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Abstract. This paper deal with the boundedness property of non regular pseudo-differential oper-
ators a(xz, D) and their adjoints a(z, D)* on variable exponent BM spaces. For this purpose, given
such an operator, we use the technique of decomposition of its symbol into elementary symbols
already used in other spaces.
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1. Introduction

Besov-Morrey spaces denoted Nﬁ,uyq were initially investigated by Kozono and Ya-
mazaki in [8] to study the solutions of the Navier-Stokes equations with critical regularity.
The theory of Besov-Morrey spaces and their applications to non-linear PDEs were fur-
ther studied by Mazzucato [13]. They are modified Besov spaces where the base norm is
of Morrey-type. A first generalisation of the Besov-Morrey spaces N;U,q into N;(.)’u(% q
where only the exponents p and u varied was introduced by Fu and Xu in [6] and a full

generalisation to variable exponent Besov-Morrey spaces denoted N;((-.)),u(~),q(~) with all ex-
ponents variable is due to Almeida and Caetano [1].

Now the boundedness of an operator is a fundamental property for it’s use. One can find
in several works the study of boundedness of pseudo-differential operators: on Lebesgue
spaces, Besov spaces, Triebel-Lizorkin spaces and Sobolev spaces (see [2], [3], [11] and
[12]). In particular, the boundedness of pseudo-differential operators on Besov-Morrey
(BM) spaces with constant exponents denoted NV?, = was studied by Mazzucato in [13].

Piusg
We are concerned in this paper with the boundedness of pseudo-differential operators on
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Besov-Morrey spaces with variable exponents denoted /\/’;((.'))M(.),q(.)(see [1]). Since the
symbol class Sﬁs is too restrictive for applications to non-linear equations, we use symbols
in the class C’fS{'f(S where the x regularity is measured in Holder-Zygmund spaces. The
results of this paper generalize those of [13] and complement the studies done on Triebel-
Lizorkin-Morrey spaces (see [4]). We further extended the study of the boundedness of
such pseudo-differential operators to their adjoints.

Our approach is as follows: we consider pseudo-differential operators in N;((_'))u(.) a() whose

symbols belong to the class C’fSﬁ;. We use the decomposition of these symbols into ele-
mentary symbols following the method of [2], [11] and [13]. We then set up intermediary
results useful to prove the main results in theorem [2] and theorem [3].

This paper is structured in 4 sections: the section 2 concerns preliminaries and set up
notations as well as definitions and properties of Morrey spaces and Besov-Morrey spaces
with variable smoothness and integrability. In section 3, we recall tools that are nec-
essary to establish lemmas and the main theorems of the next section. The section 4
contains the results and the proof of the main theorem of the boundedness of non regular

pseudo-differential operators in the space ./\/’;((.'))u(_) o) 3 well as the adjoint estimate.

2. Preliminaries

2.1. General Notation

We denote by R™ the n-dimensional real Euclidean space, N the collection of all natural

numbers and Ng = NU {0}. We write B(z,r) for the open ball in R" centered at z € R"
with radius r > 0. We use c as a generic positive constant, i.e. a constant whose value
may change with each appearance. If € belongs to R and r to R, the expression |£| ~ r
means that there exists two constants ¢1,ce > 0 such that c¢;r < |£] < cor. The expression
f < g means that f < c¢g for some independent constant ¢, and f ~ g means f < g < f.
Throughout the paper we denote by M(R"™) the family of all complex or extended real-
valued measurable functions on R".
By suppf we denote the support of the function f , i.e. the closure of its non-zero set. If
E C R™ is a measurable set, then xg denotes its characteristic function. We denote by
S = S(R™) the set of all Schwartz functions on R™. We denote by &' = §'(R™) the dual
space of all tempered distributions on R"™. The Fourier transform denoted F f(£) or f is
defined on § by

fO) = [ e

and extended to S’ by duality. The inverse Fourier transform denoted F~!f(z) or f is

defined by
1

G / ().

f(z) =
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For two complex or extended real-valued measurable functions f, g on R™ the convolution
f * g is given, in the usual way, by

(f*g)(z) = . flz —y)g(y)dy, = €R"™ and supp(f*g) C suppf + suppyg.

2.2. Variable exponents

In this sub-section we recall the definition and some properties of variable exponents.
For more details see [10] and [5].
e We denote by P(R™) the set of all measurable functions p : R" — (0, oo] (called variable
exponents) which are essentially bounded away from zero. We denote pI'an := ess suprnp(x)
and pg, := ess infrap(x); we abbreviate p* = pﬁgn and p~ = pgn.
e The function ¢, is defined as follows:

@ if p(z) € (0,00),
Pp(z)(t) = ¢ 0 if p(z) =00 and t € [0,1],
00 if p(z) =00 and t € (1, 00].

The variable exponent modular associated to p(-) is defined by

/¢p (11

The variable exponent Lebesgue space L) := Lp.(R") is the family of (equivalence
classes of) functions f € M(R") such that g,.)(f/A) is finite for some A > 0.
L, is a quasi-Banach space equipped with the quasinorm

1y i=int {05y (17) < 1

e We say that a continuous function g : R® — R is locally log-Holder continuous, abbre-
viated g € CI°(R™), if there exists ¢joy(g) > 0 such that

9(z) — g(y)| < —Ceald)

f 11 R™. 1
S oglet 1/fr—gp CrelleyE )

The function g : R® — R is said to be globally log-Hélder continuous, abbreviated
g € C'8(R™), if it is locally log- Hélder continuous and there exists goo € R and coo(g) > 0

such that
Coo (9 )

~ log(e +[z)
We define the following class of variable exponents

19(2) — goo| < for all x € R™.

Plog(R") := {p €EP: 5 le Clog(R")}

1 1 1
We define — := lim —— and we use the convention — = 0.
Poo || —o00 p(x) o0
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2.3. Variable exponent Besov-Morrey spaces

We recall the definition of variable exponent Besov-Morrey spaces. We refer to the
papers [1], [18], [17] and [8], for further results on these spaces.

Definition 1. For p,u € P(R") with 0 < p~ < p(z) < u(z) < oo, the variable exponent
Morrey space My () = Mp(yue)(R™) consists of all functions f € M(R"™) with finite
quasinorm

1fllag,p, o, 7= SUp 7o o

2€R™. v>0 ‘fXB(xT’) HLp(-) : (2)

Definition 2. Let p,q,u € P(R"™) with p(z) < u(x). Given a sequence (f,), € M(R™),

we set
n__ _n_ 1
004y (Mp(y,u()) ((fu)u) = Z sup  inf {)‘ >0: Op(+) (Tu(ﬁ) rle) fVXB(x.r)/)‘Q(')) 1} :
(3)

IN

>0 zeR™, r>0

Remark 1. When ¢t < oo or ¢t = oo and p(z) > q(x) we can simplify (3) to obtain

0ty ity (B0 = 30 sup [y (7

>0 zeR™, r>0

x) @ ’fl/|XB(:rr)> ’ L

N

p(
q

—~

Definition 3. Let p,q,u € P(R"™) with p(x) < u(x).The mized Morrey-sequence space
Co(y(Mp()u()) consists of all sequences (fy), C M(R™) such that, o, (.., (1(fr)) <
oo for some p > 0. For (fu)y € Loy (Mp(y ) we define

H(fl/)l/”%(‘)(Mp(‘),u(.)) = inf {M > 00 00,y (M) ) < (fl’)> = } (4)
Proposition 1. Let p,q,u € P(R") with p(x) < u(x). Let (fu)v € Loy (Mpyu())

(i) The functional H'Héq(»( is a quasinorm in oy (Mpy 4()) and

My u())

||(fV)Vqu(.)(Mp(.),u() = H ‘fy Hf /t /tv ()/t) Vt = 0

(i) If fu, = f for some f € My ,y(R") and vy € No, and f, = 0 for all v # vy, then

Theorem 1. The functional (4) defines a quasinorm in the vector space Lgy(Mp() u(.))
for any p,q,u € P(R™) with p(x) < u(z). Moreover, it induces a norm in the following
cases (each one understood for almost every x € R™):

(1) p(x)>1 and q € [1,00] is constant;

(i) 1< q(x) <p(z) < ulz) < oo;
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(iii) x) + 2 ) <1

Besov-Morrey spaces: To define Besov spaces based on M, (), let us first recall
the définition of a Littlewood-Paley partition of unity {y,}, v > 0.
The functions ¢, are defined as follows. Let ¢y € C§°(R™) a real function such that ¢ = 1
on B(0;1) and suppyg C B(0;2).
Set
0, (&) = ©o(277E) — (277 1E) for all v € N.

Then ¢, is supported on the dyadic shell
D, ={¢eR": 2" 1 <J¢ <2vF}

with D, N D, =0 if v — p| > 1. One has

Zgo,,zl.

v>0

Then for all f € &',

F=> et

v>0

The Littlewood-Paley partition of unity is used to define the Fourier multiplier ¢;(D) as
followed

D) f(@) = F s la) = [ eul© (€1

Definition 4. Let {¢,} be the Littlewood-Paley partition of unity. Let s € Y9 and

loc

D, q,u € PR"™) such that 0 < p~ < p(z) < u(x) < oo. The Besov-Morrey spaces

N;() () Consists of all distributions f € S'(R™) such that
ey o= oD g, + | (20001 <o ()
Np( ), Mp(-),u() ( )zle éq(»)(Mp(>),u(-))
Remark 2.

(i) Let us notice that Besov-Morrey spaces N u()qg() OTe defined by the composite
Eq(.)(M ()ul- y) while Triebel-Lizorkin- Morrey spaces & (()) u().a() e defined by My () (Eq(.)).

(ii) The case of the boundedness of non-reqular PDOs on variable exponent Triebel-
Lizorkin-Morrey spaces has been studied in [4].

Proposition 2. Let s € C1%, p € PY9(R™) and q,u € P(R™) with p(z) < u(z) and 1/q

loc?

locally log-Hélder continuous. Then it holds

s(-) /
S = Ny =S



Mohamed Congo, M. F. Ouedraogo / Eur. J. Pure Appl. Math, 15 (4) (2022), 1716-1737 1721

3. Basic tools

In the following, we present some results which will be useful in the last section.
First of all, we recall the n-functions defined on R™ by

Mym(x) = 2" (1 +2%|z))™™, v e Ny, m>0.

Note that n,.,, € L' for m > n and the corresponding L;-norm does not depend on v.

The next lemmas can be found in [7](Lemma 19) and [9](Lemma 6.1.).

Lemma 1. Let o € C’llsg(R”) and let m > 0, 1 > cjoq(v), where coq is the constant from
(1) for a. Then

2Va(x)77v,m+l($ —y) < CQVa(y)nwm(x )
with ¢ > 0 independent of x,y € R™ and v € Ny.

Lemma 2. Lett > 0,v € Ny and m > n. Then there exist ¢ = c(t,m,n) such that for all
g € 8'(R") with suppFg C {£ € R : [¢] <2vt1},

19(2)] < ¢ (o * o' @), 2 R

Lemma 3. Let p € P9(R") and u,q € P such that % € C9 with

loc

1<p” <p(x) <u(z) <oco. Ifm> n—l—clog(l/q)—i-nmax{o, SUP,cRrn (Wlm) — ﬁ) — Ii},
then there exist ¢ > 0 such that

|| (10, fv)uHeq(A)( ys¢ ”(f”)v||fq<<>(Mp<<>,u(»>)

Mp(),u()
for all sequences (fy), C Lq()(Mp(yu()-
Lemma 4. Let p € P°(R") and u € P with 1 < p~ < p(x) < u(z) < cc.
If m > n—i—nmaX{O,SupxeRn <ﬁ — ﬁ) _ zi}

Then there exists ¢ > 0 such that

(| 77,m, * fHMp(.),u(.) < ||f||Mp(.),u(.) :

Lemma 5. Let p,u,q € P(R") with p(x) < u(z). Let 6 > 0. For any sequence (g;)

Jj€Ng
of non-negative measurable functions on R™, let

Gy(z) = Z27|”7j|5gj(a;), xz€R", veNy.
§=0

Then it holds

; <ol
it ”)””éq(')(Mp(-)yum)N (9;); Lq(y (Mp()u(y)
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4. Boundedness of pseudo-differential operators

We will use symbols for which z-regularity is measured in Holder-Zygmund spaces.

Definition 5. The function a(x,§) on R™ x R™ belongs to the symbol class C’fS%, )€
[0,1], £ > 0 if it is smooth in & and satisfies the following estimates:

) 8?(1("6)‘ c
|ogata, &)] < e, (™

—|a| 446
, < ca (O

(6)

where (£) stands for (1 + |¢ \2)1/ ®. A pseudo-differential operator on S with symbol
a € CLST is defined by

a(x x) = e a(x .
@D)f(w) = oz [ aln OF (@ S e

We write a(z, D) € CXOPST if a(z, €) belongs to the class C’fS{’:‘(s.

To study the boundedness of a(z, D), we will resolve its symbol a into elementary
symbols. Therefore, the operator a(x, D) with symbol a can be resolved into ”elementary
operators” ag(z, D) with symbols ai. This idea has been exploited to establish bound-
edness of pseudo-differential operators with non-regular symbols in Sobolev spaces H*®P
and Holder-Zygmund spaces CY (see [11], [2]). We will proceed in the same way with the
adjoint operator.

Definition 6. [13] We call elementary symbol in the class Cfo%, d€[0,1], £ >0 an
expression of the form
a(z,&) = oj(x)p;(€)

Jj=>0
where g is smooth supported on the ball B(0,2), ¢;(€) = ¢(277¢) and p € C§° is sup-
ported on the dyadic shell Dy = {§ € R™| 1/2 < [¢] < 2}, while 0 is a uniformly bounded
sequence such that

j(m—+£0
Example 1. Let {¢;} be a Littlewood-Paley partition of unity and {o;} a sequence uni-
formly bounded in C¥.
Set '
a(x, D) f(x) =D _0;(2°x)p;(D)f(x) , feS
Jj=0

then a(z,D) € CfOPS?ﬁ .

Lemma 6. [13] Let f = Zj>0 fj inS', with suppfj C B(0, A27) for some A > 0. Then,
for 0 >0, N

1llcs < e(A)sup {2 151l } (7)
j=0
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Let us establish the two following lemmas which play a fundamental role in the proof

)

of the boundedness of pseudo-differential operators on N (gl

Lemma 7. Let ci,c3 >0, p € P9(R™), u,q € P such that ,% € CY9 with

loc
1 <p” <plx) <ulr) <oco. Let {fk}keNo be a sequence of tempered distributions such
that
suppF fo C B(0,2c2)

and
suppF fr. C {§ eER™: ¢2F 1< €] < 022k+1} for k > 0.

Then

< H <2k8(~)fk>
~Y k
S()
N ul)a()

£y My ()
Proof. Using (5) we have

ol Ee)l, e ()}

() .a() Mp(),u() IMeq(y (M u(y)

> f

k=0

Since ; is supported on the dyadic shell Dj, while ¢g is supported on the ball B(0;2),
there are N1, Ny € Ny such that

0o N1 ) J+N2
S B (z f)‘ I
_ s () _ —i— ,
k=0 NGO )t F=0 Mp(),u() hEIm TNy (Mp(y ()
Ny j+N2
= D@0 fi +{[R 250N @ fi
k=0 My k=j—N
P()ul) ' g0y (Mp(),u())
Let us now estimate these tjv\;zo terms.
1
e Estimation of the term Z Bo * fr
k=0

Mp(yu()
One has

suppF (go * fr) C{§ € R™ : [¢§] < 2}.
Then by lemma 2, |go * fi| < |fr] - It follows that

N
k=0

Mp(yu()
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Ny
= Z (0, ..., f&,0,.. -)||eq(,)(Mp(,)’u(')) by proposition 1
k=0

0,
Rl () (Mp() u)
‘ J+N
e Estimation of the term ||< 275) Z D5 * [
k=j—N

Iy (M) ()
Since ¢; * f, € S’ and suppF (@; * fi) C {§ eR™: | < 2J+1},
then by lemma 2,

. 1/t
67 % fiel S (= 1il")
for any m > n + cjoq(s) + clog(%) -+ nmax {0, SUp,cRrn (ﬁ - ﬁ) - Ii} and any ¢t > 0.
Thus with ¢t =1,
. J+N2 JtN2
220 37 @i+ i Sy 22 270 O ¢ 1)
k=j—Ni k=j—Ni

TWeq () (M ) TWeq () (Mp( u(y)

By lemma 1, we can move 2/5() inside the convolution and get

275() (nj,m * | fr]) S Njm—ciog(s) * 2js(.)’fk‘-

Let us notice that if m > n+cjp4(s) +Clog(%) +nmax {O, SUD R <ﬁ - ﬁ) - L}
then m — ¢j4(s) verifies the hypothesis of the lemma 3. Therefore

N J+Ns ‘
2]8(.) Z Sovj * fk’ S Z (nj,m—clog(s) * 2]5()’fl€|>
k=j—N . k=j—N .
' Ty (Mp(y,u) ' Ty (M) u)
j+N2 '
S Z { (njszclog(s) * 2J8()‘fk’> } . .
k=j—Ni Ty (M)
By lemma 3 ,
J+N2 Ni+No

(st(')fjJrk—Nl)

20N gt S D

k=j— Ny . k=0
T Mgy (Mp(y,u()

Iy (M uc))

gy (Mp() u())

s [[0n),

The two estimations yield the desired estimate. O
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Lemma 8. Let ¢ > 0,p € PY(R") and u,q € P such that % € C’llgcg with 1 < p~ <
p(z) <u(x) < oo. Let s € C'llgg such that s~ > 0. Let {fx}ycn, be a sequence of tempered
dustributions such that

suppF fr, C {§ eR™: [ < 02k+1}.

Then .
>

k=0

|05,

A0 Lg(Mp(yu(-y)

p(),u(-),q(-)
Proof. Using the hypothesis on Suppy;, there is N € Ny such that

> h ¢o(D) <ka>
k=0

' +H VD) [ D A

k=0 AT ety = My(u() k=i=N 2N lg, e ui)
oo N
(i) Let us first estimate the term |[¢o(D) <Z fk> ‘ = Zgﬁo * fi.
k=0 Mp(yucy 11RO Mp(),u()
Since
suppF (1&0 *fk) C {§ eR™: [¢| < 2’”1},
By lemma 2
o0 0o
wo(D) (ka)H S D e * 1l 7
k=0 My(),u() k=0 My(),u()

for any m > n + cjog(s) + clog(%) + nmax {O, SUP,cRn (zﬁ - ﬁ) — ]i}
Then

(&) s
k=0

Mp(y,u()

by lemma 1.

Z 2_]687 (nk,m—clog(s) * 2k8()‘fl€’>
k=0

‘Mm»,u(»

Using proposition 1, we have

i ks~ (nk,quog(s) 4 9Hs() !fkl) H — {i 9—ks~ (nk,mf%g(s) * ka(’)fk) }

k=0 My () u() k=0

Ty (Mp(),u()

N

by lemma 5

ks()
H <le2,m*Clog(S) * 2 ( fk) Zq()(Mp()ﬂu())

k

Thus, by lemma 2, it follows that

wo(D) (Z fk>
k=0

gy (Mp(y,u())

- s]eos)

Mp(yui

k



Mohamed Congo, M. F. Ouedraogo / Eur. J. Pure Appl. Math, 15 (4) (2022), 1716-1737 1726

o
(ii) Now let us estimate the term ||{ 2750)p;(D) Z T

R .
! FZNWEy () (Mp(,u(y)
2750) (D) Z Ik = Z 2750) (5 x fi)
P P

]ZN fq(.)(Mp(%u(.)) JZN eq(‘)(MP(‘)vu(‘>)

Since
{suppf(sbj xfr) C {€ R g <271}
suppF (¢ * fr) C {£ € R™: ¢ <2841},
by lemma 2
{29‘80 (67 % 1) S 250 (njm * | ficl)
2750) (@ fir) S 2750 (g * | fi])

for m > n + ciog(1/q) + ciog(s) + nmax {07 SUPcRn (ﬁ - ﬁ) - Ii}

Therefore
o J
2°0p,D) [ > fi S > 20 (i % | fil)
k=j-N Loty (M) () k=N TZN () (M ()
N f: o~ (k=)sC)ghsC) (| )
k=j+1

TZNTeo () (Mp() ()

We are left now to estimate each terms on the right-hand side.
Using lemma 1 we can move 2V*() inside the convolution 2/*() (1, ,, * | fi|) and get

200 ( * fel) S (oo * 2 O1fel) v = or b where mo = m — ciug(s).

Thus
j 0
o Z 275C) (1j.m * | f]) N Z H{(nj,mo * 2js(')\fj+e\) }j
k=j—N Mooy ucy) ¢=—N Cq(y (Mp(y,u())
< H <2js(')fj) ‘ by lemma 3.
Iy (M) uc))
Also

o 8 S0 2 e Ds9k0 (g fy))

k=j+1 .
T (M) u()
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o0

SIS D] 27likel) (ﬂk,mo * 2k5(')’fk’>
k=j+1 4
! Ty (Mp(y,u()

S{ir%WGWMﬁWW”
k=0

Ty (M) u()

S H (Uk,mo * 2k3(')\fk’>

< Jon)

kWq(y (Mp(y,uc)

by lemma 5 and 3.
Ca() (Mp()u()

k

4.1. The main estimate

In this subsection, we will establish the boundedness of pseudo-differential operators
A0
OB Np()u)a()”

Theorem 2. Let a(x,§) € CfS{"% where m € R, 6 € [0,1] and £ > 0. Let p € P°I(R")
and u,q € P such that % € Cllgcg with 1 < p~ < p(z) <u(zr) <oco. Let s € C’llscg such that
0<s™ <s(z)<l. Then

Coars()+ s(-)
a($7 D) ’ Np()7u()7q() - Np(),u(),q()

18 bounded.

Remark 3. The operator (1 — A)%, m € R is an isomorphism that composes well with
pseudo-differential operators (see[13] and [15]). Thus, it is enough to treat the case m = 0.
Therefore let us set a(z,£) € CLSY .

The symbol reduction method due to Coifman and Meyer[3], makes it possible to be limited
to symbols of the form(see [13], [11], [2] and [16])

a(z,§) =Y oj(2)p;(€)

Jj=0
where o satisfies A
sl e < 27 (9)
and oy < ¢ (10)

with ¢ depending on § and € but not on j and p; is exactly a Littlewood-Paley function.
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r,§) = Zaj(m)gpj(ﬁ)

J20

Proof. Let

with the conditions given above Let us decompose this symbol into three parts.

First of all we have o;(x Z or(D
By multiplying each member by ¢;(£), we obtain o;(x (Z or(D ) ©;(£).
and then a(x Z (Z or(D > ©;().
7=0

By setting  ap; = ¢r(D)o; we have

=3 (300 i) (1)

Now we rewrite (11) as a sum of three parts

Jj—4 J+3 00
a(z,6) = Y| D ag@)+ D ay@)+ Y aylx) ] i)
>0 \ k=0 k=j—3 k=j+4

= ai(z, &) + as(z, &) + asz(x, £)

(i) Let ¢;(D)f = fj. Then we define three ” elementary” pseudo-differential operators:

a1(z, D) f i (Z a;j f]>

00 J+3
az(x,D)f = > | D akifi|,
=0 \k=j—3
as(z, D)f = D | D axifs
=0 \k=j+4

(ii) It remains to estimate each of these three pseudo-differential operators.
For this purpose, it’s necessary to estimate |[a;||;__

Let us recall the quasinorm of C%: Hapk(D)ochf = supy, 2" || pk(D) o | ;oo -
Since
lee(D)ajllice < cllojlice -
Then
sup 2% |lor(D)ajll,. < ellollee -
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Using (9), we obtain '
akj | oo < c209027FE (12)

We are ready to estimate the pseudo-differential operators a;(x, D), az(x, D) and az(x, D).
e The estimation of a;(z, D) .

We have
j—4 Jj—4
F (Z%;’fj) = F (pr(D)aj) x F (p;(D)f)
k=0 k=0
j—4
= (VeFoj) = (Y Ff).
k=0

Using the fact that supp(f *g) C suppf+suppg for all compactly supported distributions
f,g €8’ we have
j—4

supp]-"( akjfj) C{¢eR": |¢~27T1},

k=0

Then lemma 7 yields

Mg

ar(x, D) fll \rs¢) =
lox(z, D) HNp()u()q()

Il
o

J

j—4
(o)
k=0 Ns(-)

p(-),u(-),q()

j—4
S <2j8(')2akjfj>
k=0 IWegey (M) )
max{j—4,0}
JeNo 14 ba)y (Mp() ()
< ’(stm(pj(p)f) '
I egey My i)

It follows that

llax (@, D) fll o) S FIs0
’ ’ ) ’NP(‘)»“(‘)H(‘ ’ HNP( su(-)a(- )
e Estimation of as(z, D)

00 J+3

For the second part ||laz(z, D) f|| ¢ Z Z ai;fi ,
p()yu()a() — “
p()u(),q(-)
Let us first observe that
Jj+3 Jj+3
FIS avti| = 3 FlonDoy) « Fles(D)f)

k=j—3 k=j—3
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j+3
= ) (puFoy) (9, Ff).
k=j—3
Jj+3
Therefore F Z ar;fj | is supported on the ball B(0, 2/+4) By lemma 8,
k=j—3
‘ J+3
laz(z, D) fl \ys0) S 250 3"y f;
p(),u(),a() Ml A
Iy (Mp() ()
J+3
< 27" Z ||akJHL SOJ( )f
k=j—3 .
Iq () (Mp(u())
j+3
Now using (12) one has Z llarill oo S Z 27k < 0o (with § = 1)
k=j—3 k=-3
and then
e Dy 5 | (000),
p(-),u(-),q() J Loy My )
S A 0
No(rulat)
e Estimation of as(x, D)
oo
Since F Z ar; fj | is not supported on any ball or shell, we cannot directly use neither
k=j+4

lemma 7 nor lemma 8. However, in &’ we can write

00 00 oo k—4
DD anfi=)_ > af;
=0 k=j+4 k=4 j=0
We have
k—4 k—4
FAD arifi | =D WnFay) = (4, Ff)
j=0 =0
then

k—4

suppF Zakjfj C{ﬁER”: |§]~2k+1}.

J=0
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Then lemma 7 yields

00 k—4
llas(@, D) fl 50 = DD anif
p()su(-)a() —\= "
No(ul),a0)
f—4
S 250N " ay; f
i—0
! klq(y (Mp(y,u()
k—4
ks(-
< akjll o 27O 0;(D) f
§=0

If we use (12) with 6 = 1, we have

k—4

las(z, D) fl s S
’ Np(~)7u(~)7q(~) =0
7=0

<

<

= (}S 2(k_j)(s(')_€)2j5(')g0j(D)f

Z 2*|k*j||8_*5|218(')@j(D)f
=0

kg () (Mp(y,u()

kg () (Mp(y,u()

kg (Mp(yu(y)

kg (Mp(y,u()

klq(y (Mp(y,uc)

By hypothesis we have |s~ — ¢| > 0. Therefore, by lemma 5

k—4 o
ZQ—\k—JIIS _£|235(')<pj(D)f

j=0

Then
|as(z, D)

The proof is completed.

Tl s
No(hu(),a0)

< H(?S(')st(D)f)k

TNy (M) ()

Sl s :
: | ”Npm,u(-),q(-)

4.2. Thet adjoint operator estimate

Ca(y(Mp () u(-))

1731

In this subsection, let us go further by studying the boundedness of the adjoint oper-
ator. Let the adjoint operator A* of the operator A defined by

[tangas = [ g rges.

(13)
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Since an operator a(x, D) with symbol a(z,§) € CfS?ﬁ can be decomposed in the form
a(xz, D) = ai(x, D) + ag(x, D) + as(x, D),
then its adjoint a(x, D)* can be written as follow
a(x,D)* = ai(z,D)* + az(z, D)* + asg(z, D)*.

This method has already been used by Marschall in [11] and [12].

Let’s calculate ay(z, D)* for A = 1,2,3. For that, let a)(x,D)f Z Z a; f; where
JEI) kel

Iy C Ny, I} C Np.

Using (13),

/ (ax(z, D) f(2)) gla)dz = / S Y ars (D) (@)g(x)ds

JEI) kel

- [ E 7 wrnmms | @

JjeIy k‘EI’

Plancherel’s theorem yields

[ D)s@)g@as = [ 1| XY 7 (i @me) | @

JEIN kel

Then, the adjoint of ay(z, D) is

ax(@, D) f = Y (D) (@yf)=>_ > (D <k2 wkw)f) .
k’'=0

JEIN kel JEIN kel

Thus

a)\(ac,D)*f = Z Z QOJ(D> (akj Z fy) = Z Z Z (,OJ(D) (@fk’) for A = 1,2,3
k'=0

JEIN kel JEIN kel k'=0
(14)
One has
F{o;i(D) (@jfv)}y = i F {F enFoj) - F HewFf)}-
The intersection of the supports of ¢; and F {]:—1(90]6]:0” : fﬁl(gok/}"f)} is empty if the
non-negative integer k&’ does not verify the following cases (See [14] and [11]):

j—3<kK <j+3 and k=0,...,7+3

j—3<k<j+3 and k¥ =0,...,7+3
k>j5+4, K >j+4 and |k — k| <3.



Mohamed Congo, M. F. Ouedraogo / Eur. J. Pure Appl. Math, 15 (4) (2022), 1716-1737 1733

It follows that

co j—4 7j+3
ar(z,D)'f = > > ¢i(D)|ag Y. fw ],

§=0 k=0 k'=j—3

co J+3 7+6
w@Df = 3 S o) (zf>

=0 k=j—3 k'=0

[e'e) [e'e) k+3
w@D)f = 33 o(D) ( 3 f)

7=0 k=j5+4 k'=k—3

Theorem 3. Let a(x,§) € CéSm where m € R, § € [0,1] and £ > 0. Let p € P9(R")
and u,q € P such that 1 Cllsf wz’th 1<p <px)<u(zr) <oco. Let s € C’lgf such that
0<s™ <s(z) <t Then

sy N

. s
afz, D)* : Ny p()u()-a()

)
p )7”(')7(1(')
1s bounded.

Proof. As for the proof of theorem 2, we will proceed by estimating the three above
operators. Let m = 0.
e The estimation of a1 (z, D)*

co j—4 j+3
llar(@, D) fl \s0) = DD o) @ Y. fw
PO ul)al) =0 k=0 K=j—3 A0
p()u().a()
oo j—4
= (D0 wi(D) @iify)
=0 k=0 A0

p()u(),q(+)
Here f; := cpg- f where cp;- is a suitably chosen smooth function supported in the annulus

€] ~ 27,

Moreover we have

j—4
Suppf{z ©;(D) (akjfj)} C{e¢eR": [¢|~2}.

k=0

By applying lemma 7 and lemma 1 we obtain,

4
ar(x, D) fll s S 275()
H ( ’Np()u()q() Z_:

Ty (M) u()
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)

Ty (Mp(yu()

j—4

Z ak;j f;

k=0

5 (2]'5(.)77]' m ¥

for any m > n + ¢oq4(s) + clog(%) + nmax {0, SUp,cRrn (Iﬁ — ﬁ) — }i}
Thus, by lemmas 2,

j—4
las(@, D) Fll -0 s (M Clo s *Z)akaﬁ<->fj\>
k=0

o(- ) u(),a(-) ‘
TNy (Mp(y,u(y)

Then by lemma 3 |

laa(@, D)l < (Z\Hakgumws)’ f\)

)ou()sa()
a() (Mp(y,u()

Therefore

llax(z, D)* ] ) S (15)
' Noaraey = W aatr

e The estimation of as(z, D)*

oo J+3 7+6
@Dy e = 3 D) (zf>
k'=0 N

p(),u(-),a(") =0 k=j—3
su(-),q()

3 00 j+6
_ Iy S em) (<> 5 fk,>
k'=0

k=—3 j=0
o) 7j+6
< D ei(D) (a(kﬂ)j > fk’)

=0 k=0 s

’ Np(( )) u(-),q(")
One has

j+6
supp ]—'{ ( (k49)7 Z fk,/>} B(0,c27h).

By lemma 8 ,

j+6
az(z, D s < 275() /
[las( )f”/\/pf))u()q() S < @i (D < (k+)j ka))

Ty (M) u()

j+6 )

“| D I
Ty (M) u()

k'=0

N

(Hawum e
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for any m > n 4 ¢1o4(s) + clog( )+ nmax{O,supxeRn <1ﬁ — ﬁ) — i} .
Then by lemma 3

j+6
Jax(e. D) fllyoy % (2JS<'>Zgok/<D>f>
P q /— -
w=0 Ty (M) u)
Then
az(z, D)* fll s S0 : 16
fax( )’ HNp()u)q() | HNp()u()q() (16)

e The estimation of as(z, D)*

0o oo k+3
llas(z, D) f||Ns<> = D2 D> @) (flkj > fk’)
k'=k—3 NS

p(-),u(-),q(") =0 k=j+4 o
p()u()a()
oo k—4
- Z Z v;(D) (@ f;)
k=4 j 0 s(+)
NG (a0

Here f; := 4,0;» f where 4,0;» is a suitably chosen smooth function supported in the annulus
&l ~27.
Moreover we have

k—4

suppF { > 0i(D) (arsfy) p < {€ €R™ ¢ Jg] ~ 2}
=0
Then by lemma 7 |
-
llas(@, D) f| -+ = || 279> (D) (@)
P()u()a() =

kg (Mp(y,uc)

For any m > n + ¢jo4(s) + clog( )+ nmaX{O,supxeRn (zﬁ - %@) — Ii} we have

las(@, D) fllyeey % me Cuog(e) * |20 (D) |
p u q
klllg () (Mp(y ()
k—4
S @250 (D) |
7=0

kg ) (Mp(y,u()
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o

—4
< a1 |20 (D) £

J
kg () (Mp(y,u(y)

I
o

The rest is the same as that of ag(z, D) in the proof of theorem 2.

We

[1]

[10]

[11]

obtain
las(z, D) Sl (17)
) p(-)su(-),q(-)

The three estimates (15) , (16) and (17) yield the desired estimate. O

*
Jlse
N,

q(-
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