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Atomic Solution of Poisson Type Equation

Rouba Shatnawi

Abstract. In this paper we find a certain solution of Poisson type fractional differential equation
using theory of tensor product of Banach spaces.
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1. Introduction

In [5], a new definition, which is called conformable fractional derivative was intro-

duced.
For a given a function f : [0,00) — R. The conformable fractional derivative of

f of order « for o € (0, 1], is defined by:

t+etlmo) — f(t
Do) — tim T = )
e—0 I
If the conformable fractional derivative of f of order « exists, then we simply say f
is a—differentiable.

For a € (0,1] and for f, g which a—differentiable functions at a point ¢, the conformable
derivative satisfies:
1 D*(af + bg) = aD*(f) +bD"(g), for all a, b € R.
D%(X) = 0, for all constant functions f(t) = A.
fg) = fD%(g) + gD*(f).
i) gD (f)—fD*(g)
g g° '

Oé

(
D
Do
D

We list here the fractional derivatives of certain functions:
1. D*(c) = 0, where c¢ is constant.
2 DO‘( ) = ct! =% c € R

D%(cosbt) = —bt1~*sinbt,b € R.

D% (sinbt) = bt'~* cosbt,b € R.
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(L) = a(ltom) = 1.
( lto‘) = cos Lt
% o
%(cos ~t*) = —sin 1¢2.,
( «

2. Atomic solution

Let X and Y be Banach spaces and X* denotes the dual of X. Forz € X andy € Y
define

T(x,y) : X* =Y as:

T(:c,y) (CB*) = <‘T*a .’E> Y.

We denote T{, ) by z ® y and we call z ® y an atom [6].

Atoms are used in theory of best approximation in Banach spaces, see [3].

One of the known results, see [4], that we need in our paper is that: If the sum of two

atoms is an atom, then either
the first components are dependent or the second ones are dependent.

Let us write D2*f to mean DD®f. Further we write f(@), (2% to denote D°f,
D?*f respectively.

If w is a function of two variables, say x,y , we write DSu for the partial c—derivative
of u with respect to x, and by D2*u we mean D¢DSu. Similarly for derivatives with
respect to y.

Our main object in this paper is to find an atomic solution of the Poisson type fractional
differential equation:

D2z, y) + Dg‘Dgu(m,y) = f(z,y),0 < a,f <1, (1)
where f(x,y) is a given function.
3. Procedure

In order to find a certain atomic solution, assume f(x,y) = A(z)B(y), is given.
Now, put

u(z,y) = P(2)Q(y) (2)

and assume that
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Substitute u(z,y) = P(x)Q(y) in (1) to get:

P (2)Q(y) + P (2)QV(y) = A(x)B(y) (3)

This can be written in tensor product form as:
PCY () ® Qy) + P (x) ® Q¥ (y) = A(z) @ B(y) (4)

Now, we have a situation where the sum of two atoms is an atom. Hence, we have two
cases:

Case (i) P?%)(z) = P (z) = A(z).
Consider PRY)(z) = P (g)
this is a 2a— order linear differential equation [ 7], so the corresponding auxiliary
equation is
2 —r=0

Hence r» = 0, 1,and

P(z) = ¢ + cpe™/®

Since P(*(0) = 1,we have ¢; = 1
and since P(0) =1, then ¢; =0
So

P@)(z) = cpe™/®

Hence

P(z) = e/, (5)

Thus A(z) must equal to ¢**/® in order to an atomic solution to be exist.
Substitute in (3) to get

e 12Q(y) + e/ (2)QP) (y) = e B(y).

Hence

Qy) + Q¥ (y) = B(y). (6)

This is a linear fractional differential equation of order 5. Hence, using result in [1],
we multiply equation (6) by the integrating factor
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1
/ Lt
ea

w(y) = els(l) — _ /B
to get
Q) + QP (y) = P B(y),
] ]
D[er/PQ(y)] = ¢ /" B(y).
Hence
Qy) = efyﬁ/ﬁlﬁ[eyﬁ/ﬁB(y)].
So
8,5 Yet /ﬁB(t)
Qly) =™ /[ — =5t (7)
Equations (5) and (7) give that:
vt b 1 LY P B(y
This is the atomic solution for case (7).
Case (i1) : Q¥ (y) = Q(y) = B(y).
Consider
QP (y) = Qy)
Using conformable derivative properties, we get
Qy) = ae?"/?
Apply Q(0) =1 to get
Q) =", (9)

Consequently, if we want to get an atomic solution, B(y) must equal to ey’ /B,
Substitute in (3) to get

¥’ /B pa) 5y 4 /B Pl (3) = /B A(2).

Hence

PR () + P (z) = A(x). (10)
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The homogeneous equation P2 (z) + P(®)(z) = 0 is solved to give

Ph<1') = bleixa/a + b2

According to [2], the particular solution of (10) is:

- A(z) Py(x) A(z) Py (x)
B = A [ DO by [ A
where Py(z) = e~/ Py(z) = 1,W[P1, P] = —maa_le_lfa/a.

Simplifying to get

YR /( A@ /(xa A@ee

e—xa/a)x2—2a — e—mo‘/a)x2—2a

Py(z) = ae‘xa/a/A(:U)dx - a/A(x)d:):.

rl-ae—z%/a rl—o

So

rl-ae—r%/a

P(:U) — qe " /a/(wd;g — a/xl(._fa)ld$+b1€_m fex + b. (11)

Hence, by (9) and (11)
u(,y) :aeyﬁ/ﬁ_xa/a/1_A(m)a/dx_aeyﬁ/ﬁ/;@dswbleyﬁ/ﬁ‘xa/“+eyﬁ/562- (12)
x ae_$ [e% (6

This is the atomic solution for case (i).
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