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Abstract. In this paper, we studied a two-patch age-structured model of tuberculosis in a context
where the migration is not controlled. Motivated by the fact that no author has highlighted
the impact of migration on the dynamics of transmission of tuberculosis. Each subpopulation is
subdivided into five compartments: susceptible; latent, vaccinated, infective and treated. After the
determination of the reproductive numbers $(¢, p) and Ro(p), we established the conditions of the
global and local stability of the equilibrium point without disease. It has been shown that there is
only one point of endemic equilibrium. Numerical simulations show that uncontrolled migration
negatively influences the dynamics of tuberculosis.
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1. Introduction

Tuberculosis (TB) is one of the oldest diseases humanity has known, which is still
relevant today; archaeological excavations in Pharaonic Egypt, ancient India and the Far
East show that the date of its first “official” recognition was 2400 BC [8, 10, 16]. Despite
enormous scientific advances and the availability of effective treatment, TB remains one
of the top five killers worldwide. Understanding its propagation dynamics has become a
concern for the entire scientific community. It is an infection caused by a bacterium called
Mycobacterium tuberculosis. Tuberculosis most commonly affects the lungs, but can also
affect other parts of the body, such as the skin, bones, lymph nodes, liver, digestive tract,
and central nervous system [11]. Tuberculosis is transmitted from one person with active
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pulmonary tuberculosis to another when the latter is exposed to M. tuberculosis. Living
conditions that contribute to a high risk of exposure to TB include overcrowded hous-
ing, homeless shelters and correctional facilities. According to WHO reports, the People
at increased risk of exposure to tuberculosis include those with a history of alcohol and
drug abuse and those from areas where TB is prevalent, including many countries in the
Caribbean, Africa and Asia. Until the emergence of the COVID-19 pandemic (widely
studied, among recent works we can cite [1, 17]), tuberculosis was the leading cause of
death attributable to a single infectious agent, ahead of HIV/AIDS. According to the
2021 WHO report, most people (nearly 90%) who develop the disease are adults and
more often men than women. Nearly a quarter of the world’s population is infected with
M.tuberculosis. Despite the fact tuberculosis is a preventable disease that can be cured.
Several mathematical models have been developed in order to make contributions in the
decision making of the strategies to carry out the control of this disease. We must, the
first mathematical model dealing with the case of tuberculosis to Frost, He predicted that
with the low and falling rate of transmission of tuberculous infection in the United States,
it was most likely that the tubercle bacilli were fighting a losing battle, since they would
be unable to transmit sufficient infection to maintain the balance in their own favor. (See
[21, 22]. Nowadays, we have a fairly broad literature on the mathematical epidemiology of
tuberculosis (We refer readers to the documents [2, 4, 18] and articles cited in these papers
for a good overview of the work done in this field as the list is by no means exhaustive),
but this work neglects a number of factors (either all or some of its parameters) such as the
vaccination program, the compartment of the treaties, individuals with rapid progression
to the state of the disease, the mortality rate related to the disease, the birth rate of the
population in addition, very few of these models are structured in age and the migration is
considered in very few works. On this subject Tewa J.J has dedicated two articles modeled
by an EDO [13, 14]. These factors are far from negligible in African countries. Recently
Marwin Ramli and al, studied the stability of the endemic equilibrium of a SIR model of
tuberculosis where the compartment of the susceptible is subdivided into two subgroups,
that of susceptible vaccinated and those of susceptible unvaccinated, unstructured by age
[12],they made an extinction of this model by adding the latent compartment[20]; Rui Xu
and al Motivated by the work of Yang and al [24] and Mc Cluskey [5], in their paper, they
investigated the effects of incomplete treatment and age structure in latently infected and
infectious individuals the dynamics of tuberculosis [23].Yu Zhao and al. analyzed a model
type SEIR where the compartment of susceptible is subdivided into three age groups:
childhood, middle-age and senior. Our model is an extension of the model proposed in
[19], by the fact that migration is allowed without distinction of the epidemiological status
of individuals.

This type of migration is undoubtedly one of the factors, delaying the process of
eradicating this disease. To evaluate the impact of migration on the propagation dynamics
of this disease, we expressed the reproduction numbers as a function of the migration rate
R(¢, p) and Ry(p). After establishing the conditions of existence and uniqueness of the
positive solutions of our model by the semi-group method. We studied the global and
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local stability of the equilibrium point without disease, showed the existence of an endemic
equilibrium point and finally the results of the numerical simulations confirm the negative
effects of the uncontrolled migration that would cause tuberculosis in our community.This
paper is organized as follows: Section 1 introduces the two-patch model structured in
age to study the dynamics of TB transmission case of a non controlled migration .The
mathematical model formulation is given in the section 2. The existence of positive and
unique solutions is demonstrated in Section 3. The point of equilibrium without disease,
reproductive numbers R (1), p) and Ry (p) are defined in the section 4 and the local stability
of the disease-free equilibrium point in the presence of vaccine. The global stability of the
disease-free equilibrium point to the absence of the vaccine is established in Section 5. The
existence of an endemic equilibrium is proven in Section 6. Some numerical simulation
results are given in Section 7. In Section 8, we have a discussion, conclusion and further
work.

2. Mathematical model formulation

Two-patch age structured model of tuberculosis was considered. The model is to split
the population into two subpopulations. The recruitment is only possible in the class of
susceptible and the vaccinated individuals were able to migrate between the two subpop-
ulations. Each subpopulation is divided into five classes based on their epidemiological
status: susceptible, vaccinated, latent, infectious or treated. We denote these subgroups
Si(t,a), vi(t,a), Li(t,a), I;(t,a) and J;(t,a) respectively. The birth rate of the patch i is
bi(a); ui(a) and p(a) denote the mortality rate related to the disease relative to the patch
i and the rate of natural mortality. The time and age depended of the force of infection of
the subpopulation 4 is \;(f, a) and vaccination rate is v;(a); p;(a,a’) is the probability that
an infective individual of age a’ will have contact with and successfully infect a susceptible
individual of age a, c¢;(a) is the age-specic per-capita contact/activity rate (all of these
functions are assumed to be continuous and to be zero beyond some maximum age). A
fraction ¢; of newly infected individuals of the sub-population i is assumed to undergo a
fast progression directly to the infectious class I;. Rate of susceptible passage to latent
infectious state and treatment are respectively k; and 7;. o; and d; are the reductions
in risk due to prior exposure to TB and vaccination, respectively , 0 < o; < (1 — ¢;),
0 < 6; < (1 —¢;). The migration rates of the susceptible, latently infected, infectious,
treated, and vaccinated between the two populations are respectively p;1, pi2, pi3, pia and
pi5, in this paper i = 1, 2.
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fig.1. Flow chart of the two-patch model for tuberculosis disease

transmission.
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The age-structured model for the transmission of TB is described by the following

(% + 3%) S1(t,a)

(&+&)nta
(Z+&)vita)
(8 + &) sa(to)
(& +&)Lat0)

,

system of partial differential equations:

=b1(a)N1(t,a) — [A1(t, a) + ¥1(a) + pla) + p11]S1(¢, a) + p2152(t, a)

= X1(t,a)[(1 — ¢1)S1(t, a) + o1J1(t, @) + 81 Vi (t, a)] — (k1 + p(a) + p12)L1(t, a) + p22La(t, a)

=ki1L1(t,a) — (r1 + p(a) + pi(a) + p13)11 (¢, a) + 1 X1 (8, a)S1(t, a) + p23la(t, a)

=r1l1(t,a) — (1A1(t, a) + p(a) + p14)J1 (¢, a) + p2aJ2(t, a)

= ¥1(a)S1(t,a) + p25Va(t,a) — (p15 + p(a) + 6111 (t, @) Vi(t, a)

= b2(a)N2(t,a) — [A2(t, a) + Y2(a) + p(a) + p21]S2(t, a) + p1151(t, a)

= X2(t,a)[(1 — ¢2)S2(t, a) + o2J2(t, a) + 82Va(t, a)] — (k2 + pn(a) + p22)L2(t, a) + p12L1(t, a)

= koL2(t,a) — (r2 + p(a) + p2(a) + p23)I2(t, a) + p1311(t, a) + P2X2(t, a)S2(t, a)

=ral2(t,a) — (02X2(t, a) + pu(a) + p24)J2(t, a) + p1aJ2(t, a)

= 2(a)S2(t,a) + p15Vi(t, a) — (p25 + u(a) + 62X2(¢, @) Va(t, a)

Si(t,0) = [? bi(a)Ni(t, a)da

with initial and boundary conditions :

Li(tv 0) = V;'(t,O) = Ii(t70> = Ji(tvo) =0

Si(O, a) = S()i(a); LZ'(O, a) = Loz'(a); V;'(O, a) = Vbz(a)

IZ'(O, a) = I()i(a); Ji(O, a) = J()i(a).

(1)
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And \i(t,a) = Bi(a)ei(a) [ ]{;i((tgi,))pi(a, a’)da’, assume that

pi(a,a’) = gi(a)Bi(a’) (2)
(see Dietz and Schenzle 1985 [9] ; Greenhalgh 1988 [7]).
Let N(t,a) = Ni(t,a) + Na(t,a) and N;(t,a) = ;N (t,a), with ag + ag =1
N(t,a) = Si(t,a) + Li(t,a) + L1 (t,a) + Ji(t,a) + Vi(t,a) + Sa(t, a) + La(t,a) + I2(t, a) +
Ja(t,a) + Va(t, a).
By summing equations of system (1) and (2), we obtain the following equations for the
total population N(¢,a):

(% + 3a) N(t,a) = (b(a) — u(@)N(t,a) — p1(a) [1(t, a) — pa(a)fa(t, a)

(3)
N(t,0) = [ b(a)N(t,a)da.

Where b(a) = a1bi(a)+agba(a); a1 and ay are respectively the minimum and maximum
age of procreation and a4 is the maximum age of an individual, with a4 < +o0.
Let

3i<t7 a) = }S\;((ZZ)) ; lz(t, a) = 5/\;((::3)) 5 Zl(ta CL) = Ii(t:(al)

. i (t,a Vi(t,a
Git,a) = e vi(t a) = g,

The system (1) can be normalized as the following system:

(% + %) s1(t,a) = axbi(a) = [Ai(t a) + ¥1(a) + b(a) — pa(a)ir(t, @) — pa(a)iz(t, a) + p11]s1(t, a) + pa1s2(t, a)
(& +&)uta) =x(ta)ld - é1)s1(ta) +orji1(ta) + 101 (¢ a)]
—(k1 + b(a) — pi(a)ii(t, a) — p2(a)iz(t, a) + p12)li(t, a) + pa2l2(t, a)
(& +85)irtia) = —(r1+ p1(a) +ba) = pa(@)is (b, a) — p2(a)iz(t, a) + p13)is (+ a) + p2siz(t )
+é1A1(t, a)s1(t, a) + kili(t, a)
(% + %) Ji(t,a)  =riii(t,a) — (e1A1(t, a) + b(a) — pa(a)is(t, a) — pa(a)iz(t, a) + p14)J1(t, a) + p24j2(t, a)
(% + %) vi(t,a) = 1(a)s1(t,a) + pasva(t,a) — (b(a) + p15 + 6121 (t, a) — p1(a)ii(t, a) — pa(a)ia(t, a))vy(t, a)
(5)
(% + %) sa(t,a) = agba(a) — [Aa(t,a) + Pa(a) + b(a) — pi1(a)ii(t,a) — pa(a)iz(t, a) + p21]s2(t,a) + p11s1(t, a)
(£ + &)t a) =2t a)[(1 = ¢2)s2(t, a) + o2ja(t, a) + 5202 (¢, a))
—(k2 +b(a) — p1(a)ii(t,a) — p2(a)iz(t, a) + p22)l2(t, a) + p12l1(t, a)
(% + %) ia(t,a) = —(r2 + pa(a) + b(a) — p1(a)ii(t,a) — pa(a)iz(t, a) + p23)iz(t, a) + p13i1(t, a)
+é2X2(t, a)s2(t, a) + kala(t, a)
(% + %) j2(t,a) =raia(t,a) — (o2A2(t,a) + b(a) — p1(a)ii(t, a) — pa(a)iz(t, a) + p2a)iz(t, a) + p1aj1(t, a)
(% + %) va(t,a) = p2(a)s2(t, a) + p15vi(t, a) — (b(a) + p25 + d222(t, a) — pi(a)ii(t, a) — pa(a)iz(t, a))va(t, a)

with boundary conditions

Si(tvo) = Ai;vi(ta 0) = li(tu 0) = ii(tﬂ 0) = ji<t70> =0
with A1 + Ay = 1.

The problem is well possed, the methode of proof is the same used in [3].
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3. Existence of positive solutions

In this section we will prove that the system (5) has a unique positive solution, and
to achieve this we will write the system (5) in compact form (abstract Cauchy problem).
Consider the Banach space X defined by X = (L!(0,a))!°, endowed with the norm

2 5
lell =D Dl (6)

i=1 j=1

Where ¢(a) = (p11(a), p12(a), ¢13(a), p1a(a), p15(a), p21(a), p22(a), p23(a), p24(a), p25(a))’ €
X and ||.|| is the norm of L'(0,a) . Let denote by

Q= {(s1,l1,01, 71,01, S2, 12,92, jo,v2) € X4 \O < 81+l +i1+ j1,v1 + s2+ lo + iz + jo+va < 1} (7)

The state space of system (5). Where X = (L!(0,a4))', et L!(0,a;) denotes the
positive cone of L'(0,a). Let A be a linear operator defined by

(Ap)(a) = (A1, A1a, A1z, Ara, A, Aa1, Ago, Aog, Aoy, Aos)T (8)

A = (—%9011 — (¥1(a) + b(a) + p11)911,0,0,0,0, p21921,0,0,0,0)

Arr = (0, — 1o — (b(a) + k1 + p12)¢12,0,0,0,0, paopas, 0,0,0)

A1z = (0, k1p12, — 13 — (r1 + pa(a) + b(a) + p13)e1s, 0,0, 0,0, pagepas, 0,0)
Arg = (0,0,719013, — L o14 — (b(a) + p14)14,0,0,0,0, p2spas, 0)

Ars = (Y1(a)p11,0,0,0, —Loi5 — (p15 + b(a))¢is5,0,0,0,0, paspas)

Ag1 = (p11¢11,0,0,0,0, — L oo — (1h2(a) + b(a) + p21)pa1,0,0,0,0)

Azz = (0, p12¢12,0,0,0,0, — L paa — (b(a) + k2 + paz) 22, 0,0, 0)

Agz = (0,0, p13913, 0,0, 0, kapaz, — o3 — (ra + pa(a) + b(a) + p23)pa3, 0,0)

Agq = (0,0,0, pr4p14, 0, 0,0, 729023, — L ooy — (b(a) + p2a)p24,0)

Ags = (0,0,0,0, p15p15, Ya(a)pa1,0,0,0, — o5 — (pas + b(a))p2s)
With

o(a) = (p11(a), p12(a), e13(a), p1a(a), @15(a), @21(a), p2a(a), pas(a), pa(a), v25(a))” € D(A)
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where D(A) is the domain given by:

D(A) = {p € X\pij € AC[0,a4),¢(0) = (A1,0,0,0,0,0,As,0,0,0,0)" }

And AC[0,ay) denotes the set of absolutely continuous functions on [0,a1). We also
define a nonlinear operator F' : X — X by :

arbi(a) = ((Qupis)(a))pnr + (pa(a)pis + pa(a)e2s)pn
((Qrep13)(a))((1 = d1)p11 + 1014 + 019p15) + (1(a) 13 + pa(a)p23) P12
¢1((Qrp13)(a))pn1 + (m1(a)prs + pa(a)pas) s
(n1(a)e1s + pa(a)pas) — 01((Q1¢13)(a))p1a
(n1(a)p1z + pa(a)pas) — o1((Qip13)(a))p1s
agba(a) — ((Q2p23)(a))p21 + (n1(a)pis + pa(a)pas)par
((Qa24p23)(a)) (1 = p2)p21 + 02624 + 02¢pa5) + (p1(a) 13 + pi2(a)23) P22
$2((Qapas)(a))par + (1 (a)pis + pa(a)p2s)pes

(11 (a)prs + p2(a)pas) — 02((Q2023)(a))p24

(11 (a)prs + p2(a)pas) — o2((Q223)(a)) 25

where @; is a bounded linear operator on L'(0,a, ) given by
(Q)e) = a)Bi@ata) [ Ba)f)ad ()
Let

u(t) = (81(.,t), ll(.,t), il(.,t),jl(.,t),vl(.,t), 82(.,t), l2(.,t>,’i2(.,t),j2(.,t>, UQ(.,t))

Thus, we can rewrite the system as an abstract Cauchy problem

i’LL = AU u
{ 3t<0)(t)_ UOA (t) + F( (t)) (12)

where
uo(a) = (so1(a),lo1(a),io1(a), joi (a), vo1(a), so2(a), loz(a), io2(a), joz (a), voz(a)) "

According to these results we have the following results, ( see [6, 10]).
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Lemma 1. The operator F' is continuously Fréchet differentiable on X.

Lemma 2. The operator A genrates a Cy-semigroup of the bounded linear operators
{T(t)};> and the space Q is positively invariant by {T(t)},~,-

Theorem 1. For each ug € X4 there are a mazimal interval of existence [0, tmaz) and a
unique continous mild solution for (12) such that

u(t) = upe™ + /t eMF (u(€))dg

0
4. The disease-free steady state

4.1. Determination of the point of disease-free equilibrum

A steady state (s1(a),l1(a),i1(a), j1(a), vi(a), s2(a), l2(a),i2(a), j2(a), v2(a)) of system
(5) must satisfy the following time-independent system of ordinary differential equations:

Lsi1(a) = arbi(a) — [B1(a)er(a)g1(a)T1 + ¥1(a) + b(a) — pi1(a)i1(a) — pa(a)iz(a) + p11]si(a) + p2152(a)

“11(a) = B1(a)c1(a)g1(a)T1[(1 — ¢1)s1(a) + d1v1(a) + o151 (a)]
—(b(a) + k1 — p1(a)ii(a) — p2(a)iz(a) + p12)l1(a) + p22l2(a)

Ai1(a) = k1l1(a) + ¢181(a)e1(a)g1(a)T1s1(a) — [r1 + bla) + p1(a) — p1(a)i(a) — p2(a)iz(a) + p1slii(a) + pasiz(a)

Lj1(a) =r1i1(a) — (e1B1(a)e1(a)g1(a)T1 + b(a) — pi1(a)ir(a) — pa(a)iz(a) + p14)i1(a) + paajz(a)

|

avi(a) = ¥i(a)si(a) — (8181(a)ci(a)g1(a)T1 + b(a) — pi(a)ii(a) — p2(a)iz(a) + p15)vi(a) + p25v2(a)

L 55(a) = ba(a) — [B2(a)ca(a)g2(a)T2 + P2(a) + b(a) — p1(a)ii(a) — pz(a)iz(a) + pa1ls2(a) + p11si(a) (13)

ol2(a) = B2(a)cz(a)g2(a)T2[(1 — ¢2)s2(a) + d2v2(a) + o2j2(a)] — (b(a) + k2 — pi(a)ii(a) — p2(a)iz(a) + p22)l2(a) + p12l1(a)

oi2(a) = kalz2(a) + ¢282(a)cz(a)g2(a)lzs2(a) — [r2 + b(a) + p2(a) — pi(a)ii(a) — p2(a)iz(a) + p23liz(a) + p13iz(a)

j2(a) = raig(a) — (0282(a)c2(a)g2(a)l'2 + b(a) — p1(a)ii(a) — p2(a)iz(a) + p24)j2(a) + p14j1(a)

a

b SR B B R B

va(a) = ¥2(a)s2(a) + p15vi(a) — (8282(a)ca(a)g2(a)l'2 + b(a) — pi(a)ii(a) — pa(a)iz(a) + p25)va(a)

[y

la

i= 0% foa+ B\i(ﬂﬁi(a)da

—

with initial value conditions

8,’(0) = Ai;li(O) = 11(0) = jZ(O) = 1),'(0) =0

Therefore, we obtain the disease-free steady state

S?(a) = Aje” Jo' (b(r)+i(T)+pin)dr foa e fs(b(T)+wi(T)+pil)dT(Oéibz'(7]) + lesg(a))dn
(14)

i—s9(a =09 (a
of(a) = MO, 00y — 9(a) = 9(a) = 0
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4.2. Calculation of R(¢, p)-Ry(p) and stability of the infection-free state

To study the stability of the disease-free steady state, we denote the perturbations of

system by
si(t,a) =5(t,a) + S?(a)
li(t, a)

ii(t,a) = i;(t,a) +i9(a)

Ti(t,a) + 1%(a)

Jit,a) = ji(t, a) + 5 (a)

vi(t,a) = v;(t,a) +v)(a)

The perturbations satisfy the following equations:

o
+
Ho

S1(t,a) = p2182(a) — (b(a) + ¢¥1(a) + p11)31(t, a) — [F1(8)B1(a)e1(a)gi(a) — pi1(a)ir(t, a) — p2iz(t, a)]s?(a)

Yo
+
e

11(t, a) = pasla(a) — (b(a) + k1 + p12)l1(t, @) + 71 (8)B1(a)e1 (a)gr (a)[(1 — ¢1)s)(a) + 8109 (a)]

Yo
+
?\@

)? (t,a) = pagiz(a) + k1l1(t, a) + ¢181(a)e1(a)g1(a)T1(t)sF (a) — (1 + p1(a) + b(a) + p13)i1(t, a)
)71t a) = riia(t,a) + p2aT2(a) = (p1a + b(@)F1 (¢, a)

~ o~ o~ —~
o o
+
8’\@

Yo
+
S

01(t, a) = Y1(a)s1(¢, a) + p25v2(t, a) — (p15 + b(a))v1(t, a)
—(8181(a)e1(a)g1(a)F(t) — p1(a)ir(t, a) — pa(a)iz(t, a))v)(a)

Yo
+
Sl

Sa2(t,a) = p1131(a) — (b(a) + ¥2(a) + p21)32(t, a) — [F2(t)B2(a)e2(a)g2(a) — p1(a)ii(t, a) — u2iz(t, a)]sy(a)

Yo
+
e

Ia(t, a) = p12l1(a) — (b(a) + ko + p22)l2(t, a) + o (t)B2(a)ca(a)g2(a) (1 — ¢2)s3(a) + 5209 (a)]

Yo
+
?\@

)? (t,a) = p13i1(a) + kala(t, a) + ¢2B2(a)ez(a)ga(a)T2(t)s3(a) — (r2 + p2(a) + b(a) + p23)iz(t, a)
) T2(t.@) = p1471(a) + 7272 (t, @) = (p2a + b(a)Ta(t, @)

~~ o~ o~ —~
Yo o
+
8’\@

Yo
+
§’\Q>

v2(t, a) = P2(a)s2(t, a) + p1571(t, a) — (p25 + b(a))v2(t, a)
—(6282(a)cz(a)gz(a)Fz(t) — p1(a)i(t, a) — pa(a)iz(t, a))vd(a)

Fi(t) = & Jo* Bi(a)ii(t, a)da

with boundary conditions :

5i(t,0) = 15(t,0) = %;(t,0) = j;(t,0) = 7;(,0) = 0
we consider the exponential solutions of system (16) of the form:

{ 5i(t,a) =5;(a)eM; 1;(t, a) =Ti(a)e™; Ti(t, a) = T;(a)e™?

ii(t,a) =73 (a)eM; Fi(t, a) =G (a)e

(15)

(16)

@an)
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The system (16) becomes:

51(a) = p2152(a) — (b(a) + ¥1(a) + A + p11)51(a) — [T181(a)er(a)g1(a) — p1(a)i1(a) — pa(a)iz(a)]s?(a)

T1(a) = p2ala(a) = (b(a) + k1 + A + p12)l1(a) + T1B1(a)e1(a)g1(a)[(1 — 61)s(a) + 5108 (a)]

71(a) = p2siz(a) + 181 (a)cr(a)g1(@)Ty + k1l1(a) — (r1 + pa(a) + b(a) + X + p13)71(a)

71(a) = p2adala) + rii1(a) = (b(a) + A + p14)j1(a)

T1(a) = 91(a)5(a) + p25T2(a) — (p15 + ba) + N)T1(a) — (51781 (a)e1(a)g1(a) — p1(a)ir(a) — pa(a)iz(a))vf(a)

52(a) = p1171(a) — (b(a) + ¥a(a) + A + p21)F2(a) — [[2B2(a)ea(a)ga(a) — p1(a)i(a) — pa(a)iz(a)lss(a) (18)
T(a) = p12l1(a) — (b(a) + k2 + A + p22)l2(a) + T2B2(a)ca(a)g2(a)[(1 — $2)s3(a) + 5209 (a)]

ia(a) = p13i1(a) + d2B2(a)ea(a)g2(a)T2 + kala(a) — (r2 + p2(a) + b(a) + A + p13)iz(a)

Ja(a) = p1aji(a) 4+ raia(a) — (b(a) + X + p14)ja(a)

a a al al al al al al Iy
‘“‘ n‘“- n‘g‘ m‘“‘ m‘g‘ m‘& m‘& g‘“- g‘& a‘“-

L%2(a) = ¢a(a)s2(a) + p1571(a) — (p25 + b(a) + \)T2(a) — (62T B2(a)ez(a)gz(a) — p1(a)ii(a) — pa(a)iz(a))vd(a)

|

!

i =& Jo T Bi(a)ii(a)da
with boundary conditions :
5i(0) = 13(0) = i3(0) = 5;(0) = v;(0) = 0
Let
Ny, (a) = (1= )s}(a) + 0;v] (a) (19)
pj2lj(a) = pj2li(a) and pjsij(a) = pjsii(a) (20)
From equation (18) and (19), we obtain:

li(a) =T} / e~ I O FRitpia=ptNAT g, (1) (1) g () Ny, () (21)
0

i(a) = /0 ¢~ T @ BT (1T ) 4 T meimgs(m)dn (22)

Hence, by equations (21) and (22) after changing order of integration, we obtain:

Gi(a) =T, ["e” f;(b(T)JFMi(T)+7”i+)\+Pi3*b\j3)dTIBi(n)ci(n)gi(n)

[(ZSZS?(”) + kilNy, (n) / e fzn(;U"L(7’)+7‘i*ki*ﬂi2+ﬁj2+ﬂi37ﬁj3)d‘rdx]d,r] (23)
n
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Injecting (23) in the expression of I';, and dividing both sides the expression by T;
(since I'; # 0), we get the characteristic equation:

_ O% f0a+ /\Z(a) foa e fn (b(T)+Mi(T)+Ti+)\+pi3—ﬁj3)d’rﬁi (n)ci (77)91’ (77)

[qﬁzsg(n) + klN¢l (77) / e f;](Hi(T)+Ti—/€i—Pi2+ﬁj2+p¢3—ﬁjg)d'rdl,]dnda (24)
n
Denote the right hand side of equation (24) by G;;()) ie:
Gij(\) = f o~ Jn OO Hui(T)+rit A tpis— P;s)dTB (n)ei(n)gi(n)
[@5? (n) + kZNwz (77) / 67 f;](:U'i(T)+Ti*ki*pi2+ﬁj2+pi37ﬁj3)d7dx]d,r/da (25)
n

We define the net reproductive number as R (1, p;;) = G;(0), i.e
R (i, pig) = = [3+ Bila) [y e In OO PmITretes=is)dr g, (), (1) gi (1)

[(Z)Zs,?(n) + kiNy, (1) /a e~ f;](M(T)+n~—ki—ﬂi2+ﬁj2+pi3—ﬁj3)drdx]dnda (26)
7
Where
pij = (piz; Pj2; Pi3s Pj3)
We can obtain an expression for %6(¢¢,pij) in a similar way as the derivation of
R (¢, pi;) by considering Equation (1) without vaccination; i.e., by assuming that ;(a) =
0 and neglecting the equation of vaccinated. It can be shown that Rf(pi;) = R*(0, pij)

which is called the basic reproductive number (when a purely susceptible population is
considered) (see [3])

Ro(pij) = &[5+ Bila) [y e In D HmiCIEritpis=pisdn 3, () () gi ()

[6i + ki(1 — ¢y) / e L ik PP ]y da (27)
n
Let

R(, p) = max R (Yi, pij)  and Ro(p) = max RE(pij)

The infectious and latent individuals’ migration has a meaningful influence on the spread-
ing of the disease because of the expression of the so many reproduction.

4.3. Local stability of the infection-free equilibrium

Theorem 2. The infection-free steady-state (5) is locally asymptotically stable (l.a.s.) if
R(¢, p) < 1 and unstable if R(¢, p) > 1
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Proof. Noticing that

Gi;(N) <0; lim Gij(N\) =0; lim Gj5(\) = +o0.

A——+o00 A——00

We know that equation (23) has a unique negative real solution \* if, and only if, G;(0) <
1, hence, R'(¢);, pij) < 1 ( Also, equation (23) has a unique positive (zero) real solution
if R (s, pij) > 1 (RU(ts, pij) = 1). To show that A* is the dominant real part of roots of
Gij(N), we let A = x + iy be an arbitrary complex solution to equation (23). Note that

1=Gij(\) =| Gij(x + i) |< Gij(z),

indicating that R.(A) < A* . It follows that the infection-free steady state is la.s. if
R(¢, p) < 1, and unstable if R(y, p) > 1.

5. Global stability of the infection-free state

Since p;(a) and i;(t,a) are bounded, there exists a positif constant R, that satifies

0 2
0< / Z wi(1)ii(t —a+7,7)dr < R, (28)
m =1

Theorem 3. The disease-free equilibrium of system (5) is globally asymptotically stable

if Ro(p) <1 and R, < ln(ﬁ(p)).

Proof.
The proof consist to show that
ii(tv a) — 0; ji(tva) — 0; li(ta a) — O;

si(t,a) — s9(a) and v;(t,a) — A; — s%(a), when t — +o0

Integrating system (5) along characteristic lines we get

Li(t,a) = /0 e~ ff(b(T)—Mi(T)ii(t—a+T»T)—Mj(T)ij(t—a+TaT)dT+ki+p¢2—Z?}‘z)dTﬁZ.(n)ci(n)gi(n)/\i(t—a—kn)><

[037:(t — a+n,m) + dvi(t —n+a,n)+ (1 — ¢i)si(t —a+mn,n)ldn, a<t (29)

ity @) = [0 e JE OO (Tiltmamr) =y (i (et b () +pia—pa)dr

[0:B:(§)ci(€)gi(§)Ni(t —a+ &) + kil(t —a+&,§)]dE, a <t (30)
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Injecting (29) in (30), and changing order of integration, we obtain:

ii(t,a) = /a o~ I (a(T)—pi(T)ii (t—atm,m)—p;(7)i; (t*aJrT,T)Tﬁpiz*ﬁszrmgfﬁja)dTﬁi(n)ci(n)gi(n))\i(t—a+77) X
0

[@isi(t —a+n,m) + ki(0iji(t —a+n,m) + dvi(t —n + a,n)

+(1 _ ¢z‘)3i(t —a+n,m) / e~ fgn(ri-&-m(r)—k’i—pi2+ﬁj2+pi3—ﬁj3)drd§]dn (31)
n

Injecting (31) in A;(¢), and changing order of integration, we obtain:
Ni(t) = /a e S (i () =g (7)ii (t—at7,7) =11 (7)i; (t*aJrTvT)TiJrPiQ*ﬁjQJrPi:s*ﬁja’)dﬂ'ﬁi (m)ei(m)gi ()i (t—a+n) x
0

[@isi(t —a+mn,m) + ki(o:ji(t —a+n,n) + dvi(t —n+a,n)

+(1 = ¢)si(t —a+mn,m) / e fg"(?‘r*-ui(T)—ki—pi2+ﬁj2+pi3—ﬁj3)d7d§]dn (32)
n

It eassy see that

pisi(t—a+n,n)+ki(oiji(t—atn, n)+owi(t—n+a,n)+(1—=¢;)si(t—a+n, 1) < Ai[di+ki(1—¢;)]

By using inequality (28) and Fatou’s lemma, we have
lim () < eBeRi(p;) limsup \;(¢).
t—+o00 t—+o00
Since efeR¥(p;) < 1, = limsup,_, o Ai(t) =0 =
limt*)+oo ’L'i (t, CL) = limt%Jroon’ (t, (l) = 1imt*>+oo ll (t, CL) =0

Ai—s?(a)+pjs5v5 (a)
1—pis

im0 Si(t,a) = sg(a) limy o0 vi(t,a) =

For this disease can disappear without any form of intervention, according to this
result we must ensure that there is no new infected and the infectious rate does not reach
a certain spread.
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6. Existence of an endemic state

Theorem 4. An interior endemic equilibrium of the form

E* = (s7(a),1{(a).ii(a), ji(a),vi(a), s3(a), I5(a),i3(a), j5(a), v3(a)) whenever R (1) > 1
and R2(a) > 1. which corresponds to case when the disease persists in the two sub-
populations.

Proof. B* = (s1(a), }(0), (), j1 (@), v} (a), 53(a), 15(a), i(a), 75(a), v3(a) satifies the
following equations
£ s7(a) = a;bi(a) — [B1(a)e1(a)g1(a)T] + ¢1(a) + b(a) — p1(a)if (a) — p2(a)ii(a) + p11]s] (a) + p2153(a)

213 (a) = B1(a)c1(a)g1(a)TF[(1 — ¢1)s] (a) + 8107 (a) + o147 (a)]
—(b(a) + k1 — p1(a)if(a) — p2(a)is(a) + p12)l] (a) + p2215(a)

.
33

(a) = k117 (a) + ¢1B1(a)c1(a)g1(a)T]s](a) — [r1 + ba) + pi1(a) — p1(a)if (a) — pi1(a)ij(a) + p13]ii (a) + p23is(a)
5 J1(a) = r1i] (a) — (01B1(a)e1(a)g1(a)T] + b(a) — p1(a)i (a) — p2(a)iz(a) + p14)i7 (a) + p2aj™(a)

= ¢1(a)s](a) + p2svs (a) — (51B1(a)c1(a)g1(a)TT + b(a) — p1(a)ij(a) — pa(a)iz(a) + p1s)v](a)

»
53

(a) = azbz(a) — [B2(a)c2(a)g2(a)l5 + ¥2(a) + b(a) — p1(a)if (a) — p2(a)iz(a) + p21]s3(a) + p11s7(a) (33)

STl o S
<
Hx
e

N %

(a) = B2(a)ez(a)g2(a)L3[(1 — ¢2)s3(a) + d2v3 (a) + 0253 (a)]
—(b(a) + k2 — p1(a)if (a) — p2(a)iz(a) + p22)l5(a) + p1217 (a)

4Li5(a) = kal}(a) + ¢aBa(a)ca(a)ga(a)Tys5(a) — [ra + b(a) + p2(a) — p1(a)ii(a) — pi(a)is(a) + p2slis(a) + p13if (a)
4535 (a) = raij(a) — (o2B2(a)ez(a)ga(a)l's + b(a) — p1(a)if(a) — p2(a)il(a) + p24)55 (a) + p1a57 (@)

L v3(a) = ¥2(a)s3(a) + p15vi(a) — (6282(a)ca(a)g2(a)Ts + b(a) — p1(a)ii (a) — p2(a)ij(a) + p2s)vi(a)

r7 = [y % Bi(a)if (a)da

5;(0) = Ais 17(0) = 7 (0) = ji (0) = v;(0) = O (34)

51(a) = Age~ Jo IBIRIgi (P 4b(r) — i (7)i5 (1) =paz ()i () pia ~ e

ta; /a bi(n)e” f,',l[5i(T)Ci(T)gi(T)F*-i-b(T)—ul(T)if(T)—M2(T)i§(7')+pi1—5j1}d7'dn (35)
0

Let

hi (0, 17) = (1 = i)si (n) + divi (n) + 0iji (n) (36)

I} (a) =T} / Bi(m)ei(m)gi(n)hi(n, TF)e In OO mm OB ko =p)dr gy (37)
i*(a) = /0 kil () + é3Bs(n)ei(n) gs (M st (n)]e™ f;(b(T)JrnJrui(T)fm(T)iT(T)fuz(T)iS(T)+p¢3*ﬁj3)d7dn(38)

ji(a) = ri/o if(n)e” f;(ozﬂi(T)cz'(T)gi(T)FZ‘er(T)—m(T)if(T)—m(T)ié(n)+pi4—ﬁj4)d7dn (39)
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v¥(a) = /a(wi(n)s*(n))e_ f,‘,l(éiﬂi(T)cz-(T)gi(T)FHb(T)—m(T)i;*(T)—uj(T)i§(7)+pis—ﬁjs)d7dn (40)
0
By injecting (37) in (38), we obtain :
i*(a) =T} /a Bi(n)ei () gi(n)e ™ dn G D) —p2()i5 (1) —ritpi(T)+pis—pss)dr o
0
[d)zsj (n) + kihi(ﬁ, I“;k)/ e fg’(er,ui(T)*ki)*ﬂi2+ﬁjz+m3*ﬁjB)drdﬂdn (41)
n

By injecting (41) in the expression of I'}, and dividing by I'} (since I'Y # 0) we obtain :

at e a a Lk % -~
= /O Bi(a) /O B2 (n)es () gi () I OO = PViT ()= P)i5 (7)=r () +pia—sa)er

[iss(n) + kihz‘('ﬂ,r;‘k)/ e~ fg?(m-i-m(T)—ki)—ﬂi2+ﬁj2+m3—ﬁj3)d7d£]dnda (42)
n

Let H;j, the fonction define by :

Hy(T) = [ B [ Sitaestmginge 700050 b i
0 0
[qﬁis;k(n) + kihi(n,Tf)/ e fg(T‘H‘Mi(T)—ki)_Pi2+Z’\j2+/’i3_lb\jS)deé-]dnda (43)
n

Since h;(n,0) = Ny, (n) i.e when I'f = 0,s7(a) = s9(a) and v}(a) = v)(a), so the net
reproductive number is given by

; S a_aT i(T)+r;+piz—p;3)dT
R (i, pij) = /0 Bi(a) /0 e In OOt p =R 3, () ey () gi ()

a
[(Z)zsg(n) + klez (7]) / e fzn(.u'i(T)+7’i*ki*pi2+pj2+pi37pj3)d7dx]dnda (44)
n
We now see that an endemic steady state exists if equation (42) has a positive solution.
Since
H;(0) = R(¢);), hence H;(0) > 1. We know that s¥(a) + I} (a) + if(a) + v} (a) + ji(a) =
A; < 1. Hence

i;(a) <1 (45)
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Since I'Y > 0, from (43) and (45) we obtain :
rir) = [ "B / B (n)gs e O OO i
0 0

a a+ ~
[pist () + kihi(n,T) / e~ Je (it =k 41 g g < / Bi(a)da = 5.
n 0

In particular, for I'f = B;, we have H;(8;") < 1, but H;(0) > 1. Since H; is continous fonc-
tion of I'}, we conclude that H(I'}) = 1, has a positive solution lq;‘ on ]0; B[ This solution
may not be unique since H; may not be monotone (H;(I'Y) depends on h(«,I'}) which is
defined implicitly). It follows that when $¢(z);) > 1, there exists an endemic steady state
distribution which is given by the unique solution of equation (42) corresponding to ff

7. Simulation

In this section, the numerical method used in our simulations is based on the finite
difference method. Forward in time-Backward in age numerical scheme is used as in[36].
Each equation is system (5) can be rewritten as

0 0
<8t + 8a> f(t7a) - g(t7a)
can be approximated by

J(ter1,ai) — f(tr, a;) . [ (e, a;) — f(tg,ai-1)
At Aa

= g(tkv ai)

In view of the influence of migration on the dynamics of tuberculosis modeled by
(5), we considered patch2 in an endemic situation fig2 and patchl under global stability
conditions. In absence of migration, we obtain the fig 3a; 4a; 5a, which translate the
overall stability of the patch. By varying the migration rates, we obtain the figure of the
type fig 3b; 4b; 5b, which indicate that the migration disrupts the stability and could lead
the patch a dramatic situation.
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Infected PATCH2

time(month) 0 0 age

fig.2. Infectious individuals from path 2 R2(v, p) > 1

Treated PATCH1

Treated PATCH1

0.8~
0.5

0.6
0
0.5

-1 N
6
4 150
100
2 50 2
time(month) 0 o age time(month) 0 o0

age

fig.3a. Evolution of J; when R}(p) < 1, with p = 0 fig.3b. Evolution of J; when
Ry(p) < 1 ,with p # 0
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Infectious PATCH1 Infectious PATCH1

14 0.08 ~

054 0.06
04 0.04
0.5 0.02

13 0
6

4 150 150
100
2 50 2
time(month) 0 o age time(month) 0 o age

fig.4a. Evolution of I; when R{(p) < 1, with p = 0 fig.4b. Evolution of I; when
Ry(p) < 1, with p # 0

Latent PATCH1 Latent PATCH1
14 0.3
0.25
0.5 4
04
-0.5
15l

150

100

2

2

50

time(month) 0 o age time(month) 0 o

fig.5a. Evolution of L; when R}(p) < 1, with p = 0 fig.5b. Evolution of L; when
Ri(p) <1, with p £0

8. Conclusion

In this paper, we analyzed a two-patch age-structured model applied to tuberculosis
in a context where migration is not controlled. The aim is to see the impact of migration
on the spread of tuberculosis. Thus, we allowed migration to all individuals regardless of
their epidemiological status. This study shows that migration has a negative impact on
the spread of TB. The results of this analysis compared to those obtained in [19], allow us
to affirm that the control of the migration makes it possible to avoid the propagation of
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this disease, and reduce the exorbitant cost as well as human that the governments deploy
for the eradication of tuberculosis. We intend to extend this model by introducing the
compartments of the loss of seen otherwise, the individuals who leave the treatment and
the resistant to all the forms of antituberculous drugs that we had, we also envisage to
study the stability of the endemic equilibrium as well as the possibilities of existence of
Hopf bifurcation using the method developed by P. Magal, S. Ruan [15].
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