 0.7 € (0,1]). Here T = 2, , a(t) = t2,

6" Dy (u(t) =

Bt u(t), () = 6t1+5u(t)+ /O Msin(u(s))ds

s(t.(0)) = 5y Sn(u(s)

We obtain that k1 = 0.2, ks = 1,a7 = 4, L1 = 0.0625,
so that A = (2(1 — a) + %) (k1 + arLiks) = 0.585 < 1.
Therefore, by Theorem 2 and Theorem 3, the fractional differential equation (5.1) has
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exactly one periodic solution.

Example 5.2. Consider the fractional integro-differential equation (5.1) with integral
boundary conditions

1
u@—MD:A;mWMWt@ﬂ

such that ¢ € (0,1], where §¥ Dg denotes the fractional Caputo-Fabrizio derivative (a =
0.7 € [0,1]). Here T = 1, ,a(t), h(t,u(t),z(t)),g(t,u(t)) are defined in previous example
and .
H(u(t)) = 5 cos(u(t))

we obtain that k1 = 0.2,ks = 1,ar =1, L1 = 0.0625, and Lo = 0.5,
so that

l—a+aTl
(o)

T
Q= (2(1 — a) + a2> (k?l + aTle‘g) Ly =0.9637 < 1
Therefore, by Theorem 7, the boundary value problem ( 5.1 ) and ( 5.2 ) has exactly one
periodic solution.

6. Conclusion

In this paper,we studied the existence, uniqueness, and stability of periodic solutions
of nonlinear fractional integro-differential equation (1.1) where §¥' D¢ denotes the frac-
tional Caputo-Fabrizio derivative with the initial condition, periodic boundary conditions,
and integral boundary conditions by using technique successive approximations method
and Banach fixed point theorem. Here conclude that we could investigate the existence,
uniqueness, and stability of periodic solution of Caputo-Fabrizio fractional differential
equation with integral boundary condition

m T
M@fmm:ZaAmwm@
=1

where A, B and C;, i = 1,2,...,m are constants, and H;,7 = 1,2,...,m are defined and
continuous functions on [0,7]. Finally, some examples are presented to illustrate the
previous theorems.
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