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Abstract. The closed form expression for the price of the British put and call options have long
been established where both interest rate and volatility are assumed to be constant. In reality,
these assumptions do not fully reflect the variable nature of the financial markets. In this paper, we
derived a closed form expression for the arbitrage-free price of the British call option by assuming
stochastic interest rate which follows the Cox-Ingersoll-Ross model and constant volatility as
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where the first term is the arbitrage-free price of the European call option under stochastic interest
rate and the second term is the early-exercise premmium. We have also shown that the price
function of the British call option satisfies the partial differential equation given by
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Moreover, we have shown that the contract drift satisfies p. < ry+po102,/rA(0, t+u) for v € [0, 7]
and ¢t € [0, 7.
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1. Introduction

Over the years, derivatives have become increasingly important in the global financial
market, with great impact on national economics. They are embedded in capital invest-
ment opportunities, added to bond issues[5], used as price discovery and price stabilizer
[14] and so on. The most common forms of derivatives is an option. An option is defined
to be a contract between two parties granting one party the opportunity to buy or sell a
security from or to the other party at a specified price also known as strike price on or
before a specified maturity date [7]. The two parties involved are called the buyer and
seller of the option. The buyer has the right but not the obligation to exercise the option.
In order to acquire the option, the buyer should pay the option price, which is also known
as premium to the seller [7].

In 2013, G.Peskir and F. Samee introduced a new type of call option called British
call options where the holder enjoys the early exercise feature of the American option
whereupon his payoff is the best prediction of the European payoff under the hypothesis
that the true drift of the stock price equals the contract drift [11]. British option provides
its holder with a protection mechanism against unfavorable stock price movements as well
as securing higher returns when the movements are favourable. The motivation for the
British call option starts from the difference between the paid premium and the expected
payoff when the true drift deviates from the risk-free rate. An added feature is built
into this instrument which aim at both providing protection against unfavourable price
movements as well as securing higher returns when these movements are favourable [11].
Accordingly, the value function of the British call option is similar to American call option
but they differ on their respective boundary functions.

The closed form expression for the price of the British call option has been derived
by Peskir and Samee (2013) by assuming constant interest rate and constant volatility.
However, the assumptions of constant interest rate and constant volatility fail to reflect
the fact that these market rates are stochastic in the real world. This paper extends the
results in [11] to address the mentioned shortcomings by considering British call option
under stochastic interest rate and constant volatility. In particular, it will be assumed
that the short rate follows the Cox-Ingersoll-Ross (CIR) model. Furthermore, this paper
focuses on the theoretical framework of British option pricing. Actual implementation
through simulation and numerical approximation will not be included.

2. Setting of the Problem
Let us consider the financial market consisting of a risky stock with price process
X = (Xt :t € [0,7]) and a zero-coupon bond with price process P = (P; : t € [0,T])
where the prices respectively evolve as

dXt == MXtdt + O'lXtth, (].)

dPt = ’I"tPtdt — )\(t, T)O'thth, (2)
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where ;1 € R is the appreciation rate, o; and oy are volatility coefficients, W = (W})>0
and W = (Wy)>0 are standard Wiener processes defined on a probability space (2, F,P)
with

cov(dWy - dWy) = pdt , (|p| < 1), (see [1])
r; follows the Cox-Ingersoll-Ross (CIR) model
dry = a(f — ry)dt + oo/redW; (3)

where a, 0, 0 are positive constants and the market price of risk is given by A(¢,T') = A\/7.
In this model, the standard deviation of the stochastic term o2,/r;dW; is proportional to
the square root of the interest rate, that is, as the rate increases, the standard deviation
also increases and as the interest rate approaches zero, 02\/7'7th also approaches zero.
Moreover this model is a mean reverting process, that is, when r; > 6 the drift is negative
and when 7 < 0, the drift is positive where a is the speed of the mean reversion and 0 is
the equilibrium level. The deterministic part of the solution of (3) is given by

re =0+ (rg — 0)e . (4)

Note that the price P, = P(t,r; T') of a zero coupon bond satisfies the partial differential
equation (see [4])

oP OP 1 4, 9°P _
E—i‘[CLH—(G—F)\U)T]E‘FiO’QTW—TﬂP—O (5)

such that P(T,r;T) =1 for all r € R and ¢t € [0,T]. The price of a zero-coupon bond at
time t with maturity time T using the risk neutral valuation framework is given by

T

P(t,r,T) = Ele”Je ™% 7], (see [8]) (6)

where F; denotes the natural filtration generated by the price process X. The natural
filtration J; represents the information generated by the process X as time progresses.

Note that the interest rate r, is a Markovian process (see [8]). This implies that, r, is
dependent on 7; for u > t, i.e., r,, is a function of ;. We then have,

P(t’ ¢, T) — E[e_ ftT Tudu|ft:|-
T

_ B I ey

where E is taken with respect to the probability measure P. The solution to the partial
differential equation (5) is given by

P(t,r,T) = e AETIr=ACT) see [4] (7)

2a0 T—t hy — he hy — hoel(T=1)
A(t,T) = T - ] 8
*T) rﬂ[ ( I ) hihs n( hi — ho (®)

where
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2 [1 — eF(T_t)]

At,T) = 9
( ’ ) o2 [hle_F(T_t) — hg] ( )
=+ (a+7)?+ 202 (10)
—a+ r
hm=—"T4 (11)
o o
—a+vy T
ho = - 12
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Let us now consider the British call option on stock given the financial market described
above. Moreover, we assume that the stock does not pay dividends and there are no
transaction costs involved in its trade. In 2013, Peskir and Samee defined the british call
option with strike price K > 0 and maturity time 7" > 0 in years as follows:

Definition [11] The British call option is a financial contract between a seller/hedger
and a buyer/holder entitling the latter to exercise at any (stopping) time 7 prior to T
whereupon his payoff (deliverable immediately) is the ‘best prediction’ of the European
payoff (X7 — K)T given all the information up to time 7 under the hypothesis that the
true drift of the stock price equals the contract drift ..

In [11], the price of the British call option is derived under the hypothesis that the
risk-free rate is constant, that is, r, = r for all ¢ € [0,7]. Hence, this paper presents an
extension of the results in Peskir and Samee (2013) by considering stochastic interest rate.

Let (92, F, P) denote the probability space for which all the succeeding processes are
defined. Let X; denote the price of a risky stock at time ¢ € [0, 7] which satisfies dX; =
uXidt + 01 XidWy. We note that the coefficients depend on the maturity time T as well
as the current time ¢. Let (F)o<t<7 denote the natural filtration generated by the process
X;. All local martingales involved are with respect to the filtration F;. Let p. > 0 be the
risk-free rate and p be the expected rate of return (appreciation rate) such that pu. # p.

Let . Lo
Z; = exp [/0 B(u)dW,, — 2/0 BZ(U)du]

for 0 <u <t <T where

g1
is independent of T'. By Ité’s formula [2], we have

dZy

= B

This shows that Z; is a local martingale with E'[Z;] =1 for 0 <t <T.
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Moreover, define the Radon-Nikodym derivative of P#c with respect to IP via the fol-
lowing:

dPHe
= 7. 1
= (13)

By the generalized Girsavanov’s theorem ( see Lemma 1 in [15]), we have

Whe .= W, — /Ot B(u)du

is a P#e-Brownian motion. Let F*< be an expectation with respect to the measure PHe.
Under the probability P, the stock price process in equation (1) becomes

dX; = peXdt + o1 Xy dW}He (14)
where 0 <t < T with X = 2 € (0,00). Thus,

Law(X ()|P) = Law(X (1.)|P")
where Law means “distribution”. Furthermore, making use of the property of Zp, we have
Ete(X)=E(ZrX)=E(Zr)E(X) = E(X)

for any random variable X.

Thus, the payoff of the British call option at a given stopping time ¢ = 7 can be written
as
Er((Xr — K)'|F (15)

where the conditional expectation is taken with respect to a new (equivalent) probability
measure P*e. Clearly, when we exercise the British call option, we just substitute the
contract drift p. to the true (unknown) drift p of the stock price for the remaining term
of the contract.

3. Payoff, Premium and the Price Process of the British Call Option

Using the properties of the Wiener process W#e on X (stationary and independent
increments of W#e on X)), implies that

Brel(Xr — K)|F] = GH(t, X)) (16)

where G*¢ is the payoff function given by

GHe(t,x) = E(xZhs , — K)* (see [11]) (17)
for ¢ € [0,7] and x > 0 where G*<(t,z) represents the value of the investment and
E(xZke , — K)* represents the expected value of its payoff, and Z/ , is given by

He O’%

ZyZy = exp | (pe — ?)(T — 1) + o1 Wr—y (18)

for t € [0,T] and = € (0,00). It can be verified that (17) can be expressed as follows
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GHe(t, ) = zetT=Dd(dy) — KD(dy)

where -
In 2 + (pe + 507)(T —t
dy = 7 (He 201)( )’ dy = dy — o VT — 1t
o v —t

for t € [0,T], x > 0 and ®(-) is the standard normal cumulative distribution function.

By applying the standard hegding scheme based on self-financing portfolios (with con-
sumption), the arbitrage-free price of the British call option at deal time (time 0) is given
by

V= sup Bl il [(xXg - K)YF]] (19)
0<7<T
where the supremum is taken over all stopping time 7 € [0,7] of X and F is taken
with respect to the (unique) equivalent martingale measure P under which the stock price
process evolve as

dX, = rsXods + oy XodWE, (20)
s > t, with X; =2 > 0 and I/VtIFD is a Brownian motion under P. Since the price is given by

s 12 P
X, = xe(ft rydu—3073 (sft)JrUlWSft)’

then the discounted price given by

e(fts T“du)Xs _ me(—%a%(s—t)-‘rmWth)

is a martingale. Note that in (19), F [e‘ Jo T“du} is the discounting factor which brings
the payoff [EFe(Xp — K)T|F;] from exercise date 7 to time 0.

Now, we fix ¢t € [0,7]. We want to solve for a general expression for the price of the
British call option at any time ¢ with stock price X; = x and short rate r, = r. We denote
this by V(t,r,xz). Extending the argument in (19), if the exercise date is at any time
t € [0,T7], then using (16) and the optimal sampling theorem, we have

Vit,r, X)) = sup Bug|e i mduGre(t + 7 X, )| F (21)
0<T<T—t

where the supremum is taken over all stopping times 7 € [0,7 — t] of X and E’t,x is taken
with respect to the (unique) equivalent martingale measure If”m under which X; = z and
r: € R. Note that V' (0,79, 2) = V. Since the supremum in (21) is attained in the first entry
time of X to the closed set where V = G*¢ and Law(X ()|PP) is the same as Law(X (r;)|P),
then from the well-known structure of the geometric Brownian motion X,

V(t,r,z) = sup FE |e” 5 rudiGre(t 4o 2 X )| Xy = x e =7, (22)
0<7<T—t
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where the process X = (X¢(t,7¢))¢eo,r] under P evolves as
dXi = rXpdt + 1 XpdW; (X0 =1). (23)
Moreover, the British call option at maturity time 7" is given by
V(T,rp, Xr) = G'(T,X7) = E(X7 — K)™. (24)

This implies that the price of the British call option at maturity time T coincides
with the payoff of the European call option whose stock dynamics follows the stochastic
differential equation (20) above. Let G"(t,x) = E(Xp — K)*, where X follows (20) with
X; = z. Thus

V(T, rr, XT) =G (t, :E)

Note that when the interest rate is constant (r; = r for all ¢ € [0,7), i.e., the coef-
ficients a and o9 in equation (3) are all equal to zero, then the expression for G" (¢, x)
multiplied by e~ "(T"=% coincides with the Black-Scholes formula for the arbitrage-free price
of the European call option at time ¢ with maturity time 7.

We can directly see from (17) that x — G*<(t,z) is convex. To clearly verify this, we
present the proposition below.

Proposition 1. For any t € [0,T] given and fized, the mapping
x = GFe(t,x) (25)
is convex on (0,00).

Proof.  Let t € [0,7] be given and fixed. Moreover, let 0 < A < 1 and z2 =
Az1 + (1 — Nz for some 1,9, x3 € (0,00) with 1 < x3. Then, we have

GHe(t,20) = GH(t , Awy + (1 — N)3)

+
— E:U‘c |:()\x1ZtN% A)xSZl,fo% — K) | Xt = x2:|
+
_ phe ()\ 1 Z% 4 (1= NasZl's — (MK + (1 - A)K)) | Xe = 372]
Jr
— e ()\ Z“C )\)x:,)ZthCT—)\K—(l—/\)K) | Xt:m}
+
— e ()\le“c —AK + (1= N2y — (1 - A)K> | Xe = 9”2}
H H i
— [k ()\xIZtCT_)\]Q ((1 A)x3Zt7%—(1—A)K)> | Xt = xo

Jr
< AEHe [ Z“cK |Xt:$1] +(1—A)E”c[<$3Z£CT—K) |Xt:$3]
= AGFe(t,x1) + (1 — N)GH< (¢, x3).

Therefore, the mapping x — G*¢(t, ) is convex on (0, 00). O
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It can also be verified that the mapping in (25) is strictly increasing on (0,00) with
GHe(t,0) = 0 and GH<(t,00) = oo for any t € [0,7] given and fixed. Define the set

D 1= { (6,7, X0) € [0,T] x R x (0,00)[V (¢, 10, X¢) = Gre(t¥0 1. (26)

By (20), we say that {T'} x {rr} x (0,00) C D, which is consistent with the fact that the
supremum in (17) is taken over (F),c(o,1] - stopping times 7 € [t,T]. Furthermore, by a
Corollary in [12], the (F);c[o,7] - stopping time defined by

mp(t,re,x) :i=inf{s € [0, T —t]: (t + s,rets, X4s) € D}, (27)

with Xy =2 € (0,00) and ry45 € R, is an optimal stopping time for the option price in
(17) since both x — V (¢, 7, x) and « — GH<(¢, ) are continuous on (0, c0) and G*<(t,z) <
K for all t € [0,T] and r, € R. Consequently, we call the set D as stopping set. Thus, we
can define the continuation set C' = D¢ as

C={(t,r,z) € [0,T] x R x (0,00)|V (¢, 1, 2) > GH(t,2)} . (28)

4. Stopping Set and Boundary Function

In order to deal with the existence of an optimal stopping time for (26) above, we
define

F(t,ry,x) =V (t,r, ) — GHe(t,x) > 0,

which is nonnegative for t € [0,7],7 € R and = € (0, 00), so that we define the stopping
set

D = {(t,rt,x) € [0,T] x R x (0,00)|F(t,r¢,x) = 0}.

By Lemmas 2 and 3, we say that the set D is closed. Thus, the continuation set
defined by

C:=D¢={(t,rt,z) € [0,T] x R x (0,00)|F(t,r¢,z) > 0}

is open. Let (1,7, x) € {T'} x {rr} x (0,00) C D, which is consistent with the fact that
the supremum in (21) is taken over (F),c[o,7] - stopping times 7 € [t,T]. Furthermore, by
a Corollary in [12], the (F);cjo,7] - stopping time defined by

To(t, e, x) ==inf{s € [0,T —t]: (t + s,rt+s, Xt+s) € D} (29)

with X1 =2 € (0,00) and ry4+5 € R, is an optimal stopping time for the option price in
(21) since both x — V (¢, 7, ) and x — GH<(t, x) are continuous on (0, 00) and G*¢(t,z) <
K for all t € [0,T] and r; € R.

Lemma 1. For any (t,r,z) € D, we have
F(t — F(t
lim sup (t, rt, x +€) (t, r¢, )
e\ 0 €

<0.
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Proof. For all z € (0,00) and € > 0, consider the (F5) e[ )-stopping time
7o =71p(t, 1, x+€) €[0,T — 1] (30)

€

defined by 7p(t, r, x) :=inf{s € [0,T —t]: (t+ s, re+s, Xi+s) € D}. Note that
7p(t, r¢, =) solves the optimal stopping problem given by

V(t,r,x+€)= sup E|e” T rudu e (t+ 71, Xetr)

0<r<T—t

Claim: 7.7 — 0 as € — 0. From the definition 7p (¢, ¢, x) of Tp(t, 1,z + €),

’TD(t,'I"t,l’+€)
=inf{s € [0,T —t]: (t + s, T1+s, Xt+s) € D}

e~ ftt+‘r Tu duEﬂc
0<7<T-s

+
((m + e)xTZéfc_(HT) - K)

}

+
(m:TZéfc_(HT) - K)

}

+
<(x FOTTZE (11 K)

:inf{s €0, T—t: sup E

= e

+
‘]:t-i-T] | Fr ((35 + f)xTZéfc_(H_T) - K) | Fitr

S inf{s - [O’T _ t] . sup E o ftH_T ruduEp,c

0<r<T-—s

‘-Ft—l—T |fr Z E#C

+
((.Z' + G)xTZ;C_(t_H_) — K) ‘-Ft—i—T

e ftt'H ruduE,uC

0<7r<T—s

< inf{s €0, T—t: sup F

|ft+'r ’]:T’ > Ete

1
5 (xzéf_(tw) +eZrt i — K

+
+ ‘:L.Z;L—(t—i-T) + €Z§£C_(t+7_) - K’) |~Ft+’r] }
This implies that

lim 7p (¢, ry, x + €)
e—0

e ftt"'T 7°uduE,uC

+
< lim inf{s €0,T—t]: sup E <(a: + 6)9UTZ;C,(HT) - K)

=0 0<7<T—s

\]:t+r] |Fr| > EHe

1
) (xZ;(tJrr) ey — K
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+
+ \xZ”C (ten) T €z’ T (t47) K]) |.7:t+T] }

+
= inf{s €l0,T—t: sup Ele = JiT rudu gpe (aszZ“° (t47) K)
0<7<T—s
. +
|Ft+7 ’]:r > Ete 2 (xZMC (t+7) - K+ ’xZ;C (t+7) K’) |Ft+’r] }
+
~ t+7
= inf{s €0,T—t]: sup FE e~ Ji T rudu e (m:z:TZ“C (t47) K)
0<r<T-—s
Four ||| = B2 L zhe
| t+7 ’ r| = 5 (‘7: (t+1)

- +
~ t+1
= inf{s €0,T—t]: sup F e~ i rudu puie <xxTZ (t47) K)

0<r<T-s

- +
=inf{se[0,T—t: sup E e i rudu pppe RIS r) — K
0<7t<T-s i
\For || F | = EFe 1 (w2t
t4r [ Vr | = o\ Wl —(t4r) T

—inf{s €0,T—t:(t,r,x) € D}.

F(t7 Tt, er(E)*F(t, Tt I)
€

Now to show that lim sup < 0, we use the optimal stopping problem.

e\ 0
Hence, we have
V t - V t 9 . ]_ ~ _ T
lim sup (t, r, @ +e) (t, i, @) = hmsup{E e i ruduGte (t 4 1% 1+ €)|Fy
e\ 0 € e 0 €
— sup FEle” ST rudu e (t+T7,2) }
0<r<T—t
< limsup — ; {E - rudtGte (t 4 75 1+ €)| F
e\ 0
— Bl T rdugre (¢ 4 7 ) }
< limsup — { (t+71r,x+¢€) — G”C(t—i-Tj,x)}
e 0
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(t, rt, z+e)—F(t, ¢, x) <0. ]

€

Therefore, lim sup £
e\ 0

Now, we characterize the stopping set defined above in terms of the boundary function
bD (t, Tt) .

Proposition 2. For any (t,r,x) € [0,T] x R x (0,00) such that (t,ry,z) € D we have
{t} x {rt} x (0,00) C D (32)

and

D= {(t, re,x) € [0,T] x R x (0,00)|V(t,r, z) — GFe(t,x) > 0}. (33)

Proof.
Let (t,r¢,z) € {t} x {ri} x (0,). Since (¢,r,x) € D and V(t,r¢, ) > GHe(t,z) for all
x € (0,00), we have

V(ta Tt7£) B V(tarhy) _ G”C(tv‘r) — V(tv 74t7y)

T —y T —y
< Guc(tax) B Guc(tvy)
J— x_y M

Taking the limit on both sides as x —y — 0 and by Lemma 1, we have (¢,7,y) € D and
conclude that {t} x {r;} x (0,00) C D. Furthermore, by the definition of the optimal
stopping boundary

bp(t,re) = sup{a: € (0,00) : (t,r,x) € D},

we have the equivalence

(t,ry,x) € D <= {t} x {ry} x (0,00) C D <= x> bp(t,r).
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5. Continuity Lemmas

We next discuss the following continuity results on the payoff and option price functions
to show that the stopping set D given by D = {(t,7¢,z) = V (¢, 1, x) — GFe(t,x) > 0} is
closed.

Lemma 2. The mapping (t,x) — GF<(t,x) is jointly continuous on [0,T] x (0, 00).

Proof. The continuity of the mapping = +— GF<(t,z) follows from the fact that
G#<(t, x) is convex with respect to x € (0, 00) for any ¢ € [0, 7] given and fixed. It remains
to show the uniform continuity of the mapping ¢ — G*<(t,z). Let x € (0,00) be given
and fixed and 0 < ¢; <ty <T. Thus

0< ‘G”B (t2,z) — G*<(t1,x)| by definition of absolute value

_ ‘ EHe [(ngg - K)ﬂfh} [ [(ngg L =Kt \]—"tl} ‘ by equation (17)

<

E#e [(xZé,ﬁc_tQ -K)t - (227, — K)+|]-"t2} ’ by monotonicity
< e [|@zfe,, - )" = @2, — K)'|1F]  since |E(X)| < B(X])

—apre ||(Zfe,, ~ 25 )| \F]  since —K - —K =0,

Therefore, as |t —t1| — 0, we have GFe(tg,x) — G**(t,z) — 0, which completes our
proof. O

Lemma 3. The mapping (t,r¢,x) — V (t, 14, x) is jointly continuous on [0,T] xR x (0, c0).

Proof.

For t € [0,T] and r; € R given and fixed, the continuity of the mapping x — V (¢, 7, x)
on (0,00) follows from the fact that it is convex on (0,00). Also, the mapping r; —
V(t,r¢, x) is continuous on R since the zero-coupon bond price P(t,r;t 4+ 7) is continuous
with respect to r; on R for ¢t € [0,7] and x € (0,00) given and fixed. It remains to show
that t — V (¢, 7, 2) is continuous. Let 0 < t; < to < T, 7 = 7p(t, 7, z) be the optimal
stopping time for equation (19) and 7 = 71 A (T — t2). Then

0 < |V(ty,re,,2) — V(ta, re,, )|

_ rtitm

= ‘Etl,cc e 't ruduGuc(tl =+ 71, Xt1+71)|‘Ft1

~ to+T

2 rudu
_Et2,93 e “ Guc(h +T2aXt2+T2)’~Bz

t1+719

~ i _ wd 1
=|Ep, o e 0 T GH (b 4 1, Xy [
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~ _ (tetT2
- Ethx I:e ftQ TUduGuc(tQ + 727Xt2+72>‘f"t2 ‘

~ _ rtatTo
< ]E [ Ji T {thlm,xtlm)—G“c<tz+fz,xtm>}|m2}

~ _ rtatTo
< Et27x [6 ftz rudu HG#C (tl + 71, Xt1+7'1) - Gue(tQ + T2, Xt2+‘f'2)}| |Ft2:| .

By the continuity of the mapping ¢ — G*<(t,z) in Lemma 2 above, the mapping
t— V(t,r, x) is continuous on [0, 7], uniformly in z € (0, 00). O

Note that from the paper of Peskir and Samee (2013) both = — G*<(t,z) and = —
V(t,ry, x) are convex. Furthermore, recall that every convex function on the open interval
1 is differentiable almost everywhere.

6. Boundary Value Problem

Applying the 1t6 ’s formula on the price function V' = V (¢, r; z) of the British call
option, we have

AV 1 45 0%V ?vV. 1, 9*V ov
= (¢ —dX
av <0t+2 t g2 T PO102VTI Koo 02 57 dt—l—a dX; "y
ov (34)
+ 67(1’1}

We now derive the partial differential equation satisfied by V (¢, r, x) by creating a risk
neutral portfolio. Consider the time interval [t, ¢+ At] and the following portfolio at time
t: long 1 unit of derivative + short €1 units of stock 4+ short €5 units of zero-coupon bond

Let ], be the value of the portfolio at time ¢. Then

[[=Vtrsz) —aX - P, (35)

The change in the value of the portfolio from time t to ¢ + At is then

AT] =AV - aAX, - AP, (36)

Using the discrete approximation of (34) for AV, we have

b ox2 OzxOr or? oz
ov (8P oP 1 0%pP )

v 1 o0V o’V 1 0%V ov
AH: <8 2X2 —l—pO'IO'Q\/’ITtXt + 027“15 )At+AXt
t

—Ary — e AX; — At + —Arg+ —osr—— A
T AT astim e G oty AT T oG &
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_ (v L o’V 1, 0*V
S\ ot

'|-p0'10'2\/>)(ta (9 +2 2 82
oV OPN op
o gy )Rt Tl g T

ov
G and e = G0/ 50

1 o2V
QXtQa >

To eliminate the risk, let e; =
ov o’V 1
A p—
1= (5 -

1228
1X
dzdr

52 + po1oay/reXe ——

ox ox or  or' or or

948-970

o)

961

1 , 0P
L E) oy

. Then equation (37) becomes

2
+ 027}8 V) At

or2

+<av_av> AX, - (av v apap) A,

2
<8P + 1057}6 P> At

1 2X262

taz
.
2\ o

o’V 1
+ po1oay/re Xt

)

o2V +1
ozor 272"

([ae (a+ Ao)r ]?f:— L

1 9V
2)(152a >
T

(rtP a6 — (a+ Ao)r ]ap> At

dxdr 2
272" 92
By equation (5),
ov
Al?[_ (a
A
or ' or

ov 1
ot
av ap

~or! or
WV 1, 20V
- <8t Tt g

+ [af — (a + AU)T]%Z) At.

1 2X282 0?

i gz T PoLoaVTiXeg o
82
"oz

v 1

02
+p0’10’2\/>Xta or + UZTt

or

vV 1

+P0'10'2\/7TtXt8 o +2

+ 503

or?

+ 7P+ 027'75

or?

(38)

2
Jgrav> At

or2

or ) A

1 9P
82

7 )ar
2 )ar

(39)

a?v oV OP
"oz T D

/—TP

Note that the change in the value of the portfolio A[],, is deterministic. That is, the
portfolio is riskless during the interval [t, ¢+ At]. Hence, it must instantaneously earn the
same rate of return as other short-term risk-free securities. That is,

H _ Hertm

t+At t

(40)



K. Falcasantos, F. Sumalpong / Eur. J. Pure Appl. Math, 15 (3) (2022), 948-970

re At ~

Since e ~ 1+ r;At, then approximately

AHzrtHAt
t t

Substituting equations (39) and (35) to (41), we have

OV 1, a0V PV 1V 9V P
<8t T e N Ll i M
oV o . oV oP
+[a9—(a+)\0)]8r>At—m<V—ax /— )

Simplifying this expression, we have

v 1 52 2, OV o*V L a2V ov
(8t NXi gz TPorXeg ot goar gy gy
+ [ab — (a + AJ)T]?:) —rV =0.
Now, we define the infinitesimal generator
]Lf(s ylayQ 7“1“2 az+ ZZ@ bb]pl] f(saylayQ)

for any differentiable function f(s,y1,y2) on [0,T] x R x (0,00), where the 1t6’s
processes Y1 = (Y1 5)s>0 and Ya = (Y2 4)s>0 defined on probability space (€2, Fs, P)

satisfy the stochastic differential equations
dY1s =a1Y1sds +b1Y1 dWi s (Yio=w1)
dYs s = aYs sds + baYs dWo s (Yoo = y2),
respectively, and p;; = cov(dW; s, dWj ) (see [1]).

Lemma 4. We have
D= {(t,rt,a:) €10,7] x R x (0,00)|Lx(t,7¢, ) > O} cC

where C = DY is the continuation set.

Proof. Let (t,r,x) € [0,T] x R x (0,00) be such that LxV(¢,r,z) > 0. By
Lemma 1 in [15], Dynkin’s formula holds. Thus we have,

P(t,re;t 4 8)GPe(t + s, Xeys) = GFe(t, x)

-
+ / LP(t,ret + s)GHe(t + s, Xiys)ds
0

+ M

962

(41)

(42)

(44)

(45)

(46)
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where M, = fOT ala:ag#dWS + fOT 02,/TsGHe gi dW, defines a continuous martingale for
s € [0,T — t] with t € [0,7). By Lemma 5.2 and the fact that G*< € C'? (see [11]),
the infinitesimal generator LP(t,ry;t + s)GF<(t,z) is continuous with respect to (t,z) €
[0,T] x (0,00). Thus, there exists an open neighborhood U x V' C [0,T] x (0, c0) of (¢, z)

such that LxV (t,ry,z) > 0 for all (s,7s,y) € U x V x 0. Let
TU = inf{T : (t+T,7‘t+T,Xt+T) ceUxV x O,Xt =x,rt = 7"}.

By Optimal Sampling Theorem, the relation equation (46) with s = 77 shows that

E [P(t, Tt + 3>Guc(t + s, Xt-i—s)] = G <t7 .’L’)

v (47)
+E {/ ]LP(t,rt;t+s)G“°(t+s,Xt+s)ds} .
0

Since Lx V' (¢, 7, z) > 0, the right hand side of (47) is strictly greater than G*¢, while from
(19), we have
V(t,re,x) > E[P(t,ry;t + 5)GHe(t + 5, Xeys) | Fi]

showing that V(¢,7,x) > GH<(t,z), which implies that (¢,r:, ) € C. This completes the
proof. O

We now proceed to the solution of the free boundary problem in (21). Going back to the
option price in (17), note that it can be written as

V= sup E[P(0,ry7)E" (X — K)"|F;] (48)
0<r<T

Similarly, (20) can be written as

V= sup E[P0,ry;7)GF(t+ 1m,2X;)| Xy = 2,m = 7] (49)
0<r<T—t

Now, let
[(s,r,x) = P(0,7;5)G"(s, ). (50)

Then

AT _ psOGHe M,8P05 9’ _ psd?Ghe or _ uapg
85_P0 ds +GC@S‘R’ 8x2_P0 0z2 Br_Gcar’

L _ psdGHe 92T _ 9Gre 9P 9T _ . 9P
or — P(‘)S oxr oxor ~— Oz 81“0 and or2 — G" WQO'
By Ito’s formula,
or or or 1 ,0°T o’ 1 9r
dl' = —ds + —dr + —dz + —0°—— —— 4 Zo9r——ds. 51
0s 5 or T Ox T 201 or2 +p0102\/;83:8r + 202T8x2 5 (51)



K. Falcasantos, F. Sumalpong / Eur. J. Pure Appl. Math, 15 (3) (2022), 948-970 964

Thus,
d[P(0,r;s)GHe(s,Xs)] = Py ag : + GHe 38]30 ds + [af — (a + \o)r|GHe 88130 ds
r
e
+rX P —— oG —ds + 10%X2P08 G s
aG oprs 1 o2 e %P3
+ poroa/r X B o ds + = 57 rG 5,2 ds
+ 01Xs oG" CdW +02fG““8 0 dws.
Ox or
Integrating both sides from 0 to 7:
P(t) T3t + S)G“c (t + s, Xt-‘rs)
T OGHe oGHe 1 O?GHe
— rhe ) 1 2y2
= GFe(t, Xy) +/0 {P(t,rt,s)[ Ep +rsXs o 501X 53 }
1 oP oP
He - _ He -
+ BT [G¥e(5,X,) - + [0 — (@ + Ao ]G (5, X,) -
OG e orP 1 0’P (53)
+ po109y/Ts X5 o (S,Xs)a— + 2027"56' (8, Xs) == 5,2 } }d
T 1 OGHe oP—
X < Nci
+/ P0.7o: [01 or —dW, 02\/7TG dWy
i 1 OGHe oP —
X 3 Mci
+/ P0,70:) [01 5 ——dW, + 02/1sG dWj
Since P(t,r4;t+ 7)GHe(t + 7, X¢4-) is a martingale, we have
OGHe oGHe 1 O?GHe GFe 0P
P(t,ry; s Xs—— + —oia? —
(b, reit +u) [ o5 " oz 271 oz ] * P(0,ro;t) Ot
GHe 0P x oGHe QP

— SXS -
+ [af — (a + Ao)r] + po1o2/Ts PO.r0l) 0r or

P(0,ro;t) Or
N 1, GHe 0P
222 P(0,r0;t) Or?

Since the supremum in (19) is taken overall stopping time 7 € [0,T — t], we have

8V 1 0*V 0’V 1 o’V oV
L,V (t,r,x) = 8t 2Xt28 5 —i—palag\FXta o + Uma 5 + o —r Xy
— [ab — (a + /\U)r]%‘: V(t,re,x) = 0.
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This shows that there is a continuous (smooth) function £ : [0,7] x R — R™ such that
LxP(t,r;t +7)GHe(t + 1, h(t, 1) X;) =0 (54)

for all ¢ € [0, T]. Linearity of Lx P(t,7¢;t +7)G*<(t + 7, X 4+) in terms of Xy, > 0 shows
that Lx P(t,r;t + 7)GHe(t + 7, Xy4r) > 0 when Xy < h(t + 7,7¢) and Lx P(t,r;t +
T)GHe(t+71, Xi4r) < 0 when Xy 4 > h(t+7,r;). This shows in particular that it is optimal
to exercise immediately when x > h(t,r;) and ¢ < T is sufficiently close to maturity 7" for
the same reason mentioned in [10]. From here, we define the optimal stopping boundary
(the early-exercise premium representation) as follows:

bp(t,rs) =sup{x € (0,00) : (¢t,7r,x) € D}.

The result below characterizes the stopping set in terms of the boundary function
bD(t,Tt).

Proposition 3. The boundary function bp(t,r:) is continuous in t € [0,T] for all ry € R.

Proof.

Let 7, € R be fixed. We first show the right continuity. Suppose that bp(t, ;) is not
continuous at t = tg. We consider two cases:
Case 1: bp(to,rs,) < bD(t0+,rt0+)
Let (t',74.2") € (to,T) x R x (bp(to,74,),bp(to+,7t,,)) be a point in the stopping set D
with ¢’ close to tg and t' | 9. By Newton-Leibniz formula and Lemma 3 we have

0< / Vet e, u) — GFe(t'u)]du
bp (to,rt)

=V, ry,a") — Gle(t ")

as t' — to. This implies that V(tg,ry,2") — GFe(to,2') > 0,i.e., (to,rt,2") € D, which
contradicts the fact that o’ > bp(to,7¢),i-€., (to, 1, 2') € C.

Case 2: bD(to, Tto) > bD(tO+7TtO+)

Let (t*,r¢.2%) € (to,T) x R x (bp(to,7t,), bp(to+,7t,, )) be a point in the continuation set
D with tx close to tg and tx | 5. By Newton-Leibniz formula and Lemma 3 we have

bp (to,rt)
0< / [V (t*, 1, u) — GEe(t*, u)]du
T

*

= GFe(tx, xx) — V(t*, 14, %)

as tx — to. This implies that V(tg, 7, xx) > GHe(tg,2") > 0,i.e., (tg,7,2') € D, which
contradicts the fact that (¢g, 7, z%) € D. O]
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7. The Arbitrage-free Price and the Rational Exercise Boundary

In this section, we present the main result which is a derivation of the closed form
expression for the arbitrage-free price V (¢, r, x) of the British call option in terms of the
early-exercise premium over the European option counterpart.

First, we introduce the following functions:

F(t,ry,x) := GFe(t,z) — P(t,ry; T)G™ (L, x) (55)

J(t,rr,x,0,2) = — /OOIL,[P(t,Tt;U)G”“(v,y)]f(v —t,x,y)dy (56)

for t € [0,T],z > 0,v € [t,T] and z > 0, where y — f(v — t,r4, x,y) is the probability
density function of xZ;" , (see [3], [13] ) given by

2a e(v=1) 5*9—1 2a(z + yedv=1)
f(v—t,:c,y) = <y 7 > i QGXP{ 2( 1 ya(v—t) )
o2 (1 _ e—a(v—t)) g ( —€ )

—4an /:Cyea(vft) )

X Iq( 02(1 _ ea(v—t))

I,(-) is the modified Bessel function of the first kind of order ¢ = %‘%9 — 1. Note that
f(v—t,z,y) can be transformed as

flo—tzy)=es(x—y) (57)
where 5 92 52
_ 9 0 9 92
i = 87’a(0 ) + or 2 "t

and 0(x —y) is the delta function (see [13]). Thus, J(t, 7, x,v,z) > 0 for all (t,7¢,x) € D.
The function L[P(t,r;v)GHe(v,y)] is given by

L{P(t,r;v)G (v,y)] = [2rs — pre + po102y/TA(0, 6+ w)|xP(t, 74, + )
M= G(dy) — 1y P(t, vy, t + u) K®(dy).

It can be verified that (see Appendix)

‘](tv Tt, T, Ta Z) = Tte%P(t’ Tt, T)K(I)(dQ)
—xH c
— [2r¢ — pie + po1oay/TiN| e S P(t,ry, T)®P(dy)

(58)

where
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2
0 In &+ A(t,T) + F(T)
! O'1\/T
g+ AWT) - B(T)

d
? oV/T
A1) = 0= (1—eT) +6(T)
a
O(x) = 127r ez dy
1 2

P(t, Tt, T) =

[m(dl) - Ke_A(t’T)Cb(dg)] +oCy [:ccb(dl) ~ Ke A®D (¢(d2)—

VT = t(I)(dg))] + o0y [deqs(dl) - dlKe—A@vT))qs(@)} +0(0)

where 0(c) is a zero-mean error (see [6])

Theorem 1. The arbitrage free-price of the British call option with stochastic interest
rate admits the following early-exercise premium representation

T
Vb, z) :P(t,rt;T)—i—/ Tt r, 2,0, bp (v, 7))o (59)
t

for all (t,ry,x) € [0,T] x R x (0,00), where the first term is the arbitrage-free price of
the European call option under stochastic interest rate and the second term is the early-
EXErcise Premium.

The rational exercise boundary of the British call option can be characterized as the unique
continuous solution bp : [0,T] x R — RT to the nonlinear integral equation

T
F(t,rt,bD(t,Tt)):/ J(t,re, x,0,bp(v,1ry))dv (60)
t

which satisfies bp(t, 1) > h(t,r) for all t € [0,T] where h is defined as a continuous
(smooth) function h: [0,T] x R — R*" such that LP(t,r¢;t + u)GFe(t + u, X)) = 0 for
all t € [0,T.

Proof
For any (t,r4,x) € C, we have
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V(t,re,x) = E[P(t,r;t 4+ mp)GH(t + D, Xttrp)] (61)

with X; = 2 € (0,00) and r; = r € R where 7p = 7p(t, 74, x) is the optimal stopping
defined as 7p(t,re, ) == inf{s € [0,T —t]: (t + s,Tt+s, Xe+s) € D} . It can easily be
verified from (7) that P(t,rs, x) has continuous %(t,rt,:v). This implies that V (¢, 7, )

has also continuous 6 V.(t,r¢,x). Moreover, it is well-known from the theory of Markov
processes that V in (61) is C12?; hence is C1?2 and it solves the Cauchy-Dirichlet free
boundary problem

LXV(t, Tt,Xt) =0 (t, ’I"t,Xt) eC (62)

V(t, T‘t,Xt) = G'uc(t,Xt)(t,Tt,Xt) c 80 (63)

where 0C' C D denotes the open set C. By applying the change of variable formula with
local time on surfaces in [9] to

(87 Tty y) = P(t7 re;t + S)V(t + 8, Tt+s, y)
with ¢t € [0,7] and X; = 2 € (0,00) given and fixed, we have

E[P(t,re;t + $)V(E+ 8,714, Xegs)|re) = V(E, 1, x)
+ E[/Os Lo P(t,ret +0)V(t+ v, rigp, X0 ) I ( Xty # b(t + v, 740) )dv|r]
+ E[M?|ry] (64)
+ ;E[/Os Pt re;t +0)[Va(t + 0, o, Xepot) = Vot + 0, 70, Xeo—))]

I( Xy = b(t + v, 714))dl0(XT) |r]

where M, b — fo [alXtJrvP oGHe AWty + UQG“C oP dWHU] defines a continuous local mar-
tingale for s € [0, — t] and ﬁb (¢° Jo<uv<s 1S the local time of X* = (X;44)o<v<s On the
curve bp for s € [0,7 —t]. Since the coefficients of the respective Wiener processes of M?
are finite (and so are their respective squares) and that G*< and P are Fj-adapted, hence
we have F [M f] = 0. By the smooth-fit property [11] or convexity of V, the last term in
(64) vanishes. Hence,

E[P(t,ri;t+ s)V(t+ 8,75, Xews)|re) = V(E, 14, )

s 65
+/ E Ly P(t,re;t + )G (t + v, Xepo) L (Xito > bt + v, T440) ) 1] dv (05)
0

where we use (62) above and the fact that V' = G in the stopping set D to obtain the
second term above. By replacing s by T' — t, we have

E[P(t,r;T)( Xy — K)T| = V(t + 1, 2)

T—t (66)
+ E[LP(t,ry;t +v)GHe(t 4+ v, Xpgo) I (Xpgn > bt + v, 7440))|1e] dv
0
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where we used the fact that V(T,rpr,z) = GH(T,x) = (z — K)'. Recognizing the left-
hand side of (66) above as the price p(t, r¢; T') of the European call option under stochastic
interest rate, we have

V(t,re,x) = p(t,re; T) + ftT J(t,re, z,0,bp(v,1y))dv.

Moreover, since V (t,r,x) = GFe(t,z) for all (¢,ry,xz) € D, we have V(t,r,bp(t, ) =
GHe(t,bp(t,r)). This implies that the boundary functiom bp solves equation (60). This
establishes the existence of the solution to (60).

The uniqueness of this solution can be shown parallel to the proof in [11]. O]
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