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Abstract. An arborescence graph is a directed graph in which, for a vertex u called the root,
and any other vertex v, there is exactly one directed path from u to v. The directed pathos of an
arborescence A, is defined as a collection of minimum number of arc disjoint open directed paths
whose union is A,. In [6], for an arborescence A, a directed pathos total digraph Q = DPT(A4,)
has vertex set V(Q) = V(A,) U A(A,) U P(A,), where V(A,) is the vertex set, A(A,) is the arc
set, and P(A,) is a directed pathos set of A,. The arc set A(Q) consists of the following arcs: ab
such that a,b € A(A,) and the head of a coincides with the tail of b; uv such that u,v € V(4,)
and u is adjacent to v; au(ua) such that a € A(A,) and u € V(A,) and the head (tail) of a is u;
Pa such that a € A(A,) and P € P(A,) and the arc a lies on the directed path P; P;P; such that
P;,P; € P(A,) and it is possible to reach the head of P; from the tail of P; through a common
vertex, and it is also possible to reach the head of P; from the tail of P;.

In this paper, the concept of planarity of the directed pathos total digraph (that is, as an acyclic
directed graph which can be drawn with non crossing arcs oriented in one direction) is being dis-
cussed and applied to a directed pathos total digraph of an arborescence A, (DPT(A,)). Further,
the internal vertices of these directed pathos total digraph of A, are cconsidered.

Finally, the planarity of an arborescence resulting from the vertex-gluing of two directed paths is
presented and corresponding internal vertex number is obtained.
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1. Introduction

There are many graph valued functions (or graph operators) for which one can con-
struct a new graph from a given graph, such as the line graphs, the total graphs, and their
generalizations. The line graph of a graph G, written L(G), is the graph whose vertices
are the edges of G, with two vertices of L(G) adjacent whenever the corresponding edges
of G have a common vertex [8]. Harary and Norman [5] extended the concept of line
graph of a graph and introduced the concept of line digraph of a directed graph. The line
digraph L(D) of a digraph D has the arcs of D as vertices. There is an arc from D-arc pq
towards D-arc wo if and only if ¢ = u. Behzad [1] introduced the concept of total graph of
a graph. The total graph of a graph G, written T'(G), is the graph whose vertices can be
put in one-to-one correspondence with the vertices and edges of G in such a way that two
vertices of T'(G) are adjacent if and only if the corresponding elements of G are adjacent,
where the vertices and edges of G are called its members. Gary Chatrand and James
Stewart [2] extended the concept of total graph of a graph to the directed case thereby
introducing the total digraph. The total digraph of a directed graph D, written T'(D), is
the digraph whose vertices are in one-to-one correspondence with the vertices and arcs of
D and such that the vertex u is adjacent to the vertex v in 7'(D) if and only if the element
corresponding to u is adjacent to the element corresponding to v in D.

The concept of pathos of a graph G was introduced by Harary [4] as a collection of
minimum number of edge disjoint open paths whose union is G. The path number of a
graph G is the number of paths in any pathos. The path number of a tree T equals k, where
2k is the number of odd degree vertices of T'. Stanton and Cowan [7] calculated the path
number of certain classes of graphs like trees and complete graphs. Gudagudi [3] extended
the concept of pathos of graphs to trees thereby introducing the concept called pathos
line graph of a tree. A pathos line graph of a tree T' , written PL(T), is a graph whose
vertices are the edges and paths of a pathos of T', with two vertices of PL(T') adjacent
whenever the corresponding edges of T" are adjacent or the edge lies on the corresponding
path of the pathos. Since the pattern of pathos for a tree is not unique, the corresponding
pathos line graph is also not unique. The present study is on the directed pathos of total
arborescence graphs denoted by DPT'(A,), where an arborescence graph A, is a directed
graph for which from an initial vertex u there is only one directed path going to another
vertex v.

2. Preliminary Concepts and Results

In this section, some concepts relating to directed pathos total digraph of an arbores-
cence are defined and DPT(A,) is discussed.

Definition 2.1. A vertex u € V(D) of a directed graph D is a root vertex if u is only
an initial vertex, that is, d~(u) = 0.
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Definition 2.2. [6] An arborescence, denoted by A, is a directed graph in which, from
a root vertexr u and for any other vertex v, there is exactly one directed path from u to v.

Example 2.3. The graph T in Figure 1 is an example of an arborescence graph where
vertex a is its root, that is, d”(a) = 0 and there is exactly one directed path from a to
other vertices b,c,d, e, f,g, h,1,j,k,1, thus, T = A,.

g h i J k i

Figure 1: An arborescence graph T

Definition 2.4. [4] The pathos of a graph G is a collection of minimum number of edge
disjoint open paths whose union is G. The path number of a graph G is the number of
paths in a pathos.

Definition 2.5. The directed pathos of an arborescence A, is defined as a collection of
minimum number of arc disjoint open directed paths whose union is A,.

Definition 2.6. [6] For an arborescence A,, a directed pathos total digraph Q) =
DPT(A,) has vertex set V(Q) = V(A,) U A(A,) U P(A,), where V(A,) is the vertex set,
A(A,) is the arc set, and P(A,) is a directed pathos set of A,. The arc set A(Q) consists
of the following arcs:

(i) ab such that a,b € A(A,) and the head of a coincides with the tail of b;

(ii) uv such that u,v € V(A,) and u is adjacent to v or an arc from u to v ezists;

(iii) au(ua) such that a € A(A,) and v € V(A,) and the head (tail) of a is u;

(iv) Pa such that a € A(A,) and P € P(A,) and the arc a lies on the directed path P;
and

(v) P;Pj such that P;, P; € P(A,) and it is possible to reach the head of P; from the tail
of P; through a common vertex, but it is possible to reach the head of P; from the tail of
P;.

Definition 2.7. A vertez v € V(G) is said to be an inner vertex of a planar digraph
G if vertex v does not belong to the boundary of the exterior region in any embeddings of G
in the plane. The inner vertex number i(G) is the maximum number of inner vertices
of a planar digraph G.
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Example 2.8. Consider the graphs in Figure 2 where the directed pathos total digraph of
A, is shown. Also, i(Q) = 2.
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Q = DPT(A,) :

I)
Figure 2: Directed pathos total digraph of A,

In the context of directed graphs, a digraph G is outerplanar if i(G) = 0 and it is mini-
mally non outerplanar if i(G) = 1.

We now enumerate some of the characterizations of the planarity of the DPT(A,) [6].
Theorem 2.9. Every DPT(A,) is either strictly unilateral or strictly weak.

Theorem 2.10. A directed pathos total digraph DPT(A,) of an arborescence A, is planar
if and only if the underlying graph of A, is a star graph Ki, on n < 3 vertices.

Theorem 2.11. A directed pathos total digraph DPT(A,) of an arborescence A, is out-
erplanar if and only if A, is either Py or Ps.

Theorem 2.12. A directed pathos total digraph DPT(A,) of an arborescence A, is maz-
imal outerplanar if and only if A, is Ps.

Theorem 2.13. A directed pathos total digraph DPT(A,) of an arborescence A, is min-
imally non outerplanar if and only if A, is Py.

Theorem 2.14. A directed pathos total digraph DPT(A,) of an arborescence A, has

crossing number one if and only if the underlying graph of A, is Ki 4.

3. Main Results

This section presents some properties and characterizations of a directed pathos total
digraph of an arborescence graph. The first result is intended for the arborescence which
is a directed path P,.
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Theorem 3.1. If A, = P,, then the directed pathos total digraph DPT(A,) of A, is pla-
nar.

Proof: Suppose that A, = P,. Let V(f’n) = {v1,v9,v3,...,v,} and let A(ﬁn) =
{e1,e9,e3,...,e,_1} such that v; and e; = (v1,v2) are the root and root arc of ﬁn, re-
spectively and e; = (v, vi41) for 2 < ¢ < n — 1. Then vi,ve,...,vp,€1,€2,...,€6,_1 are
the vertices of T(A,). Also, (vi,vit1), (vi,€:), (€i,vit1), (€5, €it1), for 1 < i <n —1 are
the arcs of T'(A,). Let P(A,) = {P1} be a directed pathos of A, such that P; lies on the

arcs e; = (vy,v2), ea = (v2,v3), ..., €n—1 = (Un—1,vn). The directed pathos vertex P is a
neighbor of the vertices ey, ez, ..., e,—1. This shows that the crossing number of DPT(FP,)
is zero, that is, cr(DPT(P,)) = 0 (see Figure 3). Hence, DPT(P,) is planar. O
- Uy Ua s Un—1 Up,
B, O O O O QO

Figure 3: Directed pathos total digraph of P,

Theorem 3.2. For an arborescence graph P, with n > 2 vertices and n — 1 arcs,
|A(DPT(A;))| =5(n—1) —1=5n—6.

Proof: We do this by induction. For n = 2, note that DPT (P_é) consists of vertices
vy, v, €1, and P and arcs (vy,v2), (v1,€1), (e1,v2), and (P,ep). (See Figure 4). Thus,

|A(DPT(Py))| = 4

=52-1)—1
=5(n—1)—1.
(351 (253
L2 5 (3
P o o8 DPT(B,) : o

or
Figure 4: Digraph P, and its directed pathos total digraph
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For n = 3, DPT(I%) consists of vertices vy, v9,vs, €1, €2, and P and arcs (vi,v2), (va,v3),
(vi,e1), (v2,e2), (e1,v2), (e2,v3), (e1,e2), (P,e1), and (P, e2). (See Figure 5). Thus,

|A(DPT(Py)| =

J.); : O : O = b

N

-
Y 4
.7

ar

Figure 5: Digraph ]33 and its directed pathos total digraph

Assume that for P,_; with n — 1 vertices,

|A(DPT(P,1))| = 5((n—1) = 1) -1

=5(n—2)—1
=5m—-10-1
=5(n—1)—6
=on — 11.

A(DPT(P,_1))| =5((n—1) —1) — 1. That is,

That is, A(DPT(ﬁn_l)) consists of the arcs (vi,v2), (ve,v3), ..., (Un—2,0n—1), (v1,€1),

(U2)62)a sy (vn*%en*l)a (61’02% (62,1}3), SRRE) (en*Q’vnfl)’ (61762)’ (62763)a
(P,e1), (P,e2), ..., (P,en—2). (See Figure 6).
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Figure 6: Digraph P,_1 and its directed pathos total digraph
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Adding one vertex to 13“,1 results into a directed path ﬁn, with the additional arc
(Un—1,vp). (See Figure 7).

~ 0y Uz e, U3 e s o e d ol
V0% O % O O0—0 O 0

DPT(B,):

Figure 7: Digraph P, and its directed pathos total digraph

— —

Hence, DPT(P,) contains the arcs in DPT(P,—_1) and the arcs (v,—1,vn), (€n—1,Un),
(Un—1,€n—1), (én—2,€n—1), and (P, e,—_1). Therefore,

—

|A(DPT(P,))|=5n—11+5
=5n—06
=on—5-—-1
=5(n—-1)—-1. O

We present a closely similar result from [6] in the next theorem using the usual notation
of a path and taking into consideration a directed path as an arborescence.

Theorem 3.3. The i(DPT(P,)) = n — 3 if and only if n > 4.

Proof: Suppose that i(DPT(P,)) = n — 3, where n < 4. Suppose n = 3 and A, =
]33. Thus we have vy,v9,v3 as the vertices of A, and e; = (v1,v2) and es = wa,v3
as the arcs of A,. Then the vertices of T'(A,) are {v1,ve,vs,e1,ea} and the arcs are
(v1,v2), (v2,v3), (v1,€1), (e1,v2), (va,e2),(e2,v3), (e1,e2). Let P(A,) = {P>} where Py =
[vive, vous]. Therefore, DPT(A,) is an outerplanar. A contradiction since DPT(A,)
should contain an internal vertex. (See Figure 5).

Conversely, suppose that A, = P, for n > 4. We will show i(DPT(P,)) = n — 3
by induction. Let A, = Py and let V(P;) = {v1,v2,v3,v4}. Thus, V(DPT(F,)) =
{v1, v2,v3,v4, €1, €9,€3, P} where e; = (v1,v2), e2 = (va,v3), and e3 = (v3,v4) as the arcs
of P, and P is the pathos of Py. Hence, A(DPT(P,)) = {(v1, v2), (v2,v3), (v3,v4), (v1,€1),
(e1,v2), (ve,e2), (e2,v3), (v3,e3), (e3,v4), (€1,€2), (e2,€3), (P,e1), (P,ea), (P,es)}. (See
Figure 8).
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DPT(B,) :

Figure 8: DPT(Py) of P,

So e is the only internal vertex of DPT(P;). That is, i(DPT(Py)) =1=4—3=n—3.
Assume that for n > 4, i(DPT(P,-1)) =n—1—-3 =n—4. That is, V(DPT(P,-1)) =

{or,v2,...,vp-1,€1,€2,. .. en2, P} where e = (vi,v2), ez = (v2,03), ...,
én—2 = (Un—2,vp—1) and P is the pathos of P,,_1. Also, A(DPT(P,-1)) = {(v1,v2), (v2,v3),
ooy (Un—2,vp—1), (v, €1), (e1,v2), (v2,€2),  (e2,03),..., (Vn—2,€n—2), (en—2,vn-1), (e1,€2),

(e2,€3),...,(e1,€2), (e2,€3),...,(en—3,en—2), (P, e1), (P, ea),...,(P,en—2)}. (SeeFigure9).

U Uy U3 el Up-2 Un-1

DPT(P,-)

1

Figure 9: DPT(P,_1) of P,_,

—

It follows that eg,es,...,e,—3 are the internal vertices of DPT(P,—;). That is,
i(DPT(P,_1)) = n—3—-2+1 = n—4. Now, adding one vertex to the right side
of vy_1 of P,_1 to obtain P,, we will have V(P,) = {v1,va,...,0,} and A(P,) =
{e1,e2,...,en—1} where e; = (v1,v2), €2 = (v2,v3), ..., €p_o = (vﬁ,z,vn,l), en—1 =
(Un—1,v,). Thus, an addition of the vertices v, and e,_; to the V(P,) results in addi-

tional arcs (vn—1,vn), (Vn—1,€n—1), (€n—1,0n), (én—2,en—1), and (P, e,—1). (See Figure 10).
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U U2 U3 D Un-2 Un-1 Un
Fa e .

Figure 10: DPT(P,) of P,

Therefore, the vertices es, es,...,e, o are the internal vertices of DPT(ﬁn). That is,
i(DPT(P,)) =n—2—-2+1=n—3. 0

In view of Theorem 3.3, a directed pathos total digraph DPT (]3”) is outerplanar for
n = 3 and minimally non outerplanar for n = 4.

Theorem 3.4. For an arborescence P,, DPT(P,) is strictly weak.

Proof: Suppose that A, = P,. Let V(ﬁn) = {v1,v2,v3,...,v,} be the vertex set and
let A(ﬁn) = {e1,ez,€3,...,en_1} be the arc set of P, such that v; and e; = (v1,v2) are
the root and root arc of B,, respectively, and ¢; = (vi,vi41) for 2 < i < n —1. Then
V1, V2, .., Up,€1,€2,...,6n_1, P are the vertices of T'(A,) where P(A,) = P is the directed
pathos of A, such that P lies on the arcs 1 = (v1,v2), 22 = (v2,03), ..., Tn-1 = (Vp_1,Vp).
Also, (vi,vit1), (vi,ei), (€5,vix1), (€5,€i+1), for 1 < i < n —1 are the arcs of T'(A,) and
since P lies on the arcs x1,xo9,...,T,_1, the directed pathos vertex P is a neighbor of
the vertices x1,x2,...,2n—1. Note that from v, there is a semi-directed path to vertices
V9,3, ...,U, and from vy, also there is a semi-directed path to vertices e, eo,...,e,_1.
However, there is no semi-directed path from vy to P. From Theorem 2.9, a directed
pathos total digraph of an arborescence is either strictly unilateral or strictly weak. Thus,
for any arborescence directed planar graph, its DPT(A,) is strictly weak. ]

Corollary 3.5. For any arborescence graph A, containing Ki 4, its DPT(A,) is non-
planar.
Proof: This follows from Theorem 2.14. O
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Theorem 3.6. For an arborescence graph A, = 51,2(71); the directed pathos total digraph
DPT(A,) is nonplanar if and only if n > 3.

Proof: Suppose A, = 5"172@), where n < 2. Then A, is just a path. By Theorem 3.1,
DPT(A,) is planar.

Conversely, suppose that A, = 5_"1,2(”), where n > 3. For n = 3, let V(4,) =
{v1,v2,v3,v4,v5,v6,v7} be the vertex set and A(A,) = {e1 = (viv2), ez = (vav3), e3 =
(vsvy), eq = (vqvs), es = (v3vg), eg = (vev7)} be the arc set of A, such that v; and
e1 = (v1,v2) are the root and root arc of A,, respectively. Then we have the fol-
lowing vertices for T'(A,), that is V(T(A,)) = {v1,v2,...,v7,e1,€2,€3,...,e5} and arcs
(vi,e;) for 1 < i < 4,6, (v3,e5), (e,vi41) for 1 < i < 6, (v;,v;41) for 1 < i < 4,6,
(vs,v6), (e1,€2), (e2,e3), (e3,eq), (e5,€6), (e2,e5). Let P(A,) = {P1, P,} be a directed
pathos set of A, such that P; lies on the arcs (vi,v2), (v2,v3), (v3,v4), (v, v5); P lies
on (v3,vg), (vg,v7). Thus the directed pathos vertex P; is a neighbor of the vertices
V1V2, UaU3, U3V4, V4V5; Po is a neighbor of vsvg, vgvz. This shows that er(DPT(A,)) = 1,
a nonplanar. For n > 4, it is nonplanar since K7 4 is its subdigraph. This shows that
cr(DPT(A;)) # 0 by Theorem 2.14. Hence, DPT(A,) is nonplanar. O

Theorem 3.7. For an arborescence 13”, DPT(P;L) contains a K1 ,-1 graph.
Proof: From Theorem 3.1, note that P lies on the arcs ejes, eges, ..., en—2e,—1. Thus, P is
a neighbor of ejeg, ezes, . .., ep—2ey—1. Therefore, K, is a subdigraph of DPT(P,). O

Theorem 3.8. For an arborescence graph A, which is an n-pan, the directed pathos total
digraph DPT(A,) has cr(n-pan) = 1 if and only if n > 3.

Proof: Suppose that A, is an n-pan with n < 2 and cr(4,) = 1. Let V(A,) = {v1,v2,v3}
be the vertex set and A(A,) = {e1,e2} be the arc set of A, such that v; and e; = (v, v2)
are the root and root arc of A,, respectively. Thus, A, = B By Theorem 3.1, all path
graphs are planar, thus cr(4,) = 0, a contradiction.

Conversely, suppose that A, is an n-pan graph with n > 3 vertices. We consider the
following cases.

Case 1: Suppose that A, is an n-pan graph with n = 3. Then V(T(AT)) =
{v1,v2,v3,v4, €1, €2,€e3,e4} is the vertex set of T'(A,) and its arcs are (v, viy1), (€i,€i11),
(e5,vi41) for 1 <1 <3, (v;,¢;) for 1 <i <4, (vg,v2), and (eq, e2). Let P(A,) = {P1} be a
directed pathos set of A, such that P; lies on the arcs (vi,v2), (ve,v3), (v3,v4), (v4,v2).
Then the directed pathos vertex Pj is a neighbor of the vertices v1vs, vov3, V304, V4v2. This
shows that the crossing number of DPT(A,) is one, that is, cr(DPT(A,)) = 1 where
(eq,e2) crosses (Pp,eq).

Case 2: Suppose that the underlying graph of A, is an n-pan graph with n = 4.
Then V(T(AT)) = {v1,v9,...,0pn,€1,€2,...,6e,} is the vertex set of T'(A,) and (v;, vit1),
(eis€it1), (€i,vit1), (viy€;), (vg,v2), and (eq, ez) are the arcs. Let P(A,) = {P;} be a di-
rected pathos set of A, such that P; lies on the arcs (v1, v2), (v2,v3), (vs,v4), ..., (Vi, Vit1),



Jill Maegan B. Pamplona, Imelda S. Aniversario / Eur. J. Pure Appl. Math, 15 (3) (2022), 1331-1343 1341

(vg,v9) for 1 < i < n—1. Then the directed pathos vertex P; is a neighbor of the vertices
V1V, VU3, U3U4, . - . , ViVi+1, VU2 for 1 <4 < n — 1. This shows that the crossing number of
DPT(A,) is one, that is, cr(DPT(A,)) = 1. For all n, (e4, e3) crosses (Py,ey1). O

Theorem 3.9. If A, = ﬁmm) e P, . then the directed pathos total digraph DPT(A,) of
A, is planar where x1 and y1 are the initial vertices of ﬁm(zl) and ﬁn(yl), respectively.

Proof: Suppose that A, = P, e P, Let V(ﬁm) = {x1,x9,23,...,2,} and let A(ﬁm) =
{a1,a2,as,...,am—1} such that x1 and a; = (z1,22) are the root and root arc of ﬁm,
respectively and a; = (x;, zi41) for 2 < i < m — 1. Then z1,22,...,Zm,a1,02,...,0nm_1
are the vertices of T(ﬁm) Also, (xi, wiv1), (x4, a), (@i, xiy1), (ai,ai41), are the arcs of
T(Py). Let V(P,) = {y1, 42,93, ..., yn} and let A(P,) = {b1,bs, b3, ..., by 1} such that
y1 and by = (y1,y2) are the root and root arc of B,, respectively and b; = (Yj, Yj+1)
for 2 < j < n—1. Then y1,v2,...,Yn,b1,ba,...,bp_1 are the vertices of T(P,). Also,

(Y5, Yj+1), (y5,b5), (bj,yj+1), (bj,bj4+1), are the arcs of T(ﬁn) Let P(A,) ={P1, P>} such

(1)

that P; lies on the arcs ay = (z1,22), a2 = (x2,23), ..., am—1 = (Tm—1,Tm) and P
lies on the arcs by = (y1,¥2), b2 = (¥2,93), -+, bp—1 = (Yn—1,Yyn). The directed pathos
vertex P, is a neighbor of the vertices b1, bo,...,b,_1. Note that z; and y; are the initial
vertices of graphs P, and P,, respectively, so x1 = y; in P,, e P,. This shows that the
cr(DPT(P,)) = 0 (see Figure 11). Hence, DPT(P,) is planar. O
T I9 I Ly I
L) ™ ) ' Yy
mz,) O W R g T BT e Wy 0 O
<= R U S

P

N(yy)

Figure 11: Directed pathos total digraph of B,

(@) ®

Theorem 3.10. For an A, = _’m@l) ° ﬁn(ylw
m,n > 4.

Proof: Suppose that i(DPT(A;)) = (m+n) — 6, where m,n < 4. Let m,n = 3. Thus, we
have vy, va, v3, v4, V5, Vg as the vertices of A, and e; = (v1,v2), ea = (va,v3), €3 = (v1,v4)
eq = (v4,v5) as the arcs of A,. Then the vertices of T'(A,) are {v1, v, v3,v4, V5, €1, €2, €3, €4}

i(DPT(Ay)) = (m +n) — 6 if and only if
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and the arcs are (v1,v2), (v2,v3), (v1,v4), (v4,v5), (v1,€1), (e1,v2), (ve, €2), (e2,v3), (v1,€3),
(63, U4), (U4, 64), (64, U5). Let P(AT) = {Pl, Pg} where P1 = [Ulvg, Ugvg] and P2 = [U11}4, U4U5].
Therefore, DPT(A,) is an outerplanar. A contradiction since DPT(A,) should contain
an internal vertex.

Conversely, suppose that A, = Pm(m.ﬁ”(yn form,n > 4. We will show i(DPT(ﬁm(wl)o
Pn,.,)) = (m+n)—6 by induction. LeEAT = _{34(z1) ® Py, andlet V(Py, oP )=
{v1,v2,v3,v4,v5,v6,v7}. Thus, V(DPT(Fy, Py, ) = {v1,v2,v3,v4, 05,06, 07, €1, €2, €3,
e, €5, €6, P1, P} where €1 = (v1,v2), e2 = (v2,v3), e3 = (v3,v4), €4 = (v1,v5), €5 =
(vs,v6), and eg = (vg,v7) as the arcs of P4(zl) ° P4<y1), and {Pp, P»} is the pathos set of

134(321) o Py, . Hence, A<DPT<ﬁ4(x1) 0134(y1)))={(111,v2), (v2,v3), (v3,v4), (v1,05), (v, 6),

(UG’U7)’ (v1761)’ (61,1}2), (v2762)’ (62,1}3), (U3763)’ (63,1}4), (U1764)’ (64,1}5), (U5766)a (66’v7)a
(61,62), (62,63), (64,65), (65,66), (Pl,el), (Pl,eg), (P1,€3), (P2,64), (P2,65), (PQ,eﬁ)}. SO

—

ez and e5 are the only internal vertices of DPT(FPy, o ﬁ4<y1)). That is, i(DPT(A,)) =
2=44+4—-6=m+n—6.

—

Assume that for m,n > 4, i(DPT(A;)) = (m—1)+(n—1)—6. That is, V(DPT(A,)) =
{@1, w2 w3, .0, Tty Y1s Y2, Y3y - Yn—1, A1, G2, A3, ..., Gm_2, D1, b2, b3, ..., by_o,
P, Py} Also, A(DPT(A;)) = {(z1,22), (¥2,23), -, (¥m-2,Tm-1), (Y1,42), (y2,¥3),
ooy Un—2,Yn—1), (w1,01), (a1,22), ..., (Tm—2,am—2), (@m—2,Tm-1), (y1,b1), (b1,92), ...,
(Yn-2,bn—2), (bn-2,Yn-1), (a1,a2), ..., (@m-3,am-2), (b1,b2), ..., (bn-3,bn—2), (P1,a1),
ooy (Pryam—2), (P2,b1), ..., (P2,by—2)}. It follows that ag,as, ..., am—3 and be,bs,

.., b3 are the internal vertices of DPT(A,). That is i(DPT(ﬁm_l(ZI> ° _’n_lm))) =
m—3—14n—3—1 = m+n—4. Now, adding one vertex to the right sides of x,,_1 and ¥y, _1 of
P,,_1 and P,_; to obtain ﬁmoﬁn, we will have V(DPT(ﬁm(m oﬁn(yl))) ={w1, o, x3, ...,

Tm—1s Tmy Y1, Y2, Y3, -+ Yn—1, Yn, a1, a2, a3, ..., Am—2, Am—1, b17 b27 b37 ceey bn*?a bn*lv
Py, P}. Also, A(DPT(A,)) = {(x1,22), (x2,23), ..., (Tm—2, Tm-1), (Tm-1,2Zm), (Y1,92),
(W2,43)s s Wn—2,Yn-1)s Un-1,Yn), (x1,01), (a1,72),..., (Tm—2,0m—2), (@m-2,Tm—1),
(y1,01), (b1,y2); -+ (Yn—2,bn—2), (bp—2,Yn—1), (@1,02),..., (@m-3,am—2), (@m—2,Am-1),
(b1,b2), ...y (bn—3,bp—2), (bp—2,bn_1), (P1,a1),..., (P1,am—2), (P1,am-1), (P2,b1), ...,
(P2,bp—2), (P2, by—1)}. Therefore, the vertices ag, as, ..., am—2 and b, bs, ..., b,_o are the
internal vertices of DPT(A,). That is, i(DPT(Py, , ® Pa, ) =m—3+n—3 =
m—+n — 6. ]
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