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Abstract. Let (X, T) be a topological space and p ¢ X. Put X? = X U{p}. Define a topology
T on XP by T*={0}U{UU{p}:U € T }. Thespace (X, T*) is called the closed extension
space of (X, T). We present new results about the closed extension topological spaces. Mainly
weaker versions of normality.
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We present new results about the closed extension topological spaces. Most of the
results are about properties weaker than normality. Some benefits of the closed extension
spaces are they work as counterexamples. Throughout this paper, we denote the set of
positive integers by N, the rationals by Q, the irrationals by P, and the set of real numbers
by R. A Ty space is a T; normal space and a Tychonoff space (75 %) is a T1 completely
regular space. We do not assume 75 in the definition of compactness and countable
compactness. We do not assume regularity in the definition of Lindel6fness. For a subset
A of a space X, intA and A denote the interior and the closure of A, respectively. If two
topologies T and 7’ on a set X are considered, we denote the interior of A in (X, 7) by
int ;A and int - A for the interior of A in (X, 7'). We denote the closure of A in (X,

T') by A" and, similarly, A” denotes the closure of A in (X, 7).

1. Basic definitions and properties.

Definition 1. Let (X, T) be a topological space and let p be an object not in X, i.e.,
pé€X. Put X? = X U{p}. Define a topology T* on XP by T* ={0}u{UU{p}:U €
T }. The space (XP, T*) is called the closed extension space of (X, T), [15, Example
12).
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Consider the particular point topology 7, on X7 [15, Example 9]. So, 7, = {0} U
{W C XP:pe W}. Since any non-empty open set in the closed extension contains p,
then the closed extension topology T* on XP? is coarser than the particular point topology
Tp on XP. If we start with the discrete topology on X, then the closed extension topology
T7* on X? and the particular point topology 7, on X? will be equal. Thus, from now
on, when we consider the closed extension space ( X?, T*) of a given topological space
(X, T), X is assumed to have more than one element and the topology 7 on X is not
the discrete topology. So, in our study we have |X| > 2 and hence | XP| > 3. It is clear
that the sub-topology on X inherited from 7* equals the original topology on X, i.e.,
T% = T. Note that {p} is open in the closed extension space, i.e., {p} € T* because
{p}=0U{p}, thus X is closed in its closed extension ( XP?, 7*). Observe that a closed
set in (XP, 7*) is of the form X?\ G where G € T*. So, XP\ G = XP\ (UU{p}) where
U € T. Since p € U for all U € T, then the family of all closed sets in ( X, 7) is equal to
the family of all closed sets in its closed extension ( X?, T*) except for X? itself.

Any closed extension space ( XP, 7*) of a given space (X, T) is always separable as
{p}isdense. If (X, T) is first countable, then so is its closed extension ( X?, T*) because
{{p}} is a countable local base for X? at p and for any = € X, pick a countable local base
B(z) ={U,:neN}for (X, T) at z, then the countable family {U, U{p} :n € N}
is a local base for (X?, 7*) at . Now, if (X, 7)) is second countable with a countable
base B = { B,, : n € N}, then the countable family {{p}, B, U{p} :n € N} is a base
for its closed extension ( XP, 7*).

Remark 1. It is clear that the closed extension space ( XP, T*) is always hyper-connected
even if (X, T) is not.

Recall that a space is called hyper-connected if any two non-empty open sets intersect,
[15]. Thus the closed extension space ( X, 7*) cannot be Hausdorff (7% ) nor metrizable.
In fact, the closed extension (XP, 7*) is not T, even if (X, 7T ) is, because for an
element z € X we have z # p and any open set contains x must contain p. Thus the
closed extension is not T; where i € {1,2, 2%, 3, 3%,4, 5,6 }. Note that the singleton {p }
in (X?, 7*) is not closed because X is not open in ( X?, 7*).

Theorem 1. (X, 7) is Ty if and only if its closed extension ( XP, T*) is Tp.

Proof. Assume that (X, 7) is Tp. Let xz,y € XP be arbitrary such that = # y. If
x,y € X, then x # p # y. Since (X, T ) is Ty, then there exists U € T such that, without
loss of generality, € U Zy. Thus UU{p} € 7" with z € (UU{p}) Z y. Now, without
loss of generality, assume that © = p # y, then {p} € 7™ withx =p € {p} Fy. The
converse is clear because Ty is hereditary.

The closed extension ( X?, 7*) is not regular even if ( X, 7 ) is regular because X is
closed in (XP, 7*) with p ¢ X and X and p cannot be separated by disjoint open sets.
Thus the closed extension ( X?, 7*) is not completely regular. For the normality, we need
to recall the definition of ultra-connected. A space is called wltra-connected if any two
non-empty closed sets intersect, [15]. It is clear that any ultra-connected space is normal.
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Theorem 2. (X, T) is ultra-connected if and only if its closed extension ( XP, T*) is
normal.

Proof. Assume that (X, 7 ) is ultra-connected. Since the closed sets in the closed
extension ( XP, 7*) are the same as in (X, 7)), except for XP we have that ( X?, 7*)
is ultra-connected and hence normal.

Now, assume that ( X?, 7*) is normal. Suppose that ( X, 7 ) is not ultra-connected,
then there exist two non-empty disjoint closed sets A and B in (X, 7). Thus A and B
are non-empty closed disjoint sets in ( XP, 7*). Since any two non-empty open sets in
(XP, T*) must intersect because both have the element p, see Remark 1, then A and B
cannot be separated which gives that ( X?, 7*) is not normal and this is a contradiction.

Theorem 3. (X, T) is compact (Lindeldf, countably compact) if and only if its closed
extension ( XP, T*) is compact (Lindelof, countably compact).

Proof. We prove the compactness statement and the others are similar.

Assume that (X, 7) is compact. Let W = {W, € T* : @ € A} be any open cover
for XP. For each o € A, there exists U, € T such that W, = U, U {p}. Then the family
{Uy : @ € A} is an open cover for X. By the hypothesis, there are aq, ..., a,, € A, where
n € N, such that X C (J'; Uy,. Then { W,,, ..., Wy, } is a finite subcover for X? of W.

Now, assume that (XP?, 7*) is compact. Let V = {V, € T: a € A} be any open
cover for (X, 7). Then the family { V, U{p}:a € A} is an open cover for XP because
VaU{p} € 7" for each a € A. By the hypothesis, there are a1, ..., a,;, € A, where m € N,
such that X? C [ Ji"(Va, U{p}). Then { V,,,..., V,, } is a finite subcover for X of V.

Observe that the closed extension (XP, 7*) is not locally compact even if (X, 7)
is because ( X?, T7*) is not regular. Since any hyper-connected space is connected, [15],
and the closed extension space ( XP, 7*) is always hyper-connected, see Remark 1, we
conclude that the closed extension space ( X?, 7*) is always connected even if (X, 7 ) is
disconnected.

2. Closed extension and weaker versions of normality.

We begin by recalling some definitions.

Definition 2. A topological space X is called C-normal if there exist a normal space Y
and a bijective function f : X — Y such that the restriction fj, : A — f(A) is a
homeomorphism for each compact subspace A C X, [1]. X is called CC-normal if there
exist a normal space Y and a bijective function f : X — Y such that the restriction
JiutA— f (A) is a homeomorphism for each countably compact subspace A C X, [6].
X is called L-normal if there exist a normal space Y and a bijective function f: X — Y
such that the restriction fj, : A — f(A) is a homeomorphism for each Lindel6f subspace
A C X, [10]. X is called P-normal if there exist a normal space Y and a bijective function
[+ X — Y such that the restriction f|, : A — f(A) is a homeomorphism for each
paracompact subspace A C X, [9]. X is called S-normal if there exist a normal space
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Y and a bijective function f : X — Y such that the restriction fj, : A — f(4) is a
homeomorphism for each separable subspace A C X, [7].

Since characterizing all compact subspaces [1] (all countably compact subspaces [6], all
Lindel6f subspaces [10], all paracompact subspaces [9]) is a core subject in the notion of
C-normality (C'C-normality, L-normality, P-normality), we will start with characterizing
all compact subspaces of the closed extension space ( X?, T*) of a given space (X, T ).

Proposition 1. Let (X, T) be a topological space. Consider the closed extension space
(XP, 7)) of (X, T). Let AC XP.
A is compact in (XP, T*) if and only if A\ {p} is compact in (X, T).

Proof. Assume that A is compact in (X?, 7*). To show that A\ {p} is compact
in (X, 7),let W={W, € T:a€ A} be any open cover for A\ {p}. Observe that if
p & A, then A\{p} = A. The family { W,U{p}:a € A} is an open cover for A in ( XP?,
T*) because W, U{p} € T* for each o € A. By the hypothesis, there exist a1, ..., ap, € A,
where n € N, such that A C ! ;(Wo, U{p}). Then { W,,,..., Wy, } is a finite subcover
for A\ {p} of W. Thus A\ {p} is compact in (X, T).

Now, assume that A\ {p} is compact in (X, 7). Let V = {V, € 7% : o € A}
be an arbitrary open cover for A. For each a € A there exists U, € T such that V, =
Ua U{p}. Then the family {U, : @ € A} is an open cover for A\ {p} in (X, 7). By
the hypothesis, there exist ai,...,am € A, where m € N, such that A\ {p} C U~ Ua,-
Then { V4, ..., Va,, } is a finite subcover for A of V.

By similar proof of the proof of Proposition 1, we conclude the following two state-
ments.

Proposition 2. Let (X, T) be a topological space. Consider the closed extension space
(XP, 7%)of (X, T). Let AC XP.

A is countably compact (Lindeldf ) in (XP, T*) if and only if A\{p} is countably compact
(Lindelof ) in (X, T).

Recall that a topological space ( X , T) is paracompact if any open cover has a locally
finite open refinement. For a subspace A of X, A is paracompact if (A, T 4 ) is paracom-
pact, i.e., any open (open in the subspace) cover of A has a locally finite open (open in
the subspace) refinement. We do not assume T5 in the definition of paracompactness.

Proposition 3. Let (X, T) be a topological space. Consider the closed extension space
(XP, 7)) of (X, T). Let AC XP.

Ifp & A, then A is a paracompact subset in ( XP, T*) if and only if A is a paracompact
subset in (X, T).

If p € A, then A is a paracompact subset in (XP, T*) if and only if A\ {p} is a
compact subset in (X, T).
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Proof. If p ¢ A. We show that A is paracompact subset in ( X?, 7*) if and only if A is
paracompact subset in (X, 7). That is, (A, 7% ) is paracompact if and only if (A, T 4)
is paracompact. Assume that (A, 7% ) is paracompact. Let W = {W,NA:a € A} be
any open cover for A where W, € T for each a € A. Note that (W, U{p})NA=W,NA
because p ¢ A. Thus W is an open cover for A (open in (A, 7% )). By the hypothesis,
there exists a locally finite open refinement V = {V, € 7% : s € S} of W. That is,
A C U,eq Vs and for each s € S there exists as € A such that Vi C W,, N A. Then the
family {V,NA € T4 :s € S} is a locally finite open refinement of WW. Therefore, (4,
T 4 ) is paracompact.

Now, assume that (A, T4) is paracompact. To show that (A, 7% ) is paracompact,
note that any open cover in 7% for A is an open cover in T 4 because p ¢ A. So, a same
argument as above will work.

For the case that p € A. We show that (A, 7% ) is paracompact if and only if A\ {p}
is compact subset in (X, 7).

Assume that (A, 7% ) is paracompact. Let W = {W, € T : a € A} be any open
cover for A\ {p}. That is, A\ {p} € Upepr Wa- Thus A C J,ca((Wa U {p}) N A)
where (W, U {p}) N A € T% for each o« € A. Since (A, T%) is paracompact, then
there exists a locally finite family V = {Vs € A : s € S} which refines the family
{(WaU{p})NA:aecA}. ie, Vi e T for each s € S, A C | J,cg Vs, and for each s € S,
there exists as € A such that Vs C (W, U {p}) N A. Suppose that S is infinite. For each
s € S we have that V5 is of the form Vi = (Us U {p}) N A where Us € T. This means
that p € Vs for each s € S (do not forget that p € A). Since {p} is the smallest open
neighborhood of p in the closed extension ( X?, 7*), then any open neighborhood of p in
(A, 7% ) meets each V. This means that V is not locally finite which is a contradiction.
Thus S has to be finite, thus {Us : s € S} is a finite refinement of W. Thus A\ {p} is
compact in (X, 7).

Now, assume that A\{p} is compact in (X , 7). To show that ( A, 7% ) is paracompact,
let W={(WoU{p})NA: W, €T for each &« € A} be any open cover (open in T%)
for A. Then { W, : @« € A} is an open (open in T) cover for A\ {p}. By the hypothesis,
there exist a finite subcover { W, ..., Wy, } of { W, : @ € A} which covers A\ {p}. Now,
the family { (W,, U{p}) N A :i € {1,...,n}} is a finite subcover of YW which covers A.
Since any subcover is a refinement and any finite family is locally finite, result follows.
Therefore, (A, 7% ) is paracompact.

Since any normal space is C-normal, C'C-normal, L-normal, S-normal, and P-normal,
just by taking in Definition 2, Y = X and f to be the identity function, then by Theorem
2, we get the following theorem.

Theorem 4. If (X, T) is ultra-connected, then its closed extension (XP, T*) is C-
normal (CC-normal, L-normal, S-normal, P-normal ).

Observe that a space X is not ultra-connected if it has two non-empty closed disjoint
subsets.
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Theorem 5.  The closed extension space (XP, T*) is not C-normal if (X, T) is not
ultra-connected.

Proof. suppose that ( X?, 7*) is C-normal. Let Y be a normal space and f : XP — Y
be a bijection such that the restriction f|, : A — f(A) is a homeomorphism for each
compact subspace A of (XP, 7*). For the space Y, we have only two cases:

Case 1: Y is T7. Take A = {x,p}, where z € X. Then A is a compact subspace of
(XP, 7%). By assumption fj, : A — f(A) = {f(z), f(p)} is a homeomorphism. Since
f(A) is a finite subspace of Y and Y is T3, then f(A) is a discrete subspace of Y. Thus,
we obtain that f|, is not continuous which is a contradiction as f|, is a homeomorphism.

Case 2: Y isnot T7. We claim that the topology on Y is coarser than the particular
point topology on Y with f(p) as its particular point. To prove this claim, we suppose
not. Then there exists a non-empty open set U C Y such that f(p) € U. Pick y € U
and let € X be the unique element such that f(z) = y. Consider {z,p}. Note that
x # p because f(z) =y € U, f(p) € U, and f is one-to-one. Consider Slom {z,p} —
{y, f(p)}. Now, {y} is open in the subspace {y, f(p) } of Y because {y} = U nN{y, f(p)},
but f~'({y}) = {z} and {z} is not open in the subspace {z,p} of (X?, 7*), which
means f| o} is not continuous. This is a contradiction, and our claim is proved. But any
topology coarser than the particular point topology has no disjoint nonempty open sets
and therefore cannot be normal , so we get a contradiction as Y is assumed to be normal.
Therefore, (X?, 7*) is not C-normal.

In [6], it was proved that C'C-normality implies C-normality. In [10], it was proved
that L-normality implies C-normality. In [9], it was proved that P-normality implies
C-normality. So, by Theorem 5, we get the following theorem.

Theorem 6. If (X, T) is not ultra-connected, then the closed extension space ( XP, T*)
is neither CC-normal, L-normal, nor P-normal .

Now, let us study S-normality of the closed extension. We start with characterizing
all separable subspaces in the closed extension. Note that { p } is a countable dense subset
in (XP, 7*), thus any subset of X? will be separable if it contains p. Since a subspace of
a subspace is a subspace, we conclude the following characterizing.

Proposition 4. Let ( XP, T*) be the closed extension of a topological space (X , T). Let
A C XP. A is separable in (XP, T*) if and only if either p € A or A is a separable
subspace of (X, T).

Theorem 7. The closed extension ( XP, T*) is S-normal if and only if (X, T) is ultra-
connected.

Proof. Assume that the closed extension ( X?, 7*) is S-normal. Pick a normal space
Y and a bijection function f : X? — Y such that the restriction f|, : A — f(4) is a
homeomorphism for each separable subspace A C XP. Since ( X, T*) itself is separable,
as { p } is a countable dense subset, then f is a homeomorphism. Thus ( X?, 7*) is normal
and by Theorem 2 we get that (X, 7 ) is ultra-connected.
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Now, assume that (X, 7) is ultra-connected. By Theorem 2, we have that ( X?, 7*)
is normal. In Definition 2, put ¥ = XP? and f is the identity function on XP? to get that
the closed extension ( XP, 7*) is S-normal.

Definition 3. Two disjoint subsets E and F of a space X are called separated if there
exist two disjoint open sets U and V such that £ C U and F C V. A subset A of a space
X is called closed domain [2, 1.1.C], called also regularly closed, k-closed, if A =intA. A
subset A of a space X is called open domain [2, 1.1.C], called also regularly open, k-open,
if A =int( A). A space X is called mildly normal [14], called also x-normal [16], if any two
disjoint closed domains A and B of X are separated. In [16], S¢epin required regularity
in his definition of k-normality, see also [4, 11]. A space X is called almost normal [13] if
for two disjoint closed subsets A and B of X one of which is closed domain are separated,
see also [8]. A subset A of a space X is called m-closed [17] if A is a finite intersection
of closed domains. The complement of a m-closed set is called m-open [17]. A space X
is called m-normal [5] if any two disjoint closed subsets A and B of X one of which is
m-closed are separated. A space X is called quasi-normal [17] if any two disjoint 7-closed
subsets A and B of X are separated. In [17], Zaitsev required regularity in the definition
of quasi-normal. A space X is called partially normal if any two disjoint subsets A and B
of X, where A is closed domain and B is m-closed, are separated [3].

Since any closed domain is 7-closed and any m-closed is closed, then it is clear from
the definitions that

normal => m-normal = almost normal = partially normal = mildly normal.

normal = m-normal = quasi-normal = partially normal = mildly normal.

None of the above implications is reversible. By Theorem 2, we conclude the following.

Theorem 8. If (X, T) is ultra-connected, then its closed extension (XP, T*) is m-
normal, hence quasi-normal, almost normal, partially normal, and hence mildly normal.

In fact, we will show that any closed extension is w-normal, hence satisfies all other
properties. First, we will study the closed domains in a closed extension space. Let

A = int+(A) " be any closed domain in a closed extension space (XP,T*)of aspace (X,
T ). For the subset int,;«(A), we have only two cases, either int.«(A) = 0 or int,(A) # 0.
If int.«(A) = 0, then A = (. If int,«(A) # (), then p € int;«(A), hence A = X? because
any subset of X? containing p is dense in ( X?, 7*). This means that there are only two
closed domains in any closed extension space ( X?, 7*) of a space (X, 7 ) and they are
() and XP. Now, since a m-closed set is a finite intersection of closed domains, then there
are only two m-closed sets in any closed extension space ( X?, 7*) of a space (X, 7 ) and
they are () and XP. So, if A and B are closed disjoint subsets in a closed extension space
(XP, T*) of a space (X, T) such that, without loss of generality, A is m-closed, then
either A = or B = (), thus A and B are separated. We conclude the following theorem.

Theorem 9. Any closed extension ( XP, T*) space of a given space (X , T ) is m-normal.

Corollary 1.  Any closed extension ( XP, T*) space of a given space (X, T ) is quasi-
normal, almost normal, partially normal, and mildly normal.
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Recall that a space X is scattered if any non-empty subset of X has an isolated point
[2], i.e., if 0 # A C X, then there exists an element a € A and there exists an open set U
such that a e U and UNA={a}.

Theorem 10. A space (X, T) is scattered if and only if its closed extension ( XP, T*)
1s scattered.

Proof. Assume that (X, 7) is scattered. Let ) # A C XP be arbitrary. There
are only two cases. If p € A, then {p} € 7" with {p} N A = {p}. If p &€ A, then
) # A C X. Since (X, T) is scattered, then there exists an element a € A and there
exists U € T such that a e U and UNA={a}. ThusUU{p} e 7T withac UU{p}
and (UU{p})NA={a}. Therefore, (X, T*) is scattered. The other direction is true
because scattered is hereditary.

Recall that a space X is said to satisfy property wD, [12], if for every infinite closed
discrete subspace C of X, there exists a countably infinite discrete family { U, : n € N}
of open subsets of X such that each U, intersects C in exactly one point.

Proposition 5. Let (XP, T*) be the closed extension of a topological space (X, T ). If
C C X is closed and discrete in (X, T), then C is closed and discrete in (XP, 7). If
C C X? is closed and discrete in (XP, T*), then p & C' and C is closed and discrete in
(X, 7).

Proof. Let C' C X be closed and discrete in (X, 7). Since (X?, 7*) and (X, T)
have the same closed sets, except for XP?, then C is closed in (X?, 7*). Let ¢ € C be
arbitrary, then there exists U € T withc€ U and UNC ={c}. Then UU{p} € T* with
(Uu{p})nC ={c}. Thus C is discrete in ( XP, 7*).

Now, let C' C XP be closed and discrete in ( XP, 7*). Suppose that p € C, then there
are only two cases. If C' = {p}, then {p} is not closed in (XP, 7*) because X ¢ T*.
If there exists an element ¢ € X with ¢ € C, then C will not be discrete in (X?, 7*)
because any W € T* with ¢ € W is of the form W = U U{p} for some U € T with c € U,
thus W N C # {c} because ¢ # p € W NC. Therefore, p ¢ C. Now, since p ¢ C and C
is closed in (XP, 7*), then C is closed in (X, 7). Let ¢ € C be arbitrary. Since C is
discrete in ( XP, 7*), then there exists V € 7* with c € V and VNC = {c¢}. But V is
of the form V =UU{p} for some U € T with ¢ € U. Then UNC = { ¢} because p € C.

Theorem 11.  Any closed extension ( XP, T*) space of a given space (X , T ) does not
satisfy property wD even if (X, T) does.

Proof. Let C be any infinite closed discrete subspace of XP. By Proposition 5, p & C.
Pick a countably infinite subset {c¢, : n € N} C C. Now, any countably infinite family
{U, € T : n € N} with ¢, € U, for each n € N cannot be discrete because p € U, for
each n € N. Therefore, ( X?, 7*) does not satisfy property wD.
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