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Abstract. Parameters a, b, ¢, and « are introduced to form the Bernoulli-type, Euler-type and
Genocchi-type polynomilas where « is the order of the polynomial and is a positive integer. Ana-
lytic methods are used here to obtain the Fourier series for these polynomials.
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1. Introduction

The polynomials that will be considered are given by the generating functions (1)-(3)
where B,(la) (z;a,b,c) denotes the Bernoulli-type polynomials of order «, E,(La) (z;a,b,c)
denotes the Euler-type polynomials of order o and Gg{l) (x;a,b,c) denotes the Genocchi-
type polynomials of order o with o € Z%, a,b,c are positive real numbers and B =
Inb—Ina > 0.

N ot N B (b o) 2
<bt at> c _nz:;)Bn (x,a,b,c)n!, ‘t‘ < B (1)
2 acwt = iE(a)(fL"a b c)—n t] < u (2)
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These polynomials are generalizations of the classical Bernoulli, Euler and Genocchi poly-
nomials, respectively. The Apostol-type of these polynomials were mentioned in [9] in the
introduction of the paper. Fourier series for the tangent type of these polynomials were
obtained in [7] while the Fourier series for the Apostol-Tangent polynomials were obtained
in [6]. Integral representation and explicit formula at rational arguments of tangent poly-
nomials of higher order were derived in [8]. Properties of higher order Apostol-Frobenius-
type poly-Genocchi polynomials with parameters a, b and ¢ were studied in [10]. Other
interesting polynomials related to Bernoulli, Euler and Genocchi were studied in [1-4].

In this paper, the Fourier series for Bgla)(x;a, b, c), Efla) (z;a,b,c) and G%a) (z;a,b,c) of
positive integer order @ will be derived. The method used here is analytic. In particular,
there will be heavy use of contour integration and residue theory. For elaborate discussion
of these topics see [5].

2. The case a =1

Lemma 2.1. Letn > 2, N > 1 and C be the circle about zero of radius R = (2N7w—¢)/B,
where 0 <e <1 and B=Inb—1na, b > a. For

B
0<$<<lna— )/lnc, Inc>0
2r — ¢
we have
. Atodt
lim _—=
N—+o0 Cn bt — at tn
Proof.
/ Cxt @ - / |Cact| @
oy (O —al)t"| = Joy b —at| [t"]
xt
We will show that under the conditions in the lemma, the function m is bounded
—a
on Cy.

Write ¢ = e¥tIne pt = etnb gt = etne where t € C'y. Let t = v 4 ip. Then

2Nw —¢ 2Nm — ¢ |
’}/ZTCOSG, p:TsmG,
where 0 < 6 < 27w. Then
|Cmt| ex'ylnc
|bt _ at| ’e(fy+ip) Inb _ o(v+ip) lna|

ey Inc

eYnale2yB — 278 cos pB + 1]%
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1

e'y[ln a—zInc] [6273 — 92e7B cos pB + 1]% ’

With
Ina B
Inc (27 —¢)lnc
— zxlnc<lna—
™—€
B
= zlnc—Ina < —
2 — ¢
B B
= lna—zlnc> > , VN >1.
pa— e 2r —e — 27N —¢ -
Thus,
1 < 1 < r
evllna—zlnc] — gcost — ej =6
and
™| e
|bf —af| = [e2vB — 2¢7B cos pB + 1]2

The denominator of the preceding expression must not be zero. With 0 < 0 < 27, we look
at 3 cases:

Case 1: cosf <0
As N — +00,7 = —oo and €278 — 2¢7B cos pB +1 — 1 provided B > 0.

Case 2: cosf >0
2 B 1
As N — +00,7 — 400 and e’ —2e7B cospB+1 =28 (1 - 2Lospe 4+ —) —
erB evB
400, provided B > 0.

Case 3: cosf =0
Then v = 0 and e?'5 —2e78 cos pB + 1 = 2 — 2 cos pB, which is nonzero provided that
cos pB # 1. Because cosf = 0, we have p = £(2N7 — ¢)/B. Thus,

cos pB = cos|[(£2Nw —¢)] = 1 iff 2N — ¢ = 2kn, for some integer k.
This gives
2(N —k)r =,
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which is not possible because 0 < ¢ < 1.

Thus, under the conditions in the lemma, in all 3 cases ¢*'/(b’ — a') is bounded Vt € Cy.
Let M be a positive integer such that

C:ct
| <M.
Then
vt dt |dt]
/ F—ae| <M
CN CN
gy (2N7T — )27
N (2Nm —e)"
anl
2Mn B!
:WﬁﬁoaSN—)+OOfOT7’LZ2.
m™—E&

This completes the proof of the lemma.

Theorem 2.2. Let a, b, c be positive real numbers. The Fourier series of the Bernoulli-type
polynomials By (x;a,b, c) is given by

Bn(IE; a,b, C) B 1 elk(zlnc—Ina)

n! B t ’
keZt

valid for

B
0<m<<lna—2ﬂ_€>/lnc, Inc>0

where t, = 2kni/B, B=1Inb—Ina > 0.

Proof. When « = 1, the generating function (1) reduces to

t o ‘ tn 2
mc = %Bn(aj,a, b, C)a, |t| < E

Applying the Cauchy Integral Formula yields
By(z;a,b,c) 1/ et dt
n! - 2mi Jo bt —at tn

2
where C' is a circle with center at 0 and radius less than fﬂ Let
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The function f(¢) has simple poles at ¢ such that b* — a’ = 0 and a pole at ¢t = 0 of order
n. Let t;, be those values of ¢ such that b — a® = 0. These values are obtained as follows.

b —at =0

etlnb o 6tlna -0

(etlnb — etlna)eftlna
log(et(lnb—lna) _ 1)
t(Inb—1Ina) =logl =i Arg 1+ 2kmi
. 2kmi
=5

where B =1nb — Ina.

Let ty, = 2kmi/B, k € Z. Now let C'y be the circle described in Lemma 2.1. Applying

the Residue Theorem, we have

1 o dt
lim — ——— =R t),t=0 R t),t=tg).
ot L et = ResU ) >+k€;€j¢0 es(f(t).t = tx)
By Lemma 2.1,
0=Res(f(t),t=0)+ Y _ Res(f(t),t =1t
kEZ,k+0
By (z;a, b,
0 :M + Z Res(f(t),t =tg)
mn.
kEZ,k£0
B, (x;a,b,¢)
:(m:— > Res(f(t),t =tx).
k€Z, k0
Computing the residue at tg:
Res(f(t),t = ty) = lim (t — t)— 2
es = = l1im — -
’ M S M bt = atytn
2ttt
/J/ b
where
p= @(bt — a")|i=t,
d n na
— %(etl b _6t1 )|t=tk
eftklna

= (Inb PR L ) etkln“)
etk Ina
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_ et’“ lna(ln b 6tk(lnb—ln a) In a)

= e M(Inp —1Ina)

—B. etk lna.

Thus,
et
k
Res(f(t),t =t;) = B olnlna
etk(xln c—Ilna)
B -t}

Consequently,

etk (zlnc—Ina)

.

By(z;a,b,c) 1 Z

n!

kEZ, k70

1667

Lemma 2.3. Let a,b, c be positive real numbers. Let n > 1, N > 1 and Cy be the circle
about zero of radius R = ((2N + 1)m — ¢)/B, where 0 <& <1 and B=1Inb—Ina, b > a.

For

B
0<3:<<1na >/lnc, Inc>0
T—€

. cttodt
1m FrEr——
N—otoo Jo, b+ at

we have

=0.
xt

Proof. We will show that the function

in Lemma 2.3.

bt + at

From the proof of Lemma 2.1,
|Cart| eTY Inc

bt + at| evinale2yB 4 2¢7B cos pB + 1]%

)

where here,
2N + 1)m —
v = (+B)7rs cos b,
2N + 1)m —
p= % sin 6,
0 <6 <2m. With
Ina B

B

(
B
— Ina—zlnc> >
T

is bounded on C'y under the conditions
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Then

1 1
<

1
ev(lna—zlnc) < ecostd — o—1 =6

Thus,

xt’ e

|c
6" +af| = [e2vB 4 2¢7B cos pB + 1]2

The expression €275 +2e7B cos pB + 1 must not be zero. The results for the cases cosf < 0
and cos > (0 obtained in the proof of Lemma 2.1 still hold. We reconsider here the case
cosf = 0.
In the case 8 =0, v =0 and

e?'B 4 2¢7B cos pB +1 = 2 + 2cos pB,

2N+ 1)m—¢

which is nonzero provided that cos pB # —1. Since cos# = 0, we have p = (1) 5

Thus,
cospB =cos(x2N +1)mr—¢e)=—-1 if 2N+ 1)m —e = (2k + 1),
for some integer k. Equivalently,

2N+ )r— (2k+Dr=¢

2(N —k)m =g,
which is not possible because 0 < € < 1. Thus, under the conditions in the Lemma, the
xt
function _c is bounded on Cy as N — +o0.
bt + at

Let M* be a positive integer such that

|| .
o+ o] < M*, vVt € Cy.
Then
/ et o dt </ et |dt|
On bt+at tn+1 — On bt+at |tn+1|
2N + 1)m —
M* —( +B)7r on
(2N + 1)m — e\
B
2M* 7 B™

SN+ Dr—on’

which goes to zero as N — +o0.
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Theorem 2.4. Let a,b,c be positive real numbers. The Fourier series of the Euler-type
polynomials E,(x;a,b,c) is given by

tx(zlnc—Ina)

n! B
kEZ

En(x;a,b,c) 2 Ze

n tn—i—l ’

valid for

B
0<ﬂ:<(lna— )/lnc, Inc>0
T—€
where t, = (2k+ 1)mi/B, B=1Inb—1Ina > 0.

Proof. When « = 1, the generating function (2) reduces to

™
E, —.
(bt—i—at) g xabc |t|<B
Applying the Cauchy Integral Formula,

En(x;a,b,c) 1 / 2c%t gt
n! C2mi Jo (b4 at)tntl T
where C' is a circle about zero of radius % Let

QCxt

g(t) = O+ )i

The function g(t) has a pole at t = 0 of order n+ 1 and simple poles at the values of ¢ such
that b* + a® = 0. These values are t; = (2k + 1)7i/B, k € Z which are obtained similarly
as those in Theorem 2.2. Let Cx be the circle described in Lemma 2.3. From the Residue
Theorem,

L[ g@d(t) = Res(o(t), t = 0) + 3 Res(g(t), t = t).

lim
N—+o00 2T Joy, =

By Lemma 2.3, we have

E(a:abc ZRes b).

kEZ

Computing the residues of g(t) at tj:

2emtlnc L
Res(g(t),t =t) = tlggc(t - tk)mt_n_

zty Incyp—n—1
2e ty

1%
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where
d
V= ﬁ(bt + at)|t:tk
—t 1
= ((Inb)e' Inb 4 (Ina)e'* lna) e,tz 122
e
= eteIna[(In p)etrnb=tna) 4 1y ¢
= e _Inp + Ing
— —B . etk lna.
Thus,
2€tk:171nct—n—1
Res(g(t),t = ty) = _B,—et,ﬁna
%¢tk (zlnc—Ina)
prm— —H
-B -t}
Consequently,

ti(x1Inc—Ina)

E,(z;a,b,c) 2 e
nl - B Z S|
' kezZ k

1670

Theorem 2.5. Let a, b, ¢ be positive real numbers. The Fourier series of the Genocchi-type

polynomials G (z;a,b, c) is given by
Gn(SU; a,b, C) 2 etk(x Inc—Ina)
n! B Z

valid for

0<x<<lna— B )/lnc, Inc>0
T—¢€
where t, = (2k + 1)mi/B, B =1Inb—Ina > 0.

Proof. The theorem follows from Theorem 2.4.

3. The case o« > 2

Lemma 3.1. Let a, b, ¢ be positive real numbers. Letn > a > 2, o € ZT, N > 1 and Cy be
the circle about zero of radius R = (2Nw —¢)/B, where 0 < e <1 and B=Inb—1na > 0.

For B
O<a< (alna—)/lnc, Inc>0
2 —¢€

we have
I et dt 0
im =0.
N—too On (bt _ at)a tn—a+1




C. Corcino, R. Corcino / Eur. J. Pure Appl. Math, 15 (4) (2022), 1662-1682

xt

Proof. We will show that the function — is bounded on Cy

N|=

bt — at| = e?™a[e®B — 2¢7B cos pB + 12,

where t € Cy, t = +ip. That is,

_2N7T—E
- B

_2N7r—£
N B

~y cosd, P sin 6,

0 <6 <2r. Then
bt — at|® = e*7 e — 278 cospB + 1] 7,

and

c ey Inc

(bt _ at)a

evvmale2yB _ 9¢7BeospB + 1]2

‘ Tt

Impose that alna — xlnc > VN > 1.

This is satisfied when

ON7 —¢’

alna—zlnec >

T—c

Equivalently, impose that
B
0<z<|alna— /111@_
2r — ¢
Then
1 1 < I
eY(alna—zInc) < ecosf — F =€
Consequently,
cxt e
< —.
’ (0" — at)~ [€27B — 2e7B cos pB + 1] 2

1671

. From Lemma 2.1,

It follows from Lemma 2.1 that the right hand side above is bounded on Cy as N — +oc.

That is, there is a constant M such that

xt

’(bt—aﬂa

crt dt
Cn (bt _ at)a tnfaJrl

m™—=£

Thus,

On |tnfa+1|

2N — ¢
B

5)

2

B
<M,t€CNand0<x<<alna—2 )/lnc.
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_ 2rMBY™"
~ (2N7 —g)—o’
—0 as N — +oo.

n > a.

Lemma 3.2. Fora,b,cc R", z € R, v,a0 € Z" with fized v > «,

B (xya,b,¢) =Y (?) B(0;a,b, ¢)(xn c)*

=0
Proof.
3 “ xt oyt . () ( pe. e - (ytlnc)"
(bt—at> e —<n OBn (x,a,b,c)m ,;)n!
t e > - @) th (ytlnc)"t n!
B a,b,c)m——— - —
(bt—at> nz:mz:; LG )l' (n—=0! nl
ZB ) (z +y; a,b,c) ZZ( > (z; a,b,c)(ylnc)"_lt—'.
n=0 n=0 (=0 "
Thus,

B (z +y;a,b,¢c) = (n
0

Z>Bl(a) (z;a,b,¢)(ylne)"
l

Take y = z, « = 0. Then

By (z;a,b,c) = <7> Bl(a) (0;a,b,¢)(zInc)™
=0

~

Now take n = v and z = x, we have

B (x;a,b,¢) = @ B (0;a,b,¢)(zInc)" .
=0

Theorem 3.3. Let a,b, c be positive real numbers, N,n,a € ZT withn > a > 2, N > 1
and Cy be the circle about zero of radius R = (2N7w — ¢)/B, where 0 < ¢ < 1 and
B =1Inb—1Ina > 0. The Fourier series of the Bernoulli-type polynomials ng)(x;a, b, c)
of order a is given by
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er:Tri(x Inc—alnb)

B(a)(x' a,b,c) e, (a—n—1)g-1-
n y Uy Uy — @ v v ) (..
n! Z Z via—1-v)! (2kmi)” By (w; 0, ;) (2kmi)r 7

kEZ,k#0 \v=0

valid for 0 < = < (alna— 5 >/lnc, Inc > 0, where B,(,a)(a:;a,b, ¢) is given in

T—€
Lemma 3.2.
Proof. Applying the Cauchy Integral Formula to (1),

B,(fv)(:v;a, bc) 1/ et dt
n! 27 o

(bt _ at)a thrlfa’

27
where C' is a circle about the origin with radius less than B Let
Cxt

fa(t) = (o — at)ogn—a+1’ n>a.

The function f,(¢) has a pole of order n — o+ 1 at ¢ = 0 and a pole of order « at the

2kmi
zeros of b' — a' which are given by t;, = %, k € Z. Now let Cn, N > 1 be the circle

described in Lemma 3.1. Applying the Residue Theorem,

1 et dt
lim — - ()t = NORESA)
N—1>I—Ii-100 211 Cn (bt — at) tn—a+1 Res(fa(t) 0) + kezzkzéo Res(fa(t) k)
By Lemma 3.1,
0=Res(fa(t),t=0)+ Y Res(fa(t),t=ts)
kEZ k40
()
By’ (z;a,b,c)
0=——t———"+ > Res(falt),t =t)
kEZ,k#0
<~ Ba( b )
“(x;a,b,c
Ba@iabd) S~ Resfu(t).t = t). @)
kEZ k0

Computing the residues at tg:

" o 1 i da—l N 6xtlnc 1
es(fa(t),t =k) = (a—1)! tlgflk dio—1 (t —1t) (bt —at)e ) tn—atl

1 . do—1 (t _ tk)a ertine
= lim .
(a — 1)l ety dte—1 | (bt — at) gn—atl
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Taking z = 0 in (1) gives

< ) ZB Oabcf:

Replacing t — t — ¢}, and writing bt = et qf = etIne,
(t —t)® (t — )"
(e(t t)Inb _ o(t—tg) lna ZB 0 a, b, C n! ’ (6)

Multiplying and dividing the left hand side of (6) by e** "t gives

[e.9]

(t _ tk)aeatk Inb (t _ tk)n
(etlnb _ etlnaeth ZB (0;a,b,¢) n! ’ (7)

With t;, = (2kmi)/B, we have e'*P = %7 = 1. Thus, (7) becomes

_ a,atiInb o0 o n
(t = tx)% :ZB,&“)(O;a,b,c)L nfk)

(bt — at)e

t—tg) ot Inb o= m(a t—tp)"

((bt_at))a = oo S” B 01,0 (s)
n=0 ’

Substituting (8) to (5) gives,

—at Inb dafl rtlne X t— )"
Res(fo(t), t =tg) = ¢ lim ( ¢ ZBn(O;a,b, c)@ )

(o — 1)l t—ty, dto—1 | gn—atl vt n!

The derivatives will be obtained using Leibniz Rule. This is done as follows. Recalling
the Leibniz Rule for derivatives,

k=0
—n—1 tne oo (@) (t —t)"
Let f=t*""", g=¢€""¢Y"" Brn ' (0;a,b,¢)———.
Then

n!

da—l a—1 -1 dd—l—y dv
w00 = 2 (", ") (et (o)

v=0
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a—1
_ a—1 o a—n—1—(a—1-v) d’
= > ( , >(a n—1)g-1-ut —dtyg

where the notation (n)y is designed as

(n)rp=nn—-1)n-2)..(n—k+1).

(@a—n—1a1w=D)""""n—a+D)n—-—a+2)(n—a+3)..(n—a)+a—-v—1)
= (_1)a—1—u <n —a+ 1>a—y—1 ’

On the other hand,
d’ _ dv > (t - tk)n ztlne
dt”‘q_dtl’<zB Oi0b,0) "¢
v\ ! t(zlnc) (t_tk)n
(l)dt“ : (ZB Oabcin!

v v—Il _ztlnc a t—
<l>(a:1nc) Lot ZBg)(O;a,b,c)(n)l(n!

n>1

[
M:

=0

Nl

~
o

Now take the limit as ¢ — t;. Then

=g = v—I _trxlnc (@) .
tatk dt” Z( ) (xlnc)’ e B, (0;a,b,c).

Substituting to (9) and taking the limit as ¢ — t; will yield

a—1 a—1

d a—1 v
t1—>kdta 1(fg) Z( v >(a_n_1)a11/ tk

v=0
v

Z <?> (z1n c)”*let’C lnCBl(O‘) (0;a,b,c)

=0

14

- ai <0‘ - 1> (@ —n—1)q_1_y t; " TVelIne <Z (?) (zInc)*'B(0; a,b, c)) . (10)

14
v=0 =0
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Applying Lemma 3.2 to (10),

a—1 a—1
. a—1 —n+v Inc p(a
}1_% W(fg) = VZ::O < y >(a —n—1)a-1-01; el B,(j )(33; a,b,c).

Thus,
etk(xlncfalnb) a-l (Oé By — 1)0{—1—
A Va—1-wv)!

Res(fo(t),t = tg) = LB (za,b,c). (11)

The desired Fourier series is obtained by substituting (11) to (4).

Taking o = 1, the Fourier series in Theorem 3.3 reduces to that in Theorem 2.2. For
a = 2, Theorem 3.3 gives the Fourier series of the Bernoulli-type polynomials of order 2.

This is given by

BT(LQ) (x; a,b, C) B -1 e?kﬂ'i(x Inc—21nb)

= — (—n+1+4+zlnc) , ,
B2 keZch:;éO (2kmi)™

n!

valid under the conditions in Theorem 3.3.

Lemma 3.4. Let a,b,c be positive real numbers with b > a, n,o € Z+T withn > a, N > 1
and Cn be the circle about zero of radius R = (2N + 1) — ¢)/B, where 0 < e < 1 and
B=Inb—Ina. Forlnc >0 and

B
0<zx< <alna— >/lnc (12)
T—€

. P dt
1m e
N—+oo Jo (Bt 4 at)o ¢l

we have

=0.

Proof. From the proof of Lemma 3.2,

bt 4 at|* = e [e2B L 278 cos pB +1]2, te Cy

2N +1)m —
wheret:’y—i-ip:HB)7T6(0089+isin9),0§0§27r.
Thus,

2N + 1)m — 2N + 1)m —
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For x satisfying (12), it follows that

B B
Ina —zl > VN > 1.
alna xnc>ﬂ_€7(2N+1)ﬂ_6a =

Then
1 B 1 1 <
evlalna—zine 6% cosflalna—zInc] ecos? ¢
Consequently,
cact B ’cwt’ _ 1
(bt +at)| bt +at|r  erlalna—znd[e29B 4 2678 cos pB + 1]2
e

< -
(e2VB + 2e7B cos pB + 1)2

The expression €275 4 2¢7B cos pB + 1 # 0 Vt € Ciy as discussed in Lemma 2.3. Thus, 3

an integer M s.t.
c

(b + a)®

o[
N oy [t

xt
’ <M, VteCy.

Hence,

/ et dt
On (bt + at)a tn—i—l

2N+ 1) —¢ 9

— M- B
(2N +1)m — e\

B

2rM B™

(2N + 1) — g)ntl ’
— 0 as N — +oo.

Lemma 3.5. Fora,b,ce RT, z € R, v,a € Z" with fized v > o > 2,

Ef (z5a,b,0) = (? ) E9(0;a,b,¢)(zInc)" .

=0

Proof. The proof is done similarly as that of Lemma 3.2.

Theorem 3.6. Let a,b,c be positive real numbers with b > a, N, n, « € ZT, n > o > 2,
N > 1 and Cy be the circle about zero of radius R = ((2N + 1)m —e)/B, where 0 < e < 1
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and B = Inb — Ina. The Fourier series of the Euler-type polynomials EY(LO‘) (z;a,b,¢) of
order a is given by

te(zlnc—alnd)

(a)
Ey; " (x;a,b,¢) a—1 e
n! - a_1uZZ( > ”*1)a1'/3()($“bc)w7

keZ v=0

valid for

O<zx< (alna—

b )/lnc, Inc > 0.
m™—¢

Proof. Applying the Cauchy-Integral Formula to (2),

Efla)(x;a,b, c) 1/ 20¢cTt dt
n! 270 Jo (bt + at)e gntl?
where C' is a circle about zero of radius less than 1. Let

Cxt

9alt) = (o + at)otnti’

Then

B\ (w;0,b,c) 1
2%(n!) T omi /Cga(t)dt

The function g,(t) has a pole of order n 4+ 1 at t = 0 and a pole of order « at the zeros
of b* + a' which are given by t,, = ((2k + 1)mi)/B, k € Z. Applying the Residue Theorem
and taking the limit as N — 400,

1
lim / ga(t)dt = Res(ga(t) )+ ZR@S Ja(t),t = tg).

N—+oo omi

It follows from Lemma 3.4 that

(@)
E(x—abc ZRQS ga t:tk).

2¢
keZ
Computing the residues at tg:
1 ) da—l cmt 1
Res(ga(t)at = tk) = (a _ 1)! tlig; dte—1 <(t - tk)a (bt i at)a ’ tn-‘rl) : (13)

Now use (7). With t, = (2k + 1)7i/B, eB = @kt — _1_ Thus, (7) becomes,

(t _ tk)aeatk Inb
(etlnb + 6tlna)oz

=S B (0;ab, o= )"

n=0

n!
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t—t t—tp)"
((bt—i—c];t) — _atklanB Oabci( n!k) ) (14)

Substituting (14) to (13),

e—atk Inb do—

. xt—n—1 (t_tk)n
(a—l)!tli%dtM( g ZB (00,5, )1 )

Applying the Leibniz Rule for differentiation,

Res(ga(t),t =tg) =

Res(ga(t), t = tr) =

etk(mlnc—alnb) a-1 a—1
14

o —n—o+v p(a)(,.
@ =1 >( n—1)a—1-v 1} B, (x;a,b,c).

v=0
Thus,

E(a)(x a,b,c) ' a1
_ k(zlnc—alnb) § : n—1 —n—a+v B(a) .
n! (Oé — 1 ! ;Ze = ( v >( n )0‘717’/ tk v (l’, a, b7 C)

ti(zlnc—alnbd)

a—1 o
= allZZ( > n_l)alVB()(xabc) thrau ’

keZ v=0

(04)(

which is the desired Fourier series of Ey, /' (z;a,b, c).

Taking o = 1, the Fourier series in Theorem 3.6 reduces to that in Theorem 2.4.
For a = 2, the Fourier series is given by

(). tp(xzlnc—21nb) te(zlnc—21nb)
ETL b 7b7 k
—(:U a,b,c) = _ E (—n — 1)382) (z;a,b, c)—e s + B?) (x;a,b, c)e

2(m! n+1 )
22(n!) = P &
where
2 1
B(g )(:E a,b,c) = B2 (15)
2 rlnc  Inab— (Inb)2 —Inblna — (Ina)?
B£ )(a:;a,b,c) =5 + 2 . (16)
Lemma 3.7. Let a,b,c be positive real numbers with b > a. Let N,n,oo € Z7, N > 1
2N + )7 —
and Cy be the circle about zero with raidus R = (—l—B)wa, where 0 < € < 1 and
=1Inb—Ina. For
B
0<x<<alna— >/lnc, Inc>0
mT—¢
we have ot p
lim ¢ Ly

N—too On (bt + at)a tn—a+1
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Proof. This follows from Lemma 3.4.

Lemma 3.8. Fora,b,cc R, z € R,v,a € ZT with fized v > «,

v

G (z;a,b,¢) = Z (?) Gl(a)(O; a,b,c)(xnc)’ !

=0

Proof. The proof is done similarly as that of Lemma 3.2.

Theorem 3.9. Let a,b,c be positive real numbers with b > a. Let N,n,a € ZT with
n>a>2 N>1and Cy be the circle about zero of radius R = ((2N + 1)m —¢)/B,
where 0 < e <1 and B=1Inb—1Ina. The Fourier series of the Genocchi-type polynomials
G%a) (z;a,b,c) of order v is given by

ti(zlnc—alnb)

G\ (;a,b,¢) a—1 a ¢
o = a—l 'ZZ< > a—n— 1)a 1— VBIS)(x;a7b7C)tZ——V

keZ v=0

Proof. Applying the Cauchy Integral Formula to (3),

G%a) (z;a,b,c) 2% / et dt
(

n! " 2mi Jo (B + ab)e grmot T

where C'is a circle about zero of radius < w/B. Let

czt

ha) = (b + ab)ogn—ot1’

This function has a pole of order n — a + 1 at ¢ = 0 and a pole of order « at the zeros
of b! + a'. These poles are given by t, = (2k + 1)wi/B, k € Z. Applying the Residue
Theorem and taking the limit as N — 400,

. 1
Nl—lg-loo i Jo ha(t)dt = Res(hq(t )+ ke% Res(h = tg).

It follows from Lemma 3.7 that

().
Cw = —%Res(ha(t),t = tg), (17)
where
Res(ha(t).t = 1) = ——— 1im & <(t—tk)a . )
(o — 1)! ity dte—1 (bt 4+ at)>  ¢ntl-a
From (14),

—atg Inb doz—

— _ € xty—nta—1 (t_t/ﬂ)a
Res(ha(t),t =t;) = (a— 1 tLtk JjaT ( t ZB (0;a,b,¢) — |
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Following the computation in the Euler-type polynomials,

Res(hq(t),t =t;) =

etk(xlnc—alnb) a—1 a—1
14

e by (0) (.
(Oé _ ]_)l >(O[ n 1)a—l—u tk Bl, (-’If, a, b, C).

v=0
(18)
Substituting (18) to (17) gives the desired Fourier series.

Taking a = 1, the Fourier series in Theorem 3.9 reduces to that in Theorem 2.5. Taking
a = 2 and n = 4, the series gives

2k+1)mi(zInc—21nbd)
((2k 4+ 1)mi)*
6(2k+1)7ri(1’ Inc—21nbd)
(2k + D)mi)?

Gf)(x;a,b,c) B @, el
) - —];Z —3By " (x;a,b,c)

+ B§2) (z;a,b,c)

where B((]Q) (z;a,b,c) and B§2) (z;a,b,c) are given in (15) and (16), respectively.

4. Some Remarks

The Fourier series expansions obtained in this paper for B,(La) (z;a,b,c), ET(LQ) (z;a,b,c)
and G%O‘) (x;a,b,c) are useful in establishing the asymptotic formulas of these polynomials.
It would then be interesting to investigate the asymptotic behavior of these polynomials.
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