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Abstract. In this paper, based on the homeomorphism theory and Lyapunov functional method, we
investigate global asymptotical stability for a novel class of delayed impulsive neural networks with-
out Lipschitz neuron activations. Some sufficient conditions are derived which ensure the existence,
uniqueness, and global asymptotical stability of the equilibrium point of neural networks. Finally, a
numerical example is given to demonstrate the improvements of the paper.
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1. Introduction

In the design of neural networks, the model of neural networks is descried by the system
of nonlinear ordinary differential equations or the system of nonlinear functional differential
equations. In generality, these nonlinear systems possibly show complex dynamic behaviors,
such as, periodic oscillatory, bifurcation, chaos, etc. However, in practical applications, es-
pecially for solving linear and quadratic programming problems in real time, it requires that
networks have good convergent property. Under these good convergent property, the validity
can be guaranteed during numeral solving. Due to these, stability analysis for neural net-
works with or without time delays has received a great of attention (see [1 — 10]). Recently,
impulsive neural networks have been extensively studied in both theory and applications (see
[5—10]). However, in the existing literatures, almost all results on the stability of neural net-
works are obtained under Lipschitz neuron activations [1 —6,9,10]. When neuron activation
functions do not satisfy Lipschitz conditions, people want to know whether the neural net-
works is stable. In practical engineering applications, people also need to present new neural
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networks. Therefore, developing a new class of neural networks without Lipschitz neuron
activation functions and giving the conditions of the stability of new neural networks are very
interesting and valuable.

In this paper, we investigate a general class of delayed neural networks with impulses
where the neuron activations do not satisfy Lipschitz conditions. To the best of authors’ knowl-
edge, this is the first time to study the existence, uniqueness, and global asymptotical stability
of equilibrium point for the neural networks developed by us.

Consider a general delayed neural networks with impulses:

x(t) = dX(t)+Zaugj(X(t))-FZbug](X(t i)+, t#t,
Axi(ty) = x(t) x(t) Jlk(x(tk)) k—1,2, , i=1,---,n,

(1)

where n denotes the number of the neurons; x;(t) is the state of the ith neuron at time
t; d; > 0 is the neural self-inhibitions of the ith neuron; g;(-) represents the input-output
activation of the jth neuron, g;(-) is continuous and monotone nondecreasing; a;; and b;;
denote the connection of the jth neuron to the ith neuron at time ¢t and t — 7;;, respectlvely,
I; is the external bias on the ith neuron; 0 < 7;; < 7, T is a positive constant; Jy; shows
impulsive perturbation of the ith neuron at time t;; Ax;(t;) = xi(t;) —xi(t ),k =1,2
are the impulses at moments ¢, and 0 < t; < ty < --- is a strictly increasing sequence such
that lim t; = o0

k—o0

The system (1) is supplemented with the initial conditions of the type x(t) = ¢(t) =
(1, ,¢,)T,—7 <t <0in which ¢(t) € C([—7,0];R") is a continuous function.
C([—7,0];R™) is a Banach space of continuous mapping which maps [—7,0] into R™ with a
topology of uniform convergence.

For convenience, we introduce the following notations: Let matrix Q = (q;j)nxn, R
(Tij ) mxns Q! denotes the inverse of Q, ||R||; and ||R||,, represent the first norm and infin-

n
IRlloo = max ]gllrijl.

Symmetric matrix S = (S;j)uxn, S > 0 (S = 0,5 < 0,S < 0) means that S is positive
definite (positive semi-definite, negative definite, negative semi-definite). Given the vector
Y=y, €RY, ;|- I denotes identical matrix. We will sometimes

write x(t) as x, f(x(t)) as f(x).

Definition 1. A function x(t) : [—7,+00] — R" is said to be a solution of system (1) with initial
conditions x(t) = ¢(t),t € [—7,0], if the following conditions are satisfied:

(1) x(t) is piecewise continuous with first kind discontinuity at points t;,k = 1,2, --. Moreover,
x(t) is right continuous at each discontinuity points;

(2) x(t) satisfies system (1) for t > 0, and x(s) = ¢(s) for s € [—7,0].

m
ity norm of matrix R, respectively. That is, ||R||; = max ). |r~ ,
1sjsni=)

= Imax
1<i<n

Definition 2. A constant vector x* = (x},--+,x*)T € R" is an equilibrium point of system (1.1)
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if and only if x™* is a solution of the following equations:
n
—dix;+ ) (a +bi)gi(x)+1;=0, i=1,--,n, 2)
j=1
and the impulsive jumps J;;.(+) are assumed to satisfy Jy(x;)=0, k=1,2,---,i=1,---,n.

Lemma 1. Continuous map H(x) : R™ — R" is homeomorphic, if: (1) H(x) is injective;
@ lim [H), = co.
llx|l,—o0

2. Existence and Uniqueness of the Equilibrium Point

First, we definite the map H(x) associated with (2) as follows:
H(x) = (H,(x), -, Hy(x))" (3
where H;(x) = —d;x; + Zn:l(aij +bij)gi(x))+1I;, i=1,---,n.
j=
Theorem 1. If there exist positive constants p; > 0,i =1,--- ,n, such that

n

)— Z Pj(|aji

j=Li#i

pi(—a;; — | by )=0, i=1,---,n,

+|bj;

then Eq.(2) has a unique solution.

Proof. In order to complete the proof, we divide the proof into two steps.
Step 1. Let x and y be two different vectors in R", then we have

n
> pisignCx; — y)(H;(x) = Hi(y))
=1
l n n
= - Zpidi |xi - J’i| + Zpi(aii +by;) |gi(xi) - gi(.yi)|
i=1 i=1

+Z Z Pi(|aij|+|bij|)'|gj(xj)_gj(yj)|

=1 j=1jAi
n n

< _zl:pidi Xi — Vi +lepi(aii+ bii|)(gi(x;) — gi(y:)
1= 1=

) .

+>. 2, pila

i=1 j=1,j#i

n
S—Zpidi|xi—yl'| <0 4)
i=1

+|bj;

gi(x;) — gi(yi)
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Moreover, there exists kg € {1,--+,n} such that H (x) # Hy (¥). That is, H(x) # H(y) for

all x # y.
Step 2. In (4), let y =0, we get

n

< —Pmin Z

i=1

Xi Xi (5)

> pi(H;(x) — Hy(0))sign(x; — 0) < — ¥ p;d;
i=1 i=1

where p,,;, = 112121 {pid;}. From (5), it follows that

Pminllx[l; <

> pi(H;(x) — Hi(0))
i=1

< Prnax Y| Hi(x) — H(0))|
i=1

S pmax”H(X) - H(O)Hl

< Prax (IHGOI + [HO)11)

where p,,q, = max{p,,---,p,}. We obtain

pmin”xlll _pmax”H(O)Hl

pmax

IHGl =

from which it can be easily concluded that ||H(x)||; — oo as ||x||; — o0o. Hence, we have
proved that H(x) is a homeomorphism on R". That is, Eq.(2) has a unique solution.

Theorem 2. If |gi(xi)| — 00 as |xl~| — 00,1 = 1,---,n, and there exists a positive constant r
such that

1
A+A" + lIBlloo + B <0
where A= (a;;)nxn and B = (b;j)nxn, then Eq.(2) has a unique solution.

Proof. In order to complete the proof, we divide the proof into two steps.

Step 1. Let x and y be two different vectors in R", by g;(-) is monotone nondecreasing,
x # y will imply two cases: (i) x # y and g(x)— g(y) #0; (i) x # y and g(x) — g(y) =0.

First, consider the case (i) where x # y and g(x) — g(¥) # 0. In this case, there exists
he {1,---,n} such that (x, — yp)(gn(xx) — gr(¥4)) > 0 and (x; — y;)(gi(x;) — &i(¥;)) = O for
i # h. Moreover, we have

2(g(x)—g(y)" - (HGx)—H(y))

= —ZZdi(Xi — ¥)(gi(x;) — &i(yi)) + (g(x) = g(yNT (A+AT)(g(x) — g(¥))

i=1
(gi(x) — gi(y))* + z”:i: r

n_ n 1
+2.2.7 by

i=1 j=1 i=1 j=1

(gj(xj)_gj(y]'))z
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n
< -2 dilx; - y)(gilx) — gi(3:))
i=1

1
+(g(x)— gy NTA+AT + (;”B”oo +r||Bll)I] - (g(x) — g(¥))
<-2)> d;i(x; — y;)(gi(x;) — g&i(y:)
i=1

< —2dp,(xp, — yr)(gn(xn) — gn(yn)) <O (6)

Hence, Hy,(x) # Hy,(y). That is, H(x) # H(y) when x # y and g(x) # g(y).
Now consider the case (ii) where x # y and g(x) — g(y) = 0. In the case, we have

H(x)-H(y)=-D(x—-y)#0

where D = diag(d,,- - ,d,). Thus, H(x) # H(y) for all x # y and g(x) = g(y). Hence, we
have proved that H(x) # H(y) when x # y.
Step 2. In (2.4), let y =0, we get

2(g(x) — g(0)" - (H(x) — H(0)) < _ZZdi(xi — 0)(8i(x;) — £:(0))
i=1

< —2dx"(g(x) - g(0)) 7)

where d = min{d,,---,d,}. From (7) and g; is monotone nondecreasing, it follows that
0<d ) xi(gi(x) - &(0)) < Y |(gi(x)) — £i(0)) - (H;(x) — Hy(0))|. ®)
i=1 i=1

If | lli‘m [|[H(x)|| # oo, then there exists a sequence {xP} such that lim ||x?|| = oo and for
x||[—o0 p—00

all p,
IH(xP)I| < My,

where M is a positive constant. Therefore, there exists a subsequence (for convenience, we
also denote it as {xP}) and a nonempty set W C {1,---,n}, such that the follows hold:

(D) lim |xf| =oo foralli e W;
p—o0

(2) there exists a positive constant M, such that |xf | <M, forallpandie{l,---,n}\W;

3) ||Hi(xp)|| <M, for alli and p.

Since g;(s) is continuous on [—M,, M,], there exists a positive constant Ms such that
|gi(s) < M for all s € [-M,,M,] and i € {1,---,n} \W. Thus, gl-(xf)| < M; for all p and
ie{l,---,n}\W. Moreover, we have

n

> |8 — g:(0)) - (Hi(xP) — Hi(0)

i=1

=D |(gi(x?) = £i(0)) - (H;(xP) — H;(0))]

ieEw
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+ 3 |(gi(xP) — £:(0)) - (Hy(xP) — Hy(0))]
i¢w
< &) - gi(0)] - (M + |H,(0)])
ieEw
+> (M +
i¢w

SMZ|gi(xf)—gi(O)|+M )
iew

gi(0)))- (M, + |H;(0))

where M = max{lrga<x {Ml + |Hj(0) gi(0)|) -(M; + |Hi(0)|)}. By g;(-) is mono-
<j<n

}) Z (MB +
igw
tone nondecreasing, then we have
n
D i xP(gixf) = gi(0)) = > xPgi(xF) — gi(0)) + Y xP(gi(x!) — g;(0))
i=1 iew i¢w

2 Z |x?| - |(&:(xF) — g:(0))] (10)

ieEw
Substituting (9) and (10) into (8), we can obtain for all p

a2

11274

xP
L

J(gi(xP) = gi(0)] <d D> xP(gi(x!) — g;(0))
i=1

< > |(gi(xD) — 2i(0)) - (H; (D) — Hy(0))|
i=1

<MY |gixP) - gi(0)| + M

iew
So we have

D || - M) |gi(xD) - gi(0)] <M an

ieEw

Since lim |xf =ooforalli e W and lim

= 00, there exists a positive constant P
p—00 |Xi —00

gi(x;)

such that for all p > P,

2M
(gi(x) — gi(0)| > 1 and |xf| >— Hence,
D x| - M) |gi (D) - gi(0)] > M (12)
ieEw

which is contradict to (11). So H(x) is a homeomorphism on R". That is, Eq.(2) has a unique
solution.

Theorem 3. Under assumptions of Theorem 1 (or Theorem 2), system (1) has a unique equilib-
rium point x* = (x3,- ,x:)T.

Proof. By Definition 2 and Theorem 1 (or Theorem 2), it is obvious that the constant vector
x* is the unique equilibrium point of system (1).
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3. Global Asymptotic Stability of the Equilibrium Point

In this section, we aim to find some sufficient conditions ensuring the global asymptotic
stability of the equilibrium point of system (1). The equilibrium point of system (1) is said
to be globally asymptotically stale if it is locally stable in sense of Lyapunov and globally
attractive, i.e., every solution of system (1) corresponding to an arbitrary given set of initial
conditions satisfy tlln;o x;(t) = x},i = 1,---,n. To prove the global asymptotic stability of
the equilibrium point, we will employ the Lyapunov direct method. Namely, the equilibrium
point x* is stable and every solution is bounded if there exists a continuously differentiable
Lyapunov function V : R™ — R which is positive definite and radially unbounded, i.e., V(x*) =
0, V(x) > 0 for x # 0, | lim V(x) = oo, such that the time-derivative of V along the

x—x*||—o00
solution of system (1) is negative semi-definite. If, in addition, V(x) is negative definite, then
the equilibrium point of system (1) is globally asymptotically stable.

Theorem 4. Under assumptions of Theorem 1, further if the following conditions are satisfied
Jik(xi(tk)): _Yik(xi(tk)_x;k)’ k= 1,2,---, i= 1,---,n,

where x* = (x3,--,x)" is the equilibrium point of system (1), 0 < v, < 2, then system (1)
has a unique equilibrium point which is globally asymptotically stable.

Proof. In order to complete the proof, we divide the proof into four steps.
Step 1. Consider the following system:

(D) = —dixi(t)+ilaijgj(xj(rm,Z:bijgj(xj(t—rij))ﬂi, te[0,t1],
j= j=

x;(t) = ¢;i(t), te[-7,0], i=1,---,n.

(13)

n n
By g; is a continuous function, U;(t) = —d;x;(t) + > a;;g;(x;(t)) + > bijg;(x;(t — 7)) +1;
j=1 j=1

is continuous and local bounded. It is easy to obtain the existence of a solution of system
(3.1) on [0,t*(¢)), where t*(¢) € (0,t;) or t*(¢p) = t1, and [0, t*(¢)) is the maximal right-
side existence interval of the solution of system (13). We denote this solution by x(t,¢),

X(t, ¢) = (xl(t, ¢1)3 T ,xn(t’ ¢n))T-

Make a transformation z(t) = x(t) — x*, system (13) is transformed into
n n
zi(t) = —dizi(t) + Zaijfj(zj(t)) + Z biifi(zj(t —7;;), te€[0,tq], i=1,---,n, (14)
=1 =1

where f;(z;(t)) = g;(z;(t) +x;) — g;(x}). Hence, 2(t, $)=x(t,¢)—x* is a solution of system
(14) with initial conditions z(t) = ¢(t) — x*,t € [—7,0] on [0, t*(¢)).
Step 2. Consider the following Lyapunov functional

Zi(t)| +2n:f
=1t

t

V(D)= pi | £;(z;(0))| d6}. (15)
i=1

_Tij
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Obviously, V(z) is positive definite and | 1”1m V(z) = oo. Calculating the derivative of V(2)
Z||—00

along the solution z(t, ¢ ) of system (14) on [0, t*(¢)), then we can get

VGt $)) < = > Apid; |zt )] — pilay + b)) [ filzi(t, )]
i=1
= > pillag|+ b £ N3
j=Lj#

= —Z{Pidi |2:(t, )| = pilay; + | bi) | filzi(t, )]
i=1

n

= > piai| + b izt d)]}
j=Lj#
—_pminZ <0
i=1

where p,,;, = min {p;d;}. This implies V(z(t,$)) < V(2(0)),t € [0, t*(¢)). By (15), we can

1<i<n
get

n
D pila(t. )] < V(z(0) (16)
i=1
According to (16), it is easy to derive that z;(t, ¢;),i =1,---,n, are bounded on [0, t*(¢)).
By virtue of the continuous theorem of differential equations, we can conclude that system
(14) has a solution on [0,t;], i.e., system (13) has a solution on [0,t;]. We denote this

solution of system (13) by x°(¢t).
Step 3. Consider the following system:

)‘Ci(t) = d i Xi (t)+ Z al]g](x (t))+ Z bl]g](x (t ij))_l_Ii: te [tlatz]:

j= a7
xi(tl) = O(tl) +Jl].(x (tl)) = 1)' PRI

Arguing as in step 1 and step 2, system (17) has a solution x'(t) on [t;,t,]. As inductive
step, we can derive that the following system:

xi(t) = d Xi (t)+ Z al]g)(x (t)) + Z bl]g](x (t ij))+1i, te [tm,tm+1:|’
Xi(tp) = X[ 1(tm)+Jlm(x’” '(tm))s = Leo,m,

also has a solution x™(t) on [t,,, tpy1], m=2,3,---.
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Define

x0(t),t € [0, 1],

x(t),t € (ty,t5],

X(t, ()b) = )
xm(t), te (tm’ tm+1:|;
then x(t, ¢) is the solution of system (1) with initial conditions x(s) = ¢(s),s € [—7,0]. This
completes the proof of the existence of solutions of system (1).
Step 4. Assume that x(t) is a solution of system (1), and x* is the unique equilibrium

point of system (1). Make a transformation z(t) = x(t) — x*, then system (1) is transformed
into the following system:

z(t) = —diz(t)+ Z:laijfj(zj(t)) + 21 bijfi(z(t — 7)), t#tg,
Azi(t) = Julzi(te)) J= —YirZi(te), k]= 1,2,---, i=1,---,n,

(18)

where f;(2;(£)) = gi(z;(t) + x;) — g;(x}).

Consider Lyapunov functional V(z(t)), the V(z(t)) is the same as (15). Calculating the
derivative of V(z(t)) along the solution z(t) of system (18) for any t, t # t;,k = 1,2,---.
Arguing as in step 2, we have V(2(t)) <0,t # t;,k =1,2,---. Also,

n n (tx+0)
V((te+0)) = > pid|zi(te +0)| + f by - |£;(z;(0))] d6}
i=1 j=1 9 (tx+0)—7;;
=> | —rdm(t)| + D bys| - | £;(=;(6))] d6}
i=1 j=1J =755

<V(z(ty)), k=1,2,---.

Then we can easily follow that V(z(t)) < 0 for t > 0. Therefore, the equilibrium point x* of
system (1) is globally asymptotically stable. This proof is completed.

Theorem 5. Under assumptions of Theorem 2, further if the following conditions are satisfied
Jik(xi(tk)): _Yik(xi(tk)_x;k)’ k= 1,2,---, i= 1,---,n,

where x* = (x},--,x*)" is the equilibrium point of system (1), 0 < vy < 1, then system (1)
has a unique equilibrium point which is stable and every solution is bounded. If, in addition,
gi(s),i =1,---,n, are strictly increasing functions, then the unique equilibrium point of system
(1) is globally asymptotically stable.

Proof. In order to complete the proof, we divide the proof into four steps: step A, step B,
step C, step D.
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Step A. It is the same as step 1 of Theorem 4, so we do not repeat it here.
Step B. Consider the following Lyapunov functional

n z;(t)
V(z(t)) = 2ZJ

fi(s)ds+r f
=1J0 i= 1) 1Jt— TJ

Obviously, V(2) is positive definite and lim V(z) = oo. Calculating the derivative of V(z)

llzl|—00

2 (2,(6))d6. (19)

]l

along the solution z(t, ¢)) of system (14) on [0, t*(¢)), then we can get

V(a(t, ¢))——2Zd Filzi(t, Na(t, ¢)+2ZZ a;ifi(zi(t, $)) - £;(z;(t, )

=3
+22_Z1 bi,-fi(zi(r,é))-ﬁ(zj(t—rij,qﬁ))w;zl byi| £2Cai(t, )
e S
—r22|b1i|fi2(zi(t—rﬁ,@)
=
<- 2Zdlfl(z(t A <;t>)+221]21 a; fi(z: (6, $)) - £zt $))
=
+ 221]21] |5y £t $)] - |Gt = v $)| + rzlzl |bi| £3(z:(t, 6))
S e
—rznl:znll bi| £zt — 70, D). (20)
S

Since 1
2 |fi(zi(t: <IS))| : |fj(zj(t — Tij <IS))| = ;fl.z(zi(t, )+ rsz(zj(t — Tij $))

then we get

V(a(t, $)) < 2Zd Filzi(t, Na(t, ¢)+2ZZ a;ifi((t, ) - £;(z,(t, $))

i= 1) 1
+ZZ U sz,é))
i=1 j=1 i=1j=1
+r22|bﬁ|ff<zi(r,¢3))—rZZlbﬁlfﬂzi(r—rﬁ,é))
i=1 j=1 i=1j=1

=—2Zdlfl(z(r A ¢)+2ZZ a;ifi((t, ) - f;(z(t, $))

i=1 j=1
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+ZZ byj| (i, ¢))+r22|bﬂ

i=1 j= i=1 j=

< —2Zdifi(zi(r,<£))zi<t,<£) + T ((t, $)) - (A+AT) - £(2(t, $))
i=1

JRET(R))

1 - - . -
+ ;IIBlloofT(Z(t, NS (2(t, $)) +rlBllLf ' (2(t, $f (2(t, $))

= -2 difi (it d)zi(t, $) + FT(a(t, $)) - [A+AT

i=1

1 ~
+ (= 1Blleo +rl1BIIT - £ a2, 6))
< -2 difiE(t, §alt, ) <0.
i=1

The rest of step B and step C are similar as step 2 and step 3 of Theorem 4, respectively, so we
also do not repeat them, then we can easily obtain the existence of solutions of system (1).

Step D. Consider Lyapunov functional V (z(t)), the V(z(t)) is the same as (19). Calculating
the derivative of V(z(t)) along the solution z(t) of system (3.6) for any t, t # t;,k =1,2,---.
Arguing as in step B, we have V(2(t)) <0,t # tx,k=1,2,---. Also,

n_ rz(t+0) (t+0)
Va(te+0)=2) f fils)ds + "ZZ f
— /o (

i=1 j=1J (t;+0)- T}l
=y )z ()

= V(a(t) + ZZJ Fi(s)ds <V(a(tp), k=1,2,--

2;(tx)
Then we can easily follow that V(z(t)) < 0 for t > 0. Therefore, the equilibrium point x*
of system (1) is stable and every solution is bounded. If, in addition, g;(s),i = 1,---,n,

are strictly increasing functions, then V(z(t)) < 0 is negative definite. Thus, the unique
equilibrium point of system (1) is globally asymptotically stable.

Remark 1. Compared to the existing literatures, our results have improved those results. The
results of [5, 6, 9, 10] are obtained under Lipschitz neuron activations. At the same time, our
results are easy to be checked.

In order to show that the conditions we have obtained in this paper provide new sufficient
criteria for system (1), we consider the following example.

Example 1. Consider the following delayed impulsive two-neuron network model (1) descried
by:

10 2
xq,(t)=— Xl()— gl(xl(t))+ 1g2(x2(t—7:2))+11,
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_ 5 2 6

Xy(t) = —ixz(t) + Egl(xl(t —T1))— igz(xz(t)) + 1,

Axy(ty) = —0.2(x1(t;) — x7),

AXZ(tk)Z —0.3(x2(tk)—x;), tr =kT, k= 1,2,---. (21)
where T > 0 is a positive constant, g,(8) = arctan(6), g,(0) = 63, x* = (x’l“,xg)T is the

equilibrium point of system (21).

Obviously, those results in [5, 6, 8, 9, 10] would fail when applying to this example.
However, we select p; = p, =1 (or by A+ AT + (||B]|o + |IBl|1)I = —diag(%, %) < 0), from
Theorem 4 (or Theorem 5), system (21) has a unique equilibrium point x* which is globally
asymptotically stable. Therefore, our results establish new criteria for the global asymptotic
stability of delayed neural networks with impulses and improve those results in the existing

literatures.

4. Conclusion

This paper has developed a class of delayed neural networks with impulses, where the
neuron activations do not satisfy Lipschitz conditions. Some general sufficient conditions
are derived for the global asymptotic stability of delayed neural networks with impulses. A
comparison between our results and the previous results is also given, which shows that our
results establish a new criteria for global asymptotic stability of delayed neural networks with
impulses. At the same time, the criteria in this paper is also valuable in the design of neural
networks which is used to solve efficiently classes of optimization problems arising in practical
engineering applications.
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