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Abstract. For the purpose of applying the concept of Lukasiewicz fuzzy set to ideals in BE-
algebras, Lukasiewicz fuzzy ideal is introduced, and its properties are studied. The relationship
between fuzzy ideal and Lukasiewicz fuzzy ideal is discussed. Conditions for the Lukasiewicz fuzzy
set to be a Lukasiewicz fuzzy ideal are provided, and characterizations of Lukasiewicz fuzzy ideal
are displayed. Conditions in which three subsets, called €-set, g-set and O-set, are ideals are
explored.
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1. Introduction

In 1966, Y. Imai, K. Iséki and S. Tanaka introduced BCK-algebra and BClI-algebra as
algebraic structures of universal algebra which describe fragments of propositional calculus
related to implications known as BCK and BCI-logic. Various generalizations were then
attempted, and BCC-algebra, BCH-algebra, BE-algebra, BH-algebra, and d-algebra etc.
appeared. In 2008, S. S. Ahn and K. S. So studied ideal theory in BE-algebras (see [1]),
and its fuzzy set theory is studied by Y. B. Jun, K. J. Lee and S. Z. Song (see [9]).
Lukasiewicz logic, which is the logic of the Lukasiewicz t-norm, is a non-classical and
many-valued logic. It was originally defined in the early 20th century by Jan Lukasiewicz
as a three-valued logic. Using the idea of Lukasiewicz t-norm, Y. B. Jun [3] constructed
the concept of Lukasiewicz fuzzy sets based on a given fuzzy set and applied it to BCK-
algebras and BCl-algebras. S. S. Ahn et al. [8], and A. Rezaei and A. Borumand Saeid
[7] studied fuzzy BE-algebras. G. Dymek and A. Walendziak [2] developed the theory of
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fuzzy filters in BE-algebras. Y. B. Jun and S. S. Ahn applied the Lukasiewicz fuzzy set to
BE-filters and subalgebras (see [4]).

The purpose of this paper is to apply the Lukasiewicz fuzzy set to ideals in BE-
algebras. We introduce the notion of Lukasiewicz fuzzy ideal, and investigate several
properties. We discuss the characterization of Lukasiewicz fuzzy ideal. We consider the
relationship between fuzzy ideal and Lukasiewicz fuzzy ideal. We provide conditions for
the Lukasiewicz fuzzy set to be a Lukasiewicz fuzzy ideal. We explore the conditions under
which three subsets, called €-set, ¢g-set and O-set, will become ideals.

2. Preliminaries

This section lists the known default content that will be used later.

Definition 1 ([5]). A BE-algebra is defined to be a set X together with a binary operation

“x7 and a special element “1” satisfying the conditions:

(BE1) (Va € X) (axa=1),
(BE2) (VYa € X) (ax1=1),
(BE3) (Va € X) (1xa =a),
(BE4) (Va,y,c€ X) (ax(y*xc) =yx*(ax*xc)).

In the following, the BE-algebra is expressed as (X, 1)..
A relation “ <7 in (X, 1), is defined as follows:

Vz,be X)(z<b & zxb=1). (1)
Definition 2. A subset K of X is called an ideal of (X,1). (see [1]) if it satisfies:

(Va,be X)(be K = axbe K), (2)
(Vz,y,ae X)(z,ye K = (z*(y*a))*xa€ K). (3)

Lemma 1 ([9]). A subset K of X is an ideal of (X, 1), if and only if it satisfies:

1 €K, (4)
(Va,b,ce X)(ax(bxc)e K,be K = axce K). (5)

Definition 3. A fuzzy set 1 in X is called a fuzzy ideal of (X,1). (see [9]) if it satisfies:

(Vz,b € X) (¢p(z * b) > (b)), (6)
(V,b,c € X) (P((bx (c* x)) * z) = min{p(b),¥(c)}) - (7)
A fuzzy set v in a set X of the form

[ te(0,1] ifb=a,
v(b) '_{ 0 if b+# a,

is said to be a fuzzy point with support a and value t and is denoted by (a/t).
For a fuzzy set ¢ in a set X, we say that a fuzzy point (a/t) is
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(i) contained in v, denoted by (a/t) € 1, (]6]) if ¥(a) > t.

(i) quasi-coincident with 1, denoted by (a/t) g, ([6]) if ¥(a) +t > 1.
Definition 4 ([3]). Let ¢ be a fuzzy set in a set X and let € € (0,1). A function

£y X = [0,1], + max{0,9(x) +¢— 1}
is called the Lukasiewicz fuzzy set (of ¥) in X.
For the Lukasiewicz fuzzy set Ly (of 1) in X and ¢ € (0, 1], consider the sets
(15, 0)c = {z € X | (a/t) €15},

(Lo t)g :=A{z € X [ (z/t) gLy},
which are called the €-set and g-set, respectively, of L, (with value t). Also, consider a
set:

O(Ly) == {r € X | Li,(z) > 0} (8)
which is called an O-set of Lfb‘ It is observed that

Oy) ={z e X [¢¥(z)+e—-1>0}.

3. Lukasiewicz fuzzy ideals

In this section, let ¥ and € be a fuzzy set in X and an element of (0, 1), respectively,
unless otherwise specified.

Definition 5. A Lukasiewicz fuzzy set pr i X is called a Lukasiewicz fuzzy ideal of
(X, 1) if it satisfies:

(Va,y € X)(Vt € (0,1]) ((y/t) € Ly = ((z*xy)/t) € pr) , 9)

(w/ta) € L5, (y/ts) € L >

= (((z * (y * 2)) x 2)/min{ta, tp}) € L, (10)

(Vz,y,z € X)(Viq, tp € (0,1]) (

“

Example 1. Let X = {1,a,b,c,d,0} be a set with the binary operation “x” given by the

following Cayley table:

S QU O ™ | *
el el e
— = Q = =9
— Q o= Q9 oo
s s s B ES)
— =2 0 0 Q8
—Q o0 Q OO
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Then (X, 1), is a BE-algebra (see [5]). Let 1) be a fuzzy set in X defined as follows.

0.57 if x € {1,a,b},

0.14 if z =c,
R U e N P T )
0.21 if 2= 0.

For € := 0.65, the Lukasiewicz fuzzy set Ly, of ¥ in X is given as follows.

0.22 if y € {1,a,b},

L+ X —[0,1], yH{ 0.00 if y € {c,d,0}.

It is routine to verify that £, is a Lukasiewicz fuzzy ideal of (X, 1),.

Theorem 1. A Lukasiewicz fuzzy set pr in X is a Lukasiewicz fuzzy ideal of (X,1). if
and only if it satisfies:

(Vo,y € X) (£3(z *y) > Li(y)) - (11)
(Va,y,z € X) (pr((x * (y x 2)) x z) > min{ £, (), Lfb(y)}) . (12)

Proof. Assume that L is a Lukasiewicz fuzzy ideal of (X,1).. Let z,y € X. Since
(y/Ly(y)) € Li, we have ((zxy)/Li(y)) € Lf by (9), and so Li(z xy) = Li(y).
Note that (z/Ly(z)) € L and (y/Li(y)) € Lf for all z,y € X. It follows from
(10) that (((z* (y *2)) * z)/min{L{ (2), L5 (y)}) € L, that is, L5 ((z * (y * 2)) x 2) >
min{L5 (), L5 (y)} for all z,y, 2 € X.

Conversely, let L7, be a Lukasiewicz fuzzy set satisfying (11) and (12). If (y/t) € L,
for all y € X and ¢ € (0,1], then Lf(z xy) > L5 (y) > t for all z € X by (11). Hence
((zxy)/t) € L. Let z,y,2 € X and t,,tp € (0,1] be such that (z/t,) € L and (y/ty) € Ly,
Then L (z) > tq and L, (y) > . It follows from (12) that

Ly ((z % (y + 2)) x 2) > min{L,(z), L5, (y) } > min{t,, }.

ergc{e 1()((1‘ * (Y * 2)) * z)/min{tq, tp}) € Ly, and therefore L7 is a Lukasiewicz fuzzy ideal
of (X,1)..

Proposition 1. Every Lukasiewicz fuzzy ideal L of (X, 1), satisfies:

(Vo € X)(vt € (0,1)) ((a/t) € £, = (1/t) € L) (13)
(Va,y € X)(Vt € (0,1]) ((x/t) € £, = (((zxy) *y)/t) € L) . (14)
(Vo,y € X)(Vt € (0,1]) (z <y, (x/t) € £, = (y/t) € £3). (15)
. ((zxy)/ty) € Ly, (z/ta) € L,

W,yeXﬂWmuemJD< ~ (y/min{to. b)) € L5, ). (16)
W%%ZEX“WM“E@J”(«iwéigﬁﬁﬁilﬁﬁigﬂi)- (17)



S. S. Ahn, E. H. Roh and Y. B. Jun / Eur. J. Pure Appl. Math, 15 (3) (2022), 1307-1320 1311

Proof. The condition (13) is derived from the combination of (BE1) and (9). Let
z € X and t € (0,1] be such that (z/t) € L. Then

(((@xy) xy)/t) = (2 x (Lxy)) xy)/t) = (((z* (1 +y)) *y)/min{t, t}) € Ly,

by (BE3), (10) and (13). The combination of (BE3), (1) and (14) induces (15). Let
z,y € X and tq, 1 € (0,1] be such that ((x xy)/ty) € Ly and (z/tq) € Lj. Then

(y/min{ta, tp}) = (1 * y)/min{ta, to}) = ((((z * y) * (x * y)) * y) /min{ta, tv}) € L

by (BE1l), (BE3) and (10), which proves (16). The condition (17) is derived from the
combination of (BE4) and (16).

We provide conditions for the Lukasiewicz fuzzy set to be a Lukasiewicz fuzzy ideal.

Theorem 2. If a Lukasiewicz fuzzy set Ly in X satisfies conditions (13) and (17), then
it is a Lukasiewicz fuzzy ideal of (X, 1),.

Proof. Assume that L satisfies conditions (13) and (17). Let y € X and ¢ € (0,1]
be such that (y/t) € L. Then ((z x (y x y))/t) = ((z * 1)/t) = (1/t) € L, for all
z € X by (BE1), (BE2) and (13). It follows from (17) that {((z=*y)/t) € L. Let
z,y € X and t4,t € (0,1] be such that (z/t,) € L, and (y/ty) € L. Then (((z *
z) x (x * 2))/ty) = (1/ty) € L, and so (((z * 2) *z)/mln{ta,tb}) € L for all z € X by
(17). In particular, (((z* (y* z))* (y * 2))/min{te,t,}) € Lj, which implies from (17)
that (((z * (y * 2)) x z)/min{ta, & }) € L, for all z € X. Hence Lj, is a Lukasiewicz fuzzy
ideal of (X, 1),.

Corollary 1. If a Lukasiewicz fuzzy set LY in X satisfies (13) and (17), then it satisfies
the conditions (14), (15) and (16).

We discuss the relationship between fuzzy ideal and Lukasiewicz fuzzy ideal.

Theorem 3. If ¢ is a fuzzy ideal of (X,1)s, then Lfb 1s a Lukasiewicz fuzzy ideal of
(X, 1)..

Proof. Let y € X and t € (0, 1] be such that (y/t) € L. Then L (y) > ¢, and so
Ly (zxy) = max{0,¢(z x y) +-& — 1} > max{0,P(y) +e - 1} = Ly (y) > ¢

for all z € X. Hence ((x xy)/t) € Li, for all z € X. Let 2,y € X and 14,1 € (0,1] be
such that (z/t,) € Lf, and (y/ty) € L§. Then L (z) > ¢, and L (y) > . It follows that

LS ((% (y 5 2))  2) = max{0, 9((z % (y ) # 2) + & — 1}
> max{0, min{¢(z), 9 (y)} + € — 1}
= max{0, min{y)(z) + e — 1,9¥(y) + € — 1}}
= min{max{0, ¢ (z) + & — 1}, max{0,¢(y) + ¢ — 1}}
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= min{Lg (z), L5, (y)} > min{t,, tp}

for all z € X. Thus (((z * (y x 2)) * 2)/min{t,, tp}) € L, for all z € X. Therefore L is a
Lukasiewicz fuzzy ideal of (X, 1),.

In Example 1, L is a Lukasiewicz fuzzy ideal of (X, 1).. But v is not a fuzzy ideal of
(X,1), since ¥(b*0) = ¢(c) = 0.14 # 0.21 = ¢(0). Therefore, the converse of Theorem 3
may not be true. In the sense of Theorem 3, we can say that Lukasiewicz fuzzy ideal is a
generalization of fuzzy ideal.

We explore the conditions under which €-set and ¢-set of the Lukasiewicz fuzzy set
can be ideal.

Theorem 4. Let L7, be a Lukasiewicz fuzzy set in X. Then the €-set (pr, t)e of L, with
value t € (0.5,1] is an ideal of (X, 1), if and only if Ly, satisfies:

(Vx,y € X) (Lz(y) < max{ £y, (@ * y),0.5}), (18)
(Vz,y,z € X) (min{ £, (z), £3,(y)} < max{L,((z * (y * 2)) * 2), 0.5}). (19)

Proof. Assume that (L, ?)c is an ideal of (X, 1), for t € (0.5,1]. If there exist a,b € X
suchathat Li({lg) > max{L{ (a #;b),EO.5}, then L7, (b) € (05.57 18] and Li(a.* b) < L5, (b). .He.nce
(b/L5, (b)) € L5, and so b € (L5, L5 (b))e, but axb ¢ (L, L5 (b))e. This is a contradiction,
and thus L (y) < max{Lj(z *y),0.5} for all z,y € X. If the condition (19) is not valid,
then there exist a,b,c € X such that

min{ty (a), L5, (b)} > max{L; ((a x (bxc)) *c),0.5}.

If we take ¢ := min{L{ (a), L5, (b)}, then ¢t € (0.5,1], {(a/t) € Li and (b/t) € Lj, but
(((a* (bxc))*c)/t) ELG, that is, a € (1§, t)c and b € (L, t)e, but (ax (bxc))*c & (L5, t)e.
This is a contradiction, and thus (19) is valid.

Conversely, suppose that L7, satisfies (18) and (19), and let y € (L5, )¢ for t € (0.5, 1].
Then ¢ < 1§ (y) < max{L{(zxy),0.5} by (18). Hence L{ (zxy) > ¢, and so xxy € (Lf,,t)e.
Let z,y € X and t € (0.5,1] be such that z € (La,t)e and y € (prat)e- Then Lfﬁ(x >t
and L (y) > ¢, which imply from (19) that

0.5 <t < min{Ly (), L5, (y)} < max{Lj((z * (y * 2)) * 2),0.5}

for all z € X. Hence (((z(y*2))*2)/t) € Lj, that is, (zx(y*2))*z € (Lj, t)c. Therefore
(L5, t)e is an ideal of (X, 1), for t € (0.5, 1].

Theorem 5. Let L7, be a Lukasiewicz fuzzy set in X. Then the €-set (pr,t)e of Ly, with
value t € (0.5,1] is an ideal of (X, 1), if and only if Ly, satisfies:

(Vo € X) (£5(z) < max{£5(1),0.5}),
(Va,y,z € X) (min{ £, (z * (y x 2)), £5,(y)} < max{Lj(z * 2),0.5}) . (21)
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Proof. Assume that (L{,?)c is an ideal of (X, 1), for t € (0.5,1]. If there exist a € X
suchEthat pr(g) > max{Lfb(l)E, 0.55}, then Lf(a) € (80.5751] and pr(.l). < L (a). .He'nce
(a/E5,(a)) € Ly, and so a € (L5, L (a))e, but 1 ¢ (L5, L (a))e. This is a contradiction,
and thus Lf(z) < max{L{(1),0.5} for all € X. If the condition (21) is not valid, then
there exist a, b, c € X such that

min{L (a  (b*c)), L, (b)} > max{Li(a*c),0.5}.

If we take ¢ := min{L{ (a *g) * c)),pr(.b)}, then ¢ € (0.5,1], ((a* (b= ¢c))/t) € Ly and
(b/t) € L, but ((a=*c)/t)E€Ly, that is, a* (b*c) € (Lf,t)c and b € (Lf,t)c, but
axc¢ (Lj,t)e. This is a contradiction, and thus (21) is valid.

Conversely, suppose that L{, satisfies (20) and (21), and let t € (0.5,1]. For every
z € (Lg,t)e, we have ¢t < Lf(z) < max{L{(1),0.5} by (20). Hence L7 (1) > ¢, and so
1 € (L,t)e. Let z,y,2 € X and t € (0.5,1] be such that z * (y * z) € (Lj,t)c and
y € (L5, t)e. Then L (z * (y* 2)) >t and L5 (y) > ¢, which imply from (21) that

0.5 <t <min{Lj(z * (y * 2)), L, (y)} < max{Lj (z x 2),0.5}.

Hence ((z * z)/t) € Ly, that is, 2+ z € (L{,?)c. Therefore (L7, t)c is an ideal of (X, 1),
for ¢ € (0.5,1] by Lemma 1.

Remark 1. In Theorems 4 and 5, if t ¢ (0.5,1], that is, there exists at least one t < 0.5,
then Theorems 4 and 5 are incorrect as shown in the following example.

Example 2. Consider the BE-algebra (X, 1), in Ezample 1 and let 1) be a fuzzy set in X
defined as follows.

(092 if =1,
0.66 if z =a,
0.66 if = b,
VX 0L 20 o e
0.81 if z=d,
0.95 if == 0.

For € :=0.61, the Lukasiewicz fuzzy set pr of ¥ in X 1is given as follows.

0.53 if y=1,
0.27 if y € {a,b},
I5: X = [0,1], y—<{ 038 if y=c,
0.42 if y=d,
0.56 if y = 0.

Then (L5,,0.41)c = {1,d, 0} is not an ideal of (X, 1), because of b0 = c ¢ (L;,,0.41)c.
In this case, we know that L (0) = 0.56 £ 0.5 = max{L (b *0),0.5} and L5,(0) = 0.56 £
0.53 = max{L5 (1), 0.5}.
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Theorem 6. If a Lukasiewicz fuzzy set £y in X satisfies:
(Vo e X)(Vt € (0.5,1]) ((x/t) ¢ £, = (1/t) € L3,), (22)

(= (y=2))/ta) a L5, (y/to) a L, >

(V,y, 2z € X)(Vtq, ty € (0.5,1]) ( = ((z % 2)/max{te, tp}) € L

(23)
then the non-empty €-set (L5, max{tq,tp})e of £, is an ideal of (X, 1), for all tq,ty €
(0.5,1].

Proof. Let tq,t, € (0.5,1] and assume that the €-set (Lj,max{t,,t})e of L, is
non-empty. Then there exists z € (Lj, max{ts, tp})e, and so Li(z) > max{ts, tp} >
1 — max{tq,tp}, i.e., (v/max{tq,tp}) ¢Lj. Hence (1/max{tq,tp}) € Lg, by (22), and thus
1 e (Li,max{ta,tb})e. Let z,y,2z € X be such that x x (y x 2) € (pr,max{ta,tb})e
and y € (L, max{ts,tp})c. Then Li(z x (y * 2)) > max{tq, &y} > 1 — max{ts, tp}
and L5 (y) > max{te,tp} > 1 — max{ts,tp}, that is, ((z * (y * 2))/max{ts, tp}) ¢ Lg,
and (y/max{tq,t}) qL;,. It follows from (23) that ((z * 2)/max{ts, tp}) € L. Hence
zxz € (L, max{ta,tp})c, and therefore (L, max{ts,tp})c is an ideal of (X, 1), for all
ta,ty € (0.5,1] by Lemma 1.

Theorem 7. If a Lukasiewicz fuzzy set Ly, in X satisfies (22) and

(@ (yx2))/ta) a £ (y/to) 4 £, )

S {(x % 2)/minfte, b)) € L, (24)

(42,2 € X)(¥tasty € 05.1)
then the non-empty €-set (L5, min{tq,tp})e of L, is an ideal of (X,1)« for all ta,ty, €
(0.5, 1.

Proof. It can be verified through a process similar to the proof in Theorem 6.

Theorem 8. If a Lukasiewicz fuzzy set £y in X satisfies:

(Vz,y € X)(Vt € (0.5,1]) ((y/t) g £, = ((x*y)/t) € £), (25)

and

(x/ta) g Ly (w/to) g Ly = (((z* (y * 2)) % 2)/max{ta, ty}) € Ly, (26)

for all x,y,z € X and tq,ty € (0.5,1], then the non-empty €-set (Lfb,max{ta,tb})e of L,
is an ideal of (X, 1)« for all tq,t, € (0.5,1].

Proof. Let y € (L, max{tq,t})e for to,t, € (0.5,1]. Then Lf(y) > max{ts tp} >
1 — max{tq, tp}, and so (y/max{ts,tp}) L. Hence ((z * y)/max{ts tp}) € L, for all
z € X by (25), which implies that z x y € (Lf,, max{tq,tp})c for all z € X. Let z,y €
(L, max{tq, tp})e for to,tp € (0.5,1]. Then L () > max{ts tp} > 1 — max{ts,tp} and
L3 (y) > max{ts, tp} > 1—max{tq, &}, that is, (z/max{ts, t»}) ¢ L, and (y/max{t., tp}) ¢ L5,
It follows from (26) that (((z * (y * 2)) * 2)/max{ts, tp}) € Ly for all = € X. Hence
(z* (yx2)) x 2 € (L, max{tq, tp})c for all z € X. Therefore (L7, max{tq,{})e of L, is
an ideal of (X, 1), for all t4,t, € (0.5, 1].
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Lemma 2. Fvery Lukasiewicz fuzzy ideal Ly, of (X, 1), satisfies:
(Vx,y,z € X) (pr(:c * 2) > max{ Ly, (z * (y * 2)), pr(y)}) )

Proof. Note that ((z * (y * 2))/L5, (2 x (y = 2))) € Ly and (y/Ly(y)) € L§ for all
z,y,z € X. It follows from (17) that ((x  z)/min{Lj(z * (y * 2)), L5 (y)}) € L, that is,
LY (2 * z) > min{L{ (z * (y * 2)), L5 (y)} for all z,y,2 € X.

Theorem 9. If £ is a Lukasiewicz fuzzy ideal of (X, 1), then its q-set (£3,t)q is an
ideal of (X, 1) for all t € (0,1].

Proof. Let L{ be a Lukasiewicz fuzzy ideal of (X,1), and let ¢ € (0,1]. If 1 ¢
(L5, t)g, then (1/t) gLy, ie., LG(1) +t < 1. Since (z/L{(z)) € Ly for all x € X, we get
(1/L5,(2)) € Lf, for all z € X by (13). Hence L (1) > Li(z) for z € (L{, 1)y, and so
1—1t>15(1) > Lj(z). This shows that (z/t) gLy, that is, z ¢ (L5,,t)4, a contradiction.
Thus 1 € (L5, ). Let 2,y,2 € X be such that z(y*2) € (L, ?)q and y € (L, t)q. Then
((z* (yx2))/t) L5, and (y/t) ¢ Ly, that is, Lf(z * (y* 2)) > 1 —t and L5 (y) > 1 —¢. It
follows from Lemma 2 that

L3 (7 % 2) > max{L{ (z * (y * 2)), Ly, (y) } > 1 — ¢.

Hence ((z * 2)/t) L, and so z * z € (L5, t)q. Therefore (L5, ), is an ideal of (X, 1), by
Lemma 1.

Corollary 2. If ¢ is a fuzzy ideal of (X, 1), then the q-set of Ly, is an ideal of (X, 1),

Proposition 2. For the Lukasiewicz fuzzy set Lf/) i X, if the g-set of sz) is an ideal of
(X, 1), then the following arguments are satisfied.

1€ (£, t)e, (27)
(x/ta) q Ly, (y/to) gLy = (2% (y*2)) * 2 € (L, max{ta, tp})e, (28)
((xx(y*2))/ta) q £, <y/tb>qup = x*2 € (Ly, max{ta, tp})e (29)

for all z,y,z € X and t,tq,t, € (0,0.5].

Proof. Assume that the g-set (L5, ¢)q of L is an ideal of (X, 1).. Then 1 € (L, t)q by
Lemma 1. If 1 ¢ (L5, t)c for some ¢ € (0,0.5], then (1/t) €L7. Hence L5 (1) <t <1—t
since t € (0,0.5], and so (1/t)qLy, ie, 1 ¢ (L7,¢)q. This is a conradiction, and thus
1€ (L, t)e. Let z,y € X and t4,t € (0,0.5] be such that (z/t.) gL, and (y/ts) ¢ L.
Then x € (L5, ta)q C (L5, max{tq, tp})q and

) € (pr?tb)q g ( Z},maX{ta,tb})q,

from which (2 * (y * 2)) * 2z € (L5, max{tq, ty}), is derived. Hence

Lo ((z* (y*2)) * 2) > 1 — max{ty, tp} > max{ts,tp},
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Le., (((z* (y*2)) * z)/max{ts, tp}) € Ly, Hence (z* (y = 2)) * z € (L, max{ts, tp})e. Let
z,y,2 € X and t,,t, € (0,0.5] be such that ((z * (y * 2))/ta) ¢ Ly and (y/ty) ¢ L. Then
z* (y*2) € (L, ta)g C (L, max{ts, tp})q and

y € (B to)g © (R, max{ta, ty})q,
from which z 2 € (L, max{tq,?}), is derived by Lemma 1. Hence
Lo (z % 2) > 1 — max{ts, tp} > max{ta, tp},

Le., ((z*z)/max{ty, tp}) € Lf,. Therefore z x 2 € (L, max{ta,ts})e.

Theorem 10. If a Lukasicwicz fuzzy set pr in X satisfies

(Vz,y € X)(vt € (0,1]) ((y/t) € L}, = ((w*y)/t)qa L), (30)

and

(z/ta) € Ly, (y/ty) € Ly, = (((z* (y x 2)) * z) /min{t,, tp}) q Ly, (31)

for all x,y,z € X and tq,ty € (0,1], then the q-set (Lfb,min{ta,tb})q of LY is an ideal of
(X, 1), for all t,,t, € (0,0.5].

Proof. Let t := min{tq, tp} for all g, %, € (0,0.5]. If y € (L, 1)g, then L5, (y) > 1 -t > ¢
since ¢ < 0.5, and so (y/t) € L§. Thus ((z *y)/t) ¢ Ly by (30), that is, v xy € (Lg,,t)q =
(L3, min{tq, tp})q for all z € X. Let 2,y € X be such that z,y € (L7, min{tq,t})s. Then
L (z) +ta > Ly () + minf{te, tp} > 1 and L (y) +t, > L5, (y) + min{te, &} > 1, which
implies that Lf(z) > 1 —t, > t, and L (y) > 1 —t, > tp, that is, (z/t,) € L{, and
(y/tp) € Ly, 1t follows from (31) that

(((x * (yx 2)) * z)/min{t,, tp}) qup

for all z € X. Hence (z x (y x 2)) * z € (L, min{tq,#p})q for all z € X. Therefore
(L, min{ta, tp})g is an ideal of (X, 1), for all ¢, € (0,0.5].

Theorem 11. If a Lukasiewicz fuzzy set Ly in X satisfies:
(Vo e X)(Vt € (0,1]) ((z/t) € £, = (1/t)q L), (32)
and

((x* (y*2))/ta) € Ly, (y/ty) € L, = ((z * 2)/min{ta, tp}) q L3, (33)

for all z,y,z € X and tq,ty € (0,1], then the non-empty q-set (Lfb,min{ta,tb})q of L, is
an ideal of (X, 1), for all tq,tpy € (0,0.5].
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Proof.  Let tq,t, € (0,0.5. If (L§, min{tq,ty})q is non-empty, then there exists
z € (L, min{tq,tp})q. Hence Li(z) > 1 — min{tq,#} > min{te, ¢}, which shows
that (z/min{ts,t}) € L. It follows from (32) that (1/min{te,tp})gLy. Thus 1 €
(Li,min{tq,tb})q. Let z,y,z € X be such that T * (y x z) € .(pr,min{ta,tb})q and
y € (‘Lfﬁ,mln{ta,tb})q. Then L (2 * (y * 2)) > 1‘— min{t,, tp} > mln{ta,t‘b} and L (y) >
1—min{t,, tp} > min{ts, tp}. Thus.<(:1:>k(y>kz))/m1n.{ta,tb}> €L and. (y/min{tq, tp}) € L5,
It follows from (33) that ((z*z)/min{te, t}) ¢ Lg, L.e., %2 € (L5, min{t,, tp})q. Therefore
(L, min{ta, tp})g is an ideal of (X, 1), by Lemma 1.

Theorem 12. If a Lukasiewicz fuzzy set L, in X satisfies (27) and (29) for allz,y,z € X
and t,tq, ty € (0.5,1], then the q-set (pr,t)q of L, is an ideal of (X,1)s for allt € (0.5,1].

Proof. Assume that L, satisfies (27) and (29) for all z,y,2 € X and ¢, 4, € (0.5, 1].
The condition (27) induces Ly (1) +¢ > 2t > 1, ie., (1/t) qL;,. Hence 1 € (L5,%)q. Let
z,y,z € X be such that z x (y * z) € (L{,?)q and y € (L, ?)g. Then ((x x (y * 2))/t) ¢ L,
and (y/t) qLg. It follows from (29) that z * z € (L, min{t,t})e = (L5,t)e. Hence
Li(zx2) >t >1—1, that is,  x z € (L5,,¢)q. Therefore (Lj,?), is an ideal of (X, 1), for
all t € (0.5,1] by Lemma 1.

Theorem 13. If a Lukasiewicz fuzzy set Lfb in X satisfies (28) for all x,y,z € X and
ta,ty € (0.5,1], and

(Vo,y € X)(Vt € (0.5,1]) ((y/t) ¢ £, = ((xxy)/t) € £), (34)
then the q-set (£3,,t)q of L, is an ideal of (X, 1)« for all t € (0.5,1].

Proof. Let z,y € X and ¢ € (0.5,1] be such that y € (Lj,t)q. Then (y/t) ¢Lf, and
so (v xy)/t) € Li, by (34). Thus Lj(z xy) >t > 1 —¢, that is, ((z * y)/t) ¢Lj,. Hence
zxy € (L5,t)q. Let 2,y € X and ¢ € (0.5,1] be such that x € (L5, t)q and y € (L, 1),
Then L (z) > ¢ >1—tand L (y) >t > 11, ie., (z/t)qLj and (y/t) ¢L;,. It follows
from (28) that (((= *E(y x2))*z)/t) = (((x * (y * ZE)) * z)/mi;q{t, t}) qu/} This shows that
2(fac *(gy; 1z])) * z € (L§,1)g. Therefore the g-set (Lf,,t)q of L is an ideal of (X, 1), for all

€ (0.5,1].

Theorem 14. If ) is a fuzzy ideal of (X, 1), then the non-empty O-set of Ly, is an ideal
of (X,1),.

Proof. 1f 1 is a fuzzy ideal of (X, 1), then Ly is a Lukasiewicz fuzzy ideal of (X, 1),
(see Theorem 3). It is clear that 1 € O(L],). Let x,y,z € X be such that y € O(L)
and @ * (y * z) € O(L]). Then Li (2 * (y * z)) > 0 and Li(y) > 0. Since ((z  (y *
z)) /L5 (z = (y + 2))) € Ly, and (y/L (y)) € L, we have

(@ * 2) /min {L3,(z = (y * 2)), L3, (y) }) € L,
by (17). It follows that

L (2 * z) > min {£5 (z * (y * 2)), L3 (y) } > 0.
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Hence z x z € O(Lj), and therefore O(L7,) is an ideal of (X, 1), by Lemma 1.
Theorem 15. If a Lukasiewicz fuzzy set Ly, in X satisfies (13) and

((x* (y*2))/ta) € L5, (y/ty) € L3, )
= ((z* z)/max{ta, ts}) q L, '

then the non-empty O-set of L, is an ideal of (X,1)s.

(Vz,y,z € X)(Vitq, tp € (0,1]) ( (35)

Proof. Let O(pr) be a non-empty O-set of L7,. Then there exists z € O(pr), and so
t:=Li(z) >0, ie., (z/t) € Ly for ¢ > 0. Hence (1/t) € Lf, by (13), and thus L§(1) >
t>0. Thus 1 € O(Lg). Let z,y,z € X be such that z * (y x z) € O(Ly) and y € O(L).
Then ¢(z = (y* 2)) +€ > 1 and P(y) + & > 1. Since ((z = (y * 2)) /L5, (x = (y x 2))) € L,
and (y/L5,(y)) € Lj, it follows from (35) that

(2 % 2) /max{Ly,(z * (y * 2)), Ly, (y)}) ¢ 1y
If z% 2 ¢ O(Ly), then Lf (z x z) = 0, and so

Lf/)(m *z) + max{Li(m * (y* 2)), Lfb(y)} = max{pr(x x (y* 2)), pr(y)}
= max{max{0,(z * (y * z)) + £ — 1}, max{0,¢¥(y) + ¢ — 1}}
=max{Y(xx (yx2))+ec—1,¢(y) +e—1}
= max{y(z * (y*2)), Y(y)} +e—1
<l4e-1<1.

Hence ((z  z)/max{L{ (z = (y x 2)), L§ (y)}) L5, a contradiction. Thus z x z € O(Ly),
and therefore O(L,) is an ideal of (X, 1), by Lemma 1.

Theorem 16. If a Lukasiewicz fuzzy set Ly in X satisfies

(Vo,y € X)(vt € (0,1]) (/1) € = ((xxy)/t)qLy), (36)

and

(@/ta) €U, (y/to) €Y = (((x* (y *2)) * z) /max{la, tv}) q L, (37)
for all z,y,z € X and tq,ty € (0,1], then the O-set of L, is an ideal of (X, 1),.

Proof. If y € O(Ly,), then ¢(y) > 1—¢, i.e., (y/(1—¢)) € ¢. Hence ((z*xy)/(1 —¢)) ¢ L],
for all z € X by (36), and thus L (z xy) +1 —e > 1. Thus L (z xy) > ¢ > 0, which
shows that z +y € O(L;) for all # € X. Let z,y,2 € X be such that z,y € O(L7,). Then
Y(x) >1—¢eand ¢Y(y) > 1 —¢, that is, (x/(1 —¢)) € ¥ and (y/(1 —¢)) € . It follows
from (37) that

(2 (y * 2

)
Thus L ((z % (y *x 2)) x2) + 1 —& > 1, and so L§((z * (y * 2)) * z) > & > 0. Hence

) 2)/(1—¢e)) = (((z*(y*2))*z)/max{l —e,1 —e}) gLy
) *
(z* (y*2)) 2 € O(L7,), and therefore O(L{)) is an ideal of (X, 1)..
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Theorem 17. Let L, be a Lukasiewicz fuzzy set in X that satisfies (1/€) q1p and

(Vz,y,2 € X) < «i* g?(x**z);é i ! L€<y/€>qw ) )

Then the O-set of L, is an ideal of (X,1)s.

Proof. Let O(L;,) be the O-set of L{. If (1/£) g1, then ¢(1) + € > 1 and so L (1) =
max{0,9(1) + & —1} = (1) +c—1> 0. Hence 1 € O(L). Let z,y,z € X be such that
* (yxz) € OL;) and y € O(L7). Then ¢(z x (y*2)) + > 1 and ¥(y) +¢ > 1, ie,
((z* (y*2))/e) gy and (y/e) g3 It follows from (38) that ((x * z)/e) € Ly, which shows
L (z % 2z) > e > 0. Hence z * 2 € O(L;), and therefore O(Ly,) is an ideal of (X, 1), by
Lemma 1.

Theorem 18. Let pr be a Lukasiewicz fuzzy set in X that satisfies:

(Va,y € X)(vt € [e,1]) (/) avb = ((z*y)/e) € 7)), (39)
(V2,2 € X) (Htar ty € |2, 1) ( gt Wiy 50 ) S (40)

Then the O-set of L, is an ideal of (X,1).

Proof. Let t € [e,1], € X and y € O(Ly). Then ¢(y) +t > ¢(y) + & > 1, and
o (y/t) g%, which implies that ((z * y)/e) € Ly, by (39). Hence L (z xy) > € > 0, ie.,
zxy € O(Ly). Let tq,t € [,1] and z,y,z € X be such that z € O(L},) and y € O(Ly).
Then (z )+ta > Y(x)+e>land P(y)+tp = ¢(y)+e > 1. Thus (z/ta) ¢ and (y/ts) ¢
Usmg (40) leads to (z * (y * 2)) * z € (L5,,€)e. Hence Li((x x (y*2)) *2) > € >0, and so
(z* (y*2)) x 2 € O(L5). Consequently, O(Ly) is an ideal of (X, 1)..

Corollary 3. Let ng be a Lukasiewicz fuzzy set in X that satisfies:

(Vo,y € X) ((y/e)qp = ((xxy)/e) € £), (41)
(x/e)q, (y/e) g
(Vx’y’zeX)< ;(f*(yi ,:))q*ze (£5,2) > (42)

Then the O-set of L, is an ideal of (X,1).

4. Conclusions and future work

The concept of Lukasiewicz fuzzy sets using Lukasiewicz t-norm was introduced by
Y. B. Jun. In this paper, Lukasiewicz fuzzy set has been applied to the ideal in BE-
algebra, and introducing the concept of Lukasiewicz fuzzy ideal and examining several
properties. We discussed the characterization of Lukasiewicz fuzzy ideal and considered
the relationship between fuzzy ideal and Lukasiewicz fuzzy ideal. We provided conditions
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under which Lukasiewicz fuzzy set can be Lukasiewicz fuzzy ideal, and further explored
conditions under which three subsets, €-set, ¢g-set, and O-set, will be ideal

The ideas and results obtained in this paper will be applied to the relevant algebraic
systems in the future, further examining their usability as a mathematical tool applicable
to decision theory, medical diagnosis systems, and automation systems etc.
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