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Abstract. Let G be an undirected graph with vertex and edge sets VA(G) and E(G), respectively.
Let S = (v1,v2,- -+ ,vx) be a sequence of distinct vertices of G and let S = {v1,va,...,v}. Then S
is a legal closed hop neighborhood sequence of G if N [v;] \U;;ll NE[vj] # @ foreachi € {2,--- ,k}.
If, in addition, S is a hop dominating set of G, then S is called a Grundy hop dominating sequence.
The maximum length of a Grundy hop dominating sequence in a graph G, denoted by ’yg,,(G),
is called the Grundy hop domination number of G. In this paper, we determine some (extreme)
values for the Grundy hop domination number. It is pointed out that the Grundy hop domination
number is at least equal to the hop domination. Bounds for the Grundy hop domination numbers
of some graphs resulting from some binary operations of two graphs are also obtained.
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1. Introduction

One of the several considered variations of the standard domination concept is hop
domination. This concept was introduced and initially studied by Natarajan and
Ayyaswamy in [15]. Just like domination, hop domination and its variations find plenty of
applications in various fields and networks. In fact, some real-life problems (including pro-
tection strategies and facility location) that can be modeled by the concept of domination
can be slighty modified for the concept of hop domination. Domination, hop domination,
and some of their variations are also studied in [1], [2], [9], [10], [11], [12], [13], and [16].

In 2014, the concept of Grundy domination in graphs was introduced by Bresar et al.
[6]. The newly defined parameter has subsequently attracted other researchers in the area
who generated more interesting results (see [3], [4], [5], and [7]). Grundy domination was
further studied in [5], where exact formulas for Grundy domination numbers of Sierpinski
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graphs were proven and a linear algorithm for determining these numbers in arbitrary
interval graphs was given. Grundy domination number was also studied in Kneser graphs
[7] and graph products in [3] and [14].

In this study, the concept of Grundy hop domination in a graph will be introduced
and initially investigated. In particular, bounds for the parameter will be given for the
join, corona, and lexicographic product of graphs.

2. Terminology and Notation

Two vertices u,v of a graph G are adjacent, or neighbors, if uv is an edge of G.
Moreover, an edge uv of G is incident to two vertices u, v of G. The set of neighbors
of a vertex u in G, denoted by Ng(u), is called the open neighborhood of u in G. The
closed neighborhood of w in G is the set Nglu| = Ng(u) U {u}. If X C V(G), the open
neighborhood of X in G is the set Ng(X) = U N¢g(u). The closed neighborhood of X in

ueX
G is the set Ng[X] = Ng(X)U X.

Let G be a graph. A set D C V(G) is a dominating set of G if for every v € V(G) \ D,
there exists u € D such that uv € E(G), that is, Ng[D] = V(G). The domination number
of G, denoted by v(G), is the minimum cardinality of a dominating set of G.

Let S = (v1,va,--- ,vx) be a sequence of distinct vertices of a graph G, and let S =
{v1,v2, -+ ,vr}. Then S'is a legal closed neighborhood sequence if N¢g|v;] \U;;ll Nglvj] # @

for every i € {2,---,k}. If, in addition, Sis a dominating set of GG, then S is called a
Grundy dominating sequence. The maximum length of a Grundy dominating sequence in
a graph G is called the Grundy domination number of G, and is denoted by 74, (G).

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set NZ(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by NA[u] = NZ(u) U {u}. The open hop neighborhood of
X CV(G) is the set NZ(X) = U N&(u). The closed hop neighborhood of X in G is the

ueX

set NA[X] = NA(X)UX.

A set S C V(G) is a hop dominating set of G if NA[S] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by 4(G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v (G) is called a ~p,-set.

Let S = (v1, v, -+, vk) be a sequence of distinct vertices of G and let S = {vi, vk}
Then S is a legal closed hop neighborhood sequence of G if NA[v;] \U;;IINCQ; [vj] # @ for each

i€42,---,k}. If, in addition, Sisa hop dominating set of GG, then S is called a Grundy
hop dominating sequence. The maximum length of a Grundy hop dominating sequence in
a graph G, denoted by fygr(G), is called the Grundy hop domination number of G. We say
that vertex v; hop-footprints the vertices from N3 [v;] \Uéle(z; [vj], and that v; is their hop-
footprinter. A legal closed hop neighborhood sequence S = (v1,va, -+ ,v) with maximum
length, i.e., k = max{p € N : 3 a legal closed hop neighborhood sequence (z1,--- ,z,) of G},
will be referred to as a mazimum legal closed hop neighborhood sequence.
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Let S = (v1,-+-,v,) and Sz = (u1,--+ ,uUm), n,m > 1 be two sequences of distinct
vertices of G. The concatenation of S; and Sa, denoted by S7 @ So, is the sequence given
by

S1® So = (V1 ,Un, UL, "+, Up).

A sequence S = (v1,v9,--- ,vg) of distinct vertices of a graph G is a co-legal closed
neighborhood sequence in G if

[V(G)\ Ne(vi)] \ UiZ1[V(G) \ Ne(v))] # 2

for each i € {2,...,k}. A co-legal sequence S = (v1,ve,...,v) is a co-Grundy dominating
sequence if V(G) = UF_[V(G)\ Ng(v;)]. The maximum length of a co-Grundy dominating
sequence in a graph G is called the co-Grundy domination number of G, and is denoted
by 'YcogT(G)'

A set D C V(Q) is hop independent if for every pair of distinct vertices v,w € D, we
have dg(v, w) # 2. This concept was introduced and studied in [8]. Let S = (vq,va,- -, vk)
be a sequence of distinct vertices of a graph G and let S = {v1,v2,...,vx}. Then S is a legal
closed hop independent neighborhood sequence in G if it is a legal closed hop neighborhood
sequence and Sis a hop independent set. A legal closed hop independent neighborhood
sequence S = (v1,v,...,vx) is a Grundy hop independent hop dominating sequence if S
is a hop independent hop dominating set of G. The maximum length of a Grundy hop
independent hop dominating sequence in a graph G is called the Grundy hop independent
hop domination number of G, and is denoted by ’ygf,'h(G).

Let G and H be any two graphs. The join of G and H, denoted by G+ H is the graph
with vertex set V(G+ H) = V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{uv :
u € V(G),v € V(H)}. The corona G and H, denoted by G o H, the graph obtained by
taking one copy of G and |V (G)| copies of H, and then joining the ith vertex of G to every
vertex of the ith copy of H. We denote by H" the copy of H in G o H corresponding to
the vertex v € G and write v + HY for ({v} + H"). The lexicographic product of graphs
G and H, denoted by G[H], is the graph with vertex set V(G[H]) = V(G) x V(H) and
(v,a)(u,b) € E(G[H]) if and only if either uv € E(G) or u = v and ab € E(H). We note
that any non-empty set C' C V(G) x V(H) can be written as C' = U [{x} x T,], where

€S

S CV(G) and T, C V(H) for each x € S. Specifically, T,, = {a € V(H) : (z,a) € C} for
each x € S.

3. Results

Remark 1. The vertex set of a graph need not form a legal closed hop neighborhood
sequence (a Grundy hop dominating sequence).

To see this, consider the graph G = C5 in Figure 1. Let S = (v1, va, v3, v4, U5).
Notice that

Né[vs] = {v2,v3,v5} € N&[v1] U NG [va] = {v1,va,v3,v4, 05}



J. Hassan, S. Canoy / Eur. J. Pure Appl. Math, 15 (4) (2022), 1623-1636 1626

Hence, NZ[vs] \ U;’f:lN(z;[vj] = @. Thus, S is not a legal closed hop neighborhood
sequence (hence, not a Grundy hop dominating sequence). It is routine to show that
any rearrangement of the terms of S is not legal closed hop neighborhood sequence of G.

U1

Us U2

V4 V3

Figure 1: A graph G such that V(G) does not form a legal closed hop neighborhood sequence

Remark 2. A proper hop dominating set need not form a legal closed hop neighborhood
sequence (a Grundy hop dominating sequence).

Consider the graph G in Figure 2. Let S = (v1,v2,v3). Clearly, S is a proper hop
dominating set of G. Observe that NZ[vs] = {v2, vs,v5} = NA[va].
Hence,
NE[vs) \ Uj1 NE[vj) = 2.

Thus, S is not a legal closed hop neighborhood sequence (not a Grundy hop dominating
sequence).

V1 V3

U5

V2 V4
Figure 2: A graph G with a proper hop dominating set which does not form a legal closed hop neighborhood sequence
Our first result shows that every graph G admits a Grundy hop dominating sequence.

Theorem 1. Let G be any graph on n vertices. Then the following statements hold.

(@) If v(G) =k and D = {v1,ve,...,v} is a minimum hop dominating set of G, then

S = (v1,v2,--- ,vg) is a Grundy hop dominating sequence. In particular, v,(G) <
Yr(G).
(13) If S = (vi,v2,+ ,Um) 18 @ minimum Grundy hop dominating sequence, then y,(G) =

5.
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Proof. (i) Suppose there exists i € {2,3,...,k} such that NZ[v;] \ U;;llN(Q;[vj] =0o.
Then N&[v;] C Ué.;llNé [vj]. Tt follows that D \ {v;} is a hop dominating set of G, contra-
dicting the minimality of D. Therefore, NA[v;] \Ué;ll]\% [vj] # @ for each i € {2,3,...,k}.
Consequently, v,(G) < ~¥2.(G).

(74) Note that from (i), every ~yj,-set of G forms a Grundy hop dominating sequence. Since
S is a minimum Grundy hop dominating sequence, it follows that |§ | < 9,(G). On the
other hand, since every Grundy hop dominating sequence forms a hop dominating set (by
definition), it follows that ~,(G) < |S|. This establishes the desired equality. O

Theorem 2. Let G be any graph. Then S = (vi,va,--- ,vg) is a mazimum legal closed
hop neighborhood sequence of G if and only if S is a Grundy hop dominating sequence of
G and ’yg,,(G) =k.

Proof. Let S = (v1,- -+ ,vk) be a maximum legal closed hop neighborhood sequence of
G. Suppose S is not a hop dominating set of G. Then there exists v € V(G)\ NZ[S]. This
implies that v ¢ N2[u] for every u € S. Let ' = (v1,--- ,vp,v). Since S is a legal closed
hop neighborhood sequence, NA[v;] \ U;;llNé[vj] # & for each i € {2,3,...,k}. Also,
since v € NA[v] and v ¢ NZ[u] for every u € S, it follows that NE[v]\ U;‘?:lNé[vi] # .
Hence, S’ is a legal closed hop neighborhood sequence of G, contradicting the maximality
of S. Therefore, S is a hop dominating set of G. Since S is a maximum legal closed hop
neighborhood sequence of G, it is a Grundy hop dominating sequence and ng(G) = k.

For the converse, suppose that .S is a Grundy hop dominating sequence and fygr(G) =k.
Then S is a maximum legal closed hop neighborhood sequence of G. O

Corollary 1. Let G be a graph and let D = (x1,--- ,x;) be a legal closed hop neighborhood
sequence of G. Then |[D| =t <~} (G).
Proof. Let k be the length of a maximum legal closed hop neighborhood sequence of
G. Then t < k. By Theorem 2, |D| =t <2 (G). O
Throughout, [n] = {1,2,...,n} for each positive integer n.

Theorem 3. Let G be any graph on n > 2 wvertices. Then 2 < 'ygr(G) < n. Moreover,
each of the following statements holds.

(i) Y.(G) = 2 if and only if for each pair of distinct vertices x,y € V(G) such that
NE[z] # N&ly], we have V(G) = NE[z]UNE[y] (i.e., {z,y} is a hop dominating set
of G).

(i7) 'ygr(G) =n if and only if every component C' of G is complete.

Proof. Clearly, 2 < VST(G) <n.



J. Hassan, S. Canoy / Eur. J. Pure Appl. Math, 15 (4) (2022), 1623-1636 1628

(i) Suppose 'ygT(G) = 2. Then by Theorem 2, the maximum length of a legal closed
hop neighborhood sequence of G is 2. Let z and y be distinct vertices of G such that
N&[z] # NZly]. We may assume that NZ[y] \ NZ[z] # @. Then (z,y) is a legal closed
hop neighborhood sequence of G. Suppose there exists z € V(G) \ (NZ[z] U N&[y]). Since
z € NZ[z], it follows that NZ[z] \ (N&[z] U NZ[y]) # @. This implies that (z,y,z) is a
legal closed hop neighborhood sequence of GG, contrary to the assumption that VQT(G) = 2.
Hence, V(G) = N&[z] U N&[y].

For the converse, suppose that for each pair of distinct vertices x,y € V(G) such that
NZ&[z] # NZly], we have V(G) = NZ[z] U NA[y]. Since G is a non-trivial graph, the
assumption implies that v,(G) = 2. Hence, 'ygT(G) =k > 2. Let (vi,ve, - ,vg)
be a Grundy hop dominating sequence of G. Because NZ[vo] \ NE[vi] # @, V(G) =
NZ[v1] U N&[va], by assumption. Therefore, 'ygT(G) =k=2

(43) Suppose ’ygr(G) =nandlet S = (v1,v2, - ,vy) be a Grundy hop dominating sequence
of G. Note that since NZ[v,] \ U?;llNg[vj] # @ and v; € NZ[vj] for each j € [n],
Ng[vn] \ U}Z{ N&[v;] = {vn}. This implies that v, ¢ NZ[v;] for all j € [n — 1], ie.,
NZ[v,] = {v,}. This would imply that NA[v,—1] \ U;‘:_f]\%[vj] = {vp—1}. Using the
same argument as earlier, NZ[v,_1] = {v,—1}. Continuing in this fashion, we find that
NZ[vi] = {v;} for each i € [n], i.e., degs(vi) = 0 or v; is adjacent to every other vertex in
the component it belongs. Therefore, every component of G is complete.

Conversely, if every component of G is complete, then N2 [v] = {v} for each v € V(G).
Hence, if V(G) = {v1,va,...,v,}, then

NE[vi] \ Ui NE )] = {vik \{v; 1 j # i} = {ui} # @.

for each i € {2,3,...,n}. This shows that (vi,ve, -+ ,v,) is a Grundy hop dominating
sequence of G. Therefore 7§r(G) =n. O

The next result is immediate from the Theorem 3(ii).

Corollary 2. Let G be a connected graph on n vertices. Then each of the following
statements holds.

(1) ng(G) =n if and only if G = K,,.

(13) If G is non-complete, then %I;T(G) <n-1
Theorem 4. Let G be a graph on n vertices.

(i) If G is complete, then ) (G) + ) (G) = 2n.

(13) If G is non-complete, then

(a) 4 < 'y:;r(G) + 757»(@) <2n-—1, and
() 4 <A1 (G) A1 (@) < n? .
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Proof. (i) The equality follows from Theorem 3(ii).

(ii) By Corolliry 2(i7), 'ygr(G) <n—1 and by Theorem 3, ’ygr(é) < n. These imply that
'ygr(G) + ’yg,,(G) <n—14n=2n-1, and 'y;‘T(G) -’yg,,(G) < (n—1)n =n? —n. The left
inequalities follow from Theorem 3. O

The bounds in Theorem 4(ii) are tight. Indeed, one can easily verify that
Vor (P1) + 7 (P1) = 7y (P1) - 7 (Pa) = 4,
AR(Ps) +41.(P3) =5 =2(3) — 1, and
v (P3) -yl (P3) = 6 = 3% — 3.

Proposition 1. For any positive integer n > 2,

2 ifn=23
h )

P =
Yor (Fn) {n—Qifn24

Proof. Let G = P, = [v1,v2, -+ ,v,]. Clearly, 'y;‘T(Pn) = 2 for n = 2,3. So sup-
pose that n > 4. Let S = (v1, -+ ,v,—2). Clearly, S is a Grundy hop dominating
sequence in G. Since G is not a complete graph, ’yg,,(G) < n — 1 by Corollary 2(ii).
Thus, n — 2 < ’ygr(G) < n — 1. Suppose ’ygr(G) =n—1,say, S = (wy, -+ ,wp_1) is
a Grundy hop dominating sequence. Then NZ[wy,_1] \ U?;f NE[w;] # @. Notice that
Ng;[wn,l] \U;:f Né[wj] C {wp—_1,v,} for some r € {1,...,n}, v, # wy_1. Consider the
following two cases:

Case 1: N&[wn—1] \ U;”:_lz NEw;] = {wp—1,v,} for some v, € V(G) \ {w1,..., wp—1}.

Let w,—1 = vg. Then v, and v, are not hop dominated by each w;, where j €
{1,2,...,n—2}. If ¢ < r, then v, is vy or va. If v, = vy, then v, = v3 and v, = va.
This is not possible because Né[vg] = Né[u] = {v9,v4} where vy, v4 € S.1f vg = V2, then
v, = v4 and n = 4 or 5. Again, this is not possible. A similar situation happens when ¢ > r.

Case 2: N2[wn1] \ U2 N3 fwy] = {wn_1}.

Then w,_1 is not hop dominated by any of the vertices wi,--- ,w,—3. Moreover,
since n > 4, dg(wn_1,v;) = 2 for some vertex v, € V(G)\ S. Now, because NE[wn-1] \
U;L:_IQ NE&[w;] = {wn_1}, v; must be hop-dominated by some vertex w; where 1 < j < n—2.
This is not possible when n = 4, and so n > 5. This would imply that w,_; is either
v1,V2,Un_1, O Un. It is routine to show that any of these vertices will contradict the
assumption that S is a legal closed hop neighborhood sequence.

Therefore, v/, (P,) = n — 2 when n > 4. O

Lemma 1. Let G be a graph on n vertices. If [Ni[v]| = 3 for every v € V(G), then
’ygr(G) <n-—2.
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Proof. Suppose that |[NZ[v]| = 3 for every v € V(G). Then G # K,,. Thus, vgr(G) <
n — 1. Suppose that WST(G) =n—1,say, S = (v1, -+ ,vp—1) is a Grundy hop dominating
sequence of G. Then NZ[v;] \ U;;ll NZ[vj] # o for each i € {2,...,n —1}. Let p,q €
NZ(vp—1). Since Né[vn,l]\ug;lz Nivjl| £, p¢ Sorq¢ S,sayp ¢ S. Then g = vy € S
for some k # n — 1 and vy, v,—1 € N&[vg]. Now, since |[NZ[p]| = 3, there exists j #n — 1
such that p € N?%(v;). It follows that vg,p,v,—1 € NA[vx] U N&[vj], a contradiction.
Therefore, VST(G) <n-2. O

The next result shows that the bound in Lemma 1 is tight.

Proposition 2. For any positive integer n > 3,

3 ifn=3
n—4 if n>6 and even
n—2 if n>5 and odd.

Proof. Let G = C,, = [v1,v9, -+ ,vn,v1]. Clearly, 7[#(03) = 3 and 7}(04) = 2.
Let n > 6. Let Sy = (v1,v2,++ ,vp—4). Then NZ[vo] \ Ni[v1] = {vo,v4,v,} # @ and
vite € N&[vi]\ U;;ﬁN%[vj] for alli € {3,4,--- ,n—4}. It follows that Sp is a Grundy hop
dominating sequence and 'yg,,(Cn) > [So| = n — 4. Suppose that n is even and suppose
that S is a Grundy hop dominating sequence of C, with v/ (Cy,) = |S|. Observe that if 4
is even and j is odd, then N&[v;] N NZ[v;] = @. Hence, we may express S as concatenation
S1® S5 where the subscripts of the terms of S and S are even and odd, respectively. Now,
since N&[v1] = {v1,v3, vp—1}, N&[va] = {v2, 04,05}, NE[vn] = {v2, vn_2,vn}, NE[vn_1] =
{v1,vp—3,Un—1}, and Né[vi] = {vi—2,v;,vi42} for i € {3,4,--- ,n—4}, it follows that each
of S1 and Ss can only have at most § — 2 terms. Thus, ’yg,,(Cn) =n—4.

Next, suppose that n > 5 and is odd. Clearly, 'y;‘T(Cn) =3if n=>5. For n > 7, the

sequence S = (Ula V3, ,Un, V2,04, " 7vn—5) = (Ul, V3, 7vn) @ (U27 V4, 7vn—5) can be
verified to be a Grundy hop dominating sequence of C,,. This and Lemma 1 would imply
that 'ygr(G) =n-—2. O

Lemma 2. Let G be a graph. A sequence S is a co-legal closed neighborhood sequence in G
if and only if S is a legal closed neighborhood sequence in G. Moreover, S is a co-Grundy
dominating sequence in G if and only if it is a Grundy dominating sequence in G. In

particular, Yeogr(G) = Ygr(G).

Proof. Let S = (v, -+ ,vx) be a sequence in G. Since V(G) \ Ng(v;) = Nglv;] for
each i € [k], it follows that

[V(G) \ Ne(vi)] \ UjZ1[V(G) \ Na(v))] = Nglvi] \ UZ; Nglv).

Hence, S is a co-legal closed neighborhood sequence in G if and only if it is a legal closed
neighborhood sequence in G. Clearly, a co-legal closed neighborhood sequence in G is a
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co-Grundy dominating sequence if and only if it is a Grundy dominating sequence in G.

Hence, Yeogr(G) = v4r(G). O

Theorem 5. Let G and H be any two graphs. A sequence S of distinct vertices of G + H
is a legal closed hop neighborhood sequence if and only if one of the following holds:

(i) S is a co-legal closed neighborhood sequence in G (legal closed neighborhood sequence
in G).

(13) S is a co-legal closed neighborhood sequence in H (legal closed neighborhood sequence
in H).

(#ii) S is a concatenation Sg ® Sy, where Sg and Sy are co-legal closed neighborhood
sequences in G and H, respectively.

Proof. Suppose that S = (wy,--- ,wg) is a legal closed hop neighborhood sequence in
G+ H and let S = {wy,...,wr}. Suppose Sc V(G). By the legality condition in S, we
have

NEy y[wil \UZ\ NG, g [wy] # @ for all i€ {2,3,... k}.

Since N&, ;[wi] = V(G) \ Ng(w;) for each i € [k], it follows that
[V(G) \ Ng(w;)]\ U;;ll[V(G) \ Ng(w;)] # @ for all i€ {2,3,...,k}.

Therefore, S is a co-legal closed neighborhood sequence in G, showing that (i) holds.
Similarly, (ii) holds if S C V(H).

Next, suppose that Sg = SNV(G) # @ and Sy = SNV (H) # @. Since Ng, ylw;] €
V(Q) for all w; € Sg and Ng, ylws] € V(H) for all wy € Sy, we may assume that
Se = {wy,wa, ..., wy} and Sy = {Wm+1, Wm+1, ..., wi}. Then S = Sg & Sy. Since S is
a legal closed hop neighborhood sequence,

V(G)\ Ne(wi)] \ UZ1 [V (G) \ No(w))] = Ny prlwil \UjZi NGy m[wj] # 2

for all i € {2,3,...,m}, showing that Sg is a co-legal closed neighborhood sequence in
G. Similarly, S is a co-legal closed neighborhood sequence in H. This shows that (ii7)
holds.

The converse is clear. O

Corollary 3. Let G and H be any two graphs. A sequence S of distinct vertices of G+ H
is a Grundy hop dominating sequence in G+ H if and only if S = Sqg® Sy, where Sy and
Sy are co-Grundy dominating sequences in G and H, respectively (Grundy dominating
sequences in G and H, respectively). Moreover,

V(G + H) = Yeogr(G) + Yeogr (H) = 141 (G) + vgr (H).

In particular, each of the following holds.
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(Z ’ygr Kl + G) =1 +7609r(G) =1 +7§T(§)'

) Ygr(
(17) 75 (Kmn) =2 form,n > 1.
) Ygr(

)

W) = 1+ Yeogr (Cn) = 14+ 74(Cy) for alln > 3.

(iv) ’Ygr(Fn) =1+ ’Ycogr(Pn) =1+ 'Ygr( ) for allm > 1.

Theorem 6. Let G be a non-trivial connected graph on m vertices and let H be any graph.
Then ~g.(G o H) > m - Yeogr(H) = m - 74r(H).

Proof. Let V(G) = {v1,v2,...,vm} and let S,, = (w;,, w2, -+, wf ) be a co-Grundy
dominating sequence in H" for each i € [m| = {1,2,...,m}, where k = 7coqr(H). Let
S =8, B8, ® - ®S,,. Let z € V(GoH)\S and let v; € V(G) such that z €
V(vt + H”t) Suppose first that © = v;. Let vy € Ng(vy) and pick any wy, € S . Then
wl, € SN NZ, i (v). Suppose © # v;. Then z € V(H“t) \ S,,. Since S, is a co- Grundy
dominating set in H, it follows that there exists w), € Sy, C 8 such that dg (z, w!)) # 1.
It follows that dgo H(a: w!, ) = 2. Thus, Sisa hop dommatmg set in Go H.

We relabel the terms in S, say S = (z1, 22, -+ , T, -+, Tmk). Next, let i € [mk] \ {1}
and let x; = w}, , where r € [m] and ¢ € [k]. Then

Néoprlai] \ UZ CiNGomles] = Neoplwh ]\ [(UZ] Néog[ws,]) U
(U{Neog[wh ] :p e[kl and 1 <q <r—1})].
If t = 1, then N, p[wl, ]\ (U 1 NEopw; ) = Neoplw), ). Clearly,
wh, € Neop[wh, ]\ [U{NGop[wh]:pe[k]and 1 <q<r—1}]

Suppose t # 1. Then

Néo[wy, ]\ (Ui Néor[w),]) = [V (H")\ Nper (w),)] \
U (VEH)\ Niger (w3,))]
£

because Sy, is a co-legal neighborhood sequence in H"". Since
Neop[wy, ]\ (Ui Neop w3, ) N [U{NEop[wh ) cp e [Hland 1< g <7 —1}] =2

NE glz] \ U;;llNéo ylz;] # @. Therefore, S is a Grundy hop dominating sequence in
G o H. Accordingly,

’ygT(GOH Z S :Z 7cogr(H):m'79T(F>'

This proves the assertion. O
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Remark 3. The bound given in Theorem 6 is tight. Moreover, strict inequality can also
be attained.

To see this, consider G = K3 and H = P3. Then veog-(H) = 2 and fygr(G oH) =
3’700gr(H) = 6.

For the strict inequality, consider the graphs G and G o Kj in Figure 3. Then
Yeogr(K1) = 1 and S = (7,5,1,4,3) is a Grundy hop dominating sequence in G o K;
with

V;LT(G © Kl) = ‘S’ =5>4= 4'Ycogr(K1)‘

1 2 6 7
" m e :T j:
4 3 5 8

Figure 3: The corona G o K1 with 'ygr(Go Ki)=5

Theorem 7. Let G and H be non-trivial connected graphs. Let Sg = (v1,va,--- ,vk) be a
legal closed hop independent neighborhood sequence of G and let Sy = (a1, a2, -+ ,a;) be
a co-legal neighborhood sequence of H. Then

S - ((Ula al)a (7}1,&2), T (Ulv at)7 T, (’Uk,@l), ('Uk, G/Q), T, (Uk,CLt))
is a legal closed hop neighborhood sequence of G[H].

Proof. Suppose Sg is a legal closed hop independent neighborhood sequence of G and
let Sy be a co-legal neighborhood sequence of H. Let i € [k] and j € [t]. Then

N[ (vi ap) NG NG (05, @) = {vi} x V) \ Nz () \({vi} x U2 [VH)\ N (@)
Now, since Sy is a co-legal sequence in H,
V(H)\ Npg(a;)) \ U [V (H) \ N (a)] # 2.
Equality implies that
NE i [(vis )] \ U2y Neqy (v, )] # @

The assumption that Sg is a legal closed hop independent neighborhood sequence would
imply that ({v;} x V(H)\ Nu(a;))\ ({vi} x U{;ll [V(H)\ Ng(a;)]) and U{Né[H][(UT, ay)] :
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r € [i—1] and [ € [t]} are disjoint. Thus,

N2 (03, ap)] \U{N gy [(vr, )] < v € [i], 1 € [f] with (vi, ;) # (vr, 1)} # 2.

Therefore, S is a legal closed hop neighborhood sequence in G[H]. O
Theorem 8. Let G and H be non-trivial connected graphs. If Sg = (v1,v2, - ,vk) is
a Grundy hop independent hop dominating sequence in G and Sy = (a1,a2,--- ,a¢) is a

co-Grundy dominating sequence in H. Then

S - ((Ula al); (Uhaz)a T (Ula at)a Ty ('U]g,CLl), (vka CLQ), T, (’Uk,(lt))

is a Grundy hop dominating sequence of G{H]. In particular, 'ygr(G[H]) > ’ygﬁh(G)’ycogr(H).

Proof. By Theorem 7, S is a legal closed hop neighborhood sequence in G[H]|. Let
(v,a) € V(G[H])\S. Suppose that v € V(G)\Sg. Since S¢ is a hop dominating set, there
exists v; € S such that v € NZ(vj). It follows that (vj,a1) € S and (v,a) € Né[H}(vj,al).
Suppose v = wv; for some ¢ € [k]. Then a € V(H) \ Su. Since Sy is a co-Grundy
dominating sequence, there exists as € Sy such that a ¢ Ny(as). Clearly, (vi,as) € S
and (v,a) € Né[H] (vi,as). Thus, S is a hop dominating set, showing that S is a Grundy
hop dominating sequence in G[H]. Therefore, ’ygr(G [H]) > fygﬁh(G)fycogr(H ). O
Remark 4. The bound given in Theorem & is tight.

To see this, consider G = H = P3. Then ngh(G) = 2 and Yeogr(H) = 2. It can easily be

verified that fygT(G[H]) = 'ygﬁh(G)’ycogr(H) =4.

4. Conclusion

This study did introduce the concept of Grundy hop domination and make an initial
investigation of the concept. It was pointed out and proved that every graph admits
a Grundy hop dominating sequence. Extremal values of the Grundy hop domination
number were given. Moreover, exact value or tight lower bound for each of the Grundy
hop domination numbers of the join, corona, and lexicographic product of two graphs was
determined. Bounds for this newly defined parameter in terms of other parameters (e.g.
minimum degree, maximum degree, diameter, etc.) may be obtained. The parameter can
be investigated further for trees and graphs under other binary operations.
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