EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
Vol. 16, No. 1, 2023, 29-43 SR
ISSN 1307-5543 — ejpam.com

Published by New York Business Global
Weak forms of (A, b)-open sets and weak (A, b)-continuitg’w

Chawalit Boonpok!, Napassanan Srisarakham!:*

L Mathematics and Applied Mathematics Research Unit, Department of Mathematics,
Faculty of Science, Mahasarakham University, Maha Sarakham, 44150, Thailand

Abstract. This paper is concerned with the concepts of s(A,b)-open sets, p(A,b)-open sets,
a(A, b)-open sets, S(A,b)-open sets and b(A, b)-open sets. Some properties of s(A,b)-open sets,
p(A, b)-open sets, a(A, b)-open sets, 5(A, b)-open sets and b(A, b)-open sets are investigated. More-
over, several characterizations of weakly (A, b)-continuous functions are established.
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1. Introduction

The concepts of openness and continuity are fundamental with respect to the investi-
gation of topological spaces. The notion of continuity is one of the most important tools
in Mathematics and many different forms of generalizations of continuity have been in-
troduced and investigated. The concept of weakly continuous functions was introduced
by Levine [10]. Rose [13] introduced the notion of subweakly continuous functions and
investigated the relationships between subweak continuity and weak continuity. In [4] has
obtained further properties of subweakly continuous functions. In 1970, Willard [16] intro-
duced the concept of extremally disconnected spaces. Extremally disconnected spaces play
a prominent role in set-theoretical topology. Due to their peculiar properties extremally
disconnected spaces provide crucial applications in the theory of Boolean algebra, in ax-
iomatic set theory and in some branches of functional analysis. Sivaraj [14] investigated
some characterizations of extremally disconnected spaces by utilizing semi-open sets due
to Levine [11]. The concept of submaximality of generalized topological spaces was intro-
duced by Hewitt [9]. He discovered a general way of constructing maximal topologies. The
first systematic study of submaximal spaces was undertaken in the paper of Arhangel’skii
and Collins [3]. They gave various necessary and suffient conditions for a space to be
submaximal and showed that every submaximal space is left-separated. In 1996, An-
drijevi¢ [2] introduced a new class of generalized open sets called b-open sets into the
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field of topology. This class is a subset of the class of semi-preopen sets [1], i.e. a sub-
set of a topological space which is contained in the closure of the interior of its closure.
Also the class of b-open sets in a superset of the class of semi-open sets [11], i.e. a set
which is contained in the closure of its interior and the class of locally dense set [8] or
preopen sets [12], i.e. a set which is contained in the interior of its closure. Moreover,
Andrijevié¢ studied several fundamental and interesting properties of b-open sets. Caldas
et al. [7] introduced the concept of Aj-sets which is the intersection of b-open sets and
investigated the fundamental properties of Aj-sets and Vj-sets. In [5], the present au-
thors introduced and studied the notions of (A, b)-closed sets and (A, b)-open sets. The
notions of (A, b)-extremally disconnected spaces, (A, b)-hyperconnected spaces and (A, b)-
submaximal spaces were introduced by Viriyapong and Boonpok [15]. Recently, Boonpok
and Viriyapong [6] introduced and studied the notion of weakly (A, p)-continuous func-
tions. In this paper, we introduce new classes of sets called s(A, b)-open sets, p(A, b)-open
sets, a(A, b)-open sets, B(A,b)-open sets and b(A, b)-open sets. We also investigate some
of their fundamental properties. Furthermore, we investigate several characterizations of
(A, b)-submaximal spaces and (A, b)-extremally disconnected spaces by utilizing the no-
tion of (A,b)-open sets. In particular, some characterizations of weakly (A, b)-continuous
functions are discussed.

2. Preliminaries

Throughout this paper, the spaces (X,7) and (X,0) (or simply X and Y) always
means topological spaces on which no separation axioms are assumed unless explicitly
stated. For a subset A of X, the closure of A and the interior of A in (X, 7) are denoted
by Cl(A) and Int(A), respectively. A subset A of a topological space (X, 7) is called b-open
[2] if A C Cl(Int(A)) UInt(CI(A)). The complement of a b-open set is called b-closed. By
BO(X, 1), we denote the collection of all b-open sets of a topological space (X, 7). Let
A be a subset of a topological space (X,7). A subset A% [7] is defined to be the set
MU € BO(X,7)|A C U}. A subset A of a topological space (X, 7) is called a Ay-set
[7] if A = AM. A subset A of a topological space (X,7) is called (A,b)-closed [5] if
A=TnNC, where T is a Ap-set and C is a b-closed set. The complement of a (A, b)-closed
set is called (A,b)-open. The collection of all (A, b)-closed (resp. (A,b)-open) sets in a
topological space (X, 7) is denoted by AyC'(X,7) (resp. AyO(X,7T)). Let A be a subset
of a topological space (X, 7). A point z € X is called a (A, b)-cluster point [5] of A if for
every (A, b)-open set U of X containing = we have ANU # ). The set of all (A, b)-cluster
points of A is called the (A,b)-closure [5] of A and is denoted by A, The union of
all (A,b)-open sets contained in A is called the (A, b)-interior [5] of A and is denoted by
A(ap)- Let A be a subset of a topological space (X, 7). A subset A, ) (A) [5] is defined
as follows: Ay ) (A) = N{U € AyO(X,7) | AC U}.

Lemma 1. [5] Let A and B be subsets of a topological space (X, 7). For the (A,b)-closure,
the following properties hold:

(1) AC AN gpd [AND(AP) — AAD),
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(2) If AC B, then AN C BIAD),
(3) ALY = N{F|ACF and F is (A,b)-closed}.
(4) A s (A, b)-closed.
(5) A is (A, b)-closed if and only if A= AWM,

Lemma 2. [5] Let A and B be subsets of a topological space (X, 7). For the (A,b)-interior,
the following properties hold:

(1) Anpy € A and [A )l = Anp)-
(2) If AC B, then A p) € Bap)-
(8) Aap) is (A, b)-open.
(4) A is (A, b)-open if and only if Ay = A.
Lemma 3. [5] For subsets A, B of a topological space (X, 1), the following properties hold:
(1) AC App(A).
(2) If AC B, then Aap)(A) € Aap)(B).
(3) Mapy[Aap (A)] = Ay (4).
(4) If A is (A, b)-open, then A(AJ,)(A) = A.

3. Some properties of generalized (A,b)-open sets

In this section, we introduce new classes of sets called s(A,b)-open sets, p(A, b)-open
sets, a(A, b)-open sets, B(A,b)-open sets and b(A, b)-open sets. We also investigate some
of their fundamental properties.

Definition 1. A subset A of a topological space (X, T) is said to be:
(i) s(A,b)-open if A C [A(AJ))](A,b);
(i1) p(A,b)-open if A C [A(AJ?)](A,b);
(iii) o(A,b)-open if A C [[Aap]™]ap);
(iv) B(A,b)-open if A C [[ALD)] 4]0,

Example 1. Let X = {—1,0, 1} with the topology 7 = {0,{—1},{0,1}, X}. Let A = {—1}.
Then, A is s(A,b)-open and p(A,b)-open. On the other hand, let B = {0,1}. Then, B is
a(A,b)-open and B(A,b)-open.
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The family of all s(A,b)-open (resp. p(A,b)-open, a(A,b)-open, S(A,b)-open) sets
in a topological space (X, ) is denoted by sA,O(X,7) (resp. pAyO(X,7), aAyO(X,T),
BA,O(X,7)). The complement of a s(A, b)-open (resp. p(A, b)-open, a(A,b)-open, B(A,b)-
open) set is said to be s(A,b)-closed (resp. p(A,b)-closed, a(A,b)-closed, B(A,b)-closed).
The family of all s(A,b)-closed (resp. p(A,b)-closed, a(A,b)-closed, B(A,b)-closed) sets
in a topological space (X, 7) is denoted by sA,C(X,7) (resp. pAyC(X,7), aApyC(X,T),
BAO(X,T)).

Proposition 1. For a topological space (X, T), the following properties hold:
(1) AMyO(X,7) C aMpO(X,7) C sAO(X,7) C BAO(X, 7).
(2) aMO(X,7) € pAO(X,7) C BAO(X, 7).
(3) aMpyO(X,7) = sANpO(X, 7) N pAO(X, 7).

A subset A of a topological space (X, 7) is called r(A,b)-open [15] if A = [A(A’b)](mb).
The complement of a (A, b)-open set is called (A, b)-closed. The family of all r(A, b)-open
(resp. 7(A,b)-closed) sets in a topological space (X, 7) is denoted by rAyO(X,7) (resp.
rA,C (X, T)).

Proposition 2. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A is r(A,b)-open.

(2) A is (A, b)-open and s(A,b)-closed.
(3) A is a(A,b)-open and s(A,b)-closed.
(4) A is p(A,b)-open and s(A,b)-closed.
(5) A is (A, b)-open and B(A,b)-closed.
(6) A is a(A,b)-open and B(A,b)-closed.

Proof. (1) = (2) = (3) = (4): Obvious.

(4) = (5): Let A be (A,b)-open and s(A,b)-closed. Then, A C [A(AJ))](AJ,) and
[A(A’b)](A,b) C A. This implies that A = [A(AJ’)](A’(,). Thus, A is r(A,b)-open and hence
A is (A, b)-open. Since every s(A,b)-closed set is S(A,b)-closed. This shows that A is
(A, b)-open and B(A, b)-closed.

(5) = (6): Obvious.

(6) = (1): Let A be a(A,b)-open and [B(A,b)-closed. Then, A C [[A(Aﬁ)](A’b)](A’)
and [[A(A’b)](A’b)](A’b) C A. This shows that A = [[A(A7b)](A’b)](A7b). Thus, A(AJ,) =
[[A(A7b)](A7b)](A,b) = A and hence [A(A’b)](A’b) = [[A(A’b)](Avb)](A,b) = A. Therefore, A is
r(A, b)-open.
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Corollary 1. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A is r(A,b)-closed.

(2) A is (A,b)-closed and s(A,b)-open.
(3) A is a(A,b)-closed and s(A,b)-open.
(4) A is p(A,b)-closed and s(A,b)-open.
(5) A is (A, b)-closed and S(A,b)-open.
(6) A is a(A,b)-closed and B(A,b)-open.

Definition 2. A subset A of a topological space (X, T) is said to be b(A,b)-open if A C
[A(Avb)](A’b) U [A(A’b)}(/\’b). The complement of a b(A,b)-open set is said to be b(A,b)-closed.

Example 2. Let X = {—2,—1,0,1,2} with the topology T = {0,{-2,—1},{0,1,2}, X }.
Let C ={—-2,—1}. Then, C is b(A,b)-open.

The family of all b(A,b)-open (resp. b(A,b)-closed) sets in a topological space (X, 7)
is denoted by bA,O(X, 7) (resp. bA,C(X,7)).

Proposition 3. Let A be a subset of a topological space (X, ). If A is b(A,b)-open, then
AWMD) G5 (A, b)-closed.

Proof. Suppose that A is b(A,b)-open. Then, A C [A(Ab)](/"b) U [A(Avb)](mb). Thus,

AND)

N

[Aap) D U [ABD]

)

[Aea )] DIAD Y [[AAD] ) ] = [[AND] 1A ¢ AAD)

)](A,b)

N

and hence AP = [[A(A’b)](mb)](/\’b). Therefore, AP is r(A, b)-closed.

Corollary 2. For a subset A of a topological space (X, 1), the following properties hold:
(1) If A is s(A,b)-open, then AN s (A, b)-closed.
(2) If A is p(A, b)-open, then ALY s r(A, b)-closed.
(3) If A is a(A, b)-open, then AN is (A, b)-closed.

Proposition 4. For a subset A of a topological space (X, T), the following properties are
equivalent:

(1) A € BALO(X,T).
(2) ANY) ¢ rAC(X, 7).
(8) A € BALO(X, 7).
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(4) A € sAO(X, 7).
(5) ANY) € bAO(X, 7).

Proof. (1) = (2): Let A € BAO(X,7). Then, A C [[A(A’b)]( )](Ab) Thus,
AWND) [[A(A’b)](A’b)](A’b) C AU and hence AND) = [[A(A’b)](A’b)](Ab). Therefore,
AWMD) crNO(X, 7).

(2) = (3) = (4) = (5): Obvious.

(5) ( ) Let A(A’b) (S bAbO(X 7’) Then, A(A’b) g [[A(A’b)](A’b)](A,b)U[[A(A’b)](A,b)](A’b) =
[ARD] gy U [[AAD] g )]0 = [[AAD] A0 Thus, A C [[AND] (4 )] and hence
A € BAO(X, 7).

Definition 3. Let (X,7) be a topological space and x € X. A subset (x)y is defined as
follows: (z)p = Appy({x}) N {{L’}(Avb)'

Example 3. Let X = {—1,1} with the topology 7 = {0,{—1}, X}. Then, (1), = {1}.

Recall that a subset N of a topological space (X, 7) is said to be a (A, b)-neighbourhood
[5] of a point = € X if there exists a (A, b)-open set U of X such that z € U C N.

Theorem 1. Let (X, 7) be a topological space. Then, the following properties hold:
(1) Apap(A) ={z e X |AN {x} A L OV for each subset A of X.
(2) For each v € X, App)({2)p) = Aap)({z})-
(8) For each x € X, ((x)y)M0) = {2} (A0),
(4) If U is (A,b)-open in (X,7) and x € U, then (x), CU.
(5) If F is (A,b)-closed in (X, 7) and x € F, then (z), C F.

Proof. (1) Suppose that AN {z}*?) = (). Then, we have ¢ X — {z}(*Y which
is a (A,b)-open set containing A. Therefore, x ¢ Ay 4)(A). Consequently, we obtain
Apap(d) C{zr e X | AN {x}AD) £ (). Next, let 2 € X such that AN {z}b) £
and suppose that = & A, 3)(A). Then, there exists a (A,b)-open set U containing A and
x @ U. Let y € An{z}M). Thus, U is a (A,b)-neighbourhood of y which does not
contain z. By this contradiction x € A, )(4).

(2) Let © € X, Then, we have {2} C {z}("%) N Aap({r}) = (z)p. By Lemma
3, Aapy({z}) € Ay ((x)p). Next, we show the opposite implication. Suppose that
y & Aapy({7}). There exists a (A, b)-open set V' such that z € V and y ¢ V. Since (z), C
Aapr}) € Aay(V) =V, we have Ay ({z)p) € V. Since y & Viy & Aap)((2)p)-
Thus, Aap)(()s) € Aap)({2}) and hence Ay p)({x}) = Aap) ((2)s)-

(3) By the definition of (x);, we have {x} C (), and {x}(A ) C ((x)y) ) by Lemma
1. On the other hand, we have (z), C {z}* and ((z),)M0) C ({2} A0))Ab) = (51 (Ab),
Thus, ((z)y)M) C {x} A0,
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(4) Since z € U and U is (A, b)-open, we have Ay p)({z}) € U. Thus, (z), C
(5) Slnce z € F and F is (A, b)-closed, (z), = {z}("8) N Apap({r}) C {x}(Ab

FAD) —

Definition 4. [15] A subset A of a topological space (X, T) is said to be:
(i) (A,b)-dense if AND) = X
(ii) (A,b)-codense if its complement is (A,b)-dense.

Recall that a topological space (X,7) is called (A,b)-submazimal [15] if each (A,b)-
dense subset of X is (A, b)-open.

Proposition 5. Let (X, 7) be a topological space. If each p(A,b)-open set is s(A,b)-open
and each a(A,b)-open set is (A, b)-open, then (X, 1) is (A,b)-submazimal.

Proof. Let D be (A,b)-dense subset of X. Since DY) = X we have D is p(A, b)-
open. Thus, D is s(A,b)-open and hence D is a(A, b)-open. Since each a(A, b)-open set is
(A, b)-open, D is (A,b)-open. This shows that (X, 7) is (A, b)-submaximal.

Proposition 6. Let (X, 7) be a topological space. If each p(A,b)-open set is (A,b)-open,
then (X, 7) is (A, b)-submazimal.

Proof. Suppose that each p(A,b)-open set is (A, b)-open. It follows that every p(A, b)-
open set is s(A, b)-open. Since each a(A, b)-open set is p(A, b)-open, then each a(A, b)-open
set is (A, b)-open. Thus, by Proposition 5, (X, 7) is (A, b)-submaximal.

Proposition 7. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A,b)-submazimal.
(2) Each (A,b)-codense subset of X is (A,b)-closed.

Recall that a topological space (X,7) is called (A,b)-extremally disconnected [15] if
UMY is (A, b)-open in X for every (A, b)-open set U of X.

Lemma 4. Let A be a subset of a topological space (X, 7). IfU € AyO(X,7) and UNA = (),
then U N AWML = ¢

Theorem 2. For a topological space (X, T), the following properties are equivalent:
(1) (X, ) is (A, b)-extremally disconnected.

(2) UMD A VAL = ( for all (A, b)-open subsets U and V of X with UNV = 0.
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Proof. (1) = (2): Suppose that U and V are (A, b)-open sets of X such that UNV = {).
Thus, by Lemma 4, UMY 0V = () which implies that [U(A’b)](A,b) N VA = § and hence
UML) Ny A — ¢,

(2) = (1): Let U be any (A,b)-open set of X. Then, X — U is (A,b)-closed and
[X —UJap) is (A, b)-open such that UN[X —UJ(x 4y = 0. Thus, UNIN[[X ~U](y )@Y =0
which implies that UMW) 0 [X — [U(A’b)](AJ,) = (). Therefore, UMY C [U(A’b)](A’b) and
hence UM = [U(A’b)](A’b). This shows that U is (A, b)-open. Thus, (X,7) is (A, b)-
extremally disconnected.

Lemma 5. Let A be a subset of a topological space (X, 7). If U € AO(X,7T), then
UM NAC[UNAND,

Lemma 6. For a subset A of a topological space (X, T), the following properties hold:
(1) [X =AM = X — Ay
(2) [X = Alay) = X — AN,
Theorem 3. For a topological space (X, 1), the following properties are equivalent:
(1) (X, 1) is (A, b)-extremally disconnected.
(2) UND) b — [T N VA for all (A,b)-open sets U and V of X.
(3) Eapy U Fap = [EUF]ap for all (A, b)-closed sets E and F of X.
Proof. (1) = (2): Let U and V be (A, b)-open sets of X. Thus, by Lemma 5,

U(A,b) N V(A,b) C [U N V(A,b)}(A,b) C [[U N V] (A,b)}(A,b) _ [U N V] (AD)

and hence UM N VML) = [7 0 V](AD),

(2) = (3): Let E and F be (A,b)-closed sets of X. Then, X — FE and X — F are
(A, b)-open. By (2) and Lemma 6, we have E(A,b) U F(AJ,) =X-[X- [E(A,b) U F(A,b)]] =
X—[[X=EpplN[X—Fapll =X - [X = [EUF]prp] =[EUFlap)-

(3) = (2): The proof is obvious.

(2) = (1): Let U be any (A,b)-open set of X. Then, X — U is (A,b)-closed and
[X — Ulag is (A,b)-open. By (2), UM N [[X — Ul p)] ™) = [UN[X = Uy )]
which implies that [X — [UAD)] ] N UAY) = gAY = ¢ Thus, UMY C [UAD]
and hence UM = [U(A’b)](AJ)). Therefore, UM is (A, b)-open. This shows that (X, 1) is
(A, b)-extremally disconnected.

Theorem 4. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, b)-extremally disconnected.

(2) UMD QAL — [ A V] for all (A, b)-open sets U and V of X.
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(8) UMD A VAL = for all (A,b)-open sets U and V of X with UNV = (.

Proof. This follows from Theorem 2 and Theorem 3.

Theorem 5. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, b)-extremally disconnected.
(2) The (A,b)-closure of every B(A,b)-open set of X is (A, b)-open.
(3) The (A, b)-closure of every p(A,b)-open set of X is (A, b)-open.

Proof. This follows immediately since AN = [[A(A’b)]( A,b)](A’b).

Theorem 6. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, b)-extremally disconnected.
(2) If U € BAO(X,7), V € sAyO(X,7) and UNV =0, then UMY q (A — g,
(8) If U € bA,O(X,7), V € sAO(X, 7) and UNV =0, then UMY n Y (A0) — ¢,
(4) IfU € pAyO(X,7), V € sA,O(X,7) and UNV =0, then UMY QA0 — ¢,
(5) If U € rAO(X, 7), V € sMO(X,7) and UNV =0, then UM Ny Ae) — ¢
(6) If U,V € rAO(X,7) and UNV =0, then UMD 0 V(A0 =,

Proof. (1) = (2): Suppose that U € BA,O(X,7), V € sNyO(X,7) and UNV = 0.
Thus, UM N Viay) = 0, by Theorem 5, UMW) is (A, b)-open and hence UMY 0y (Ab) —
UWp) N [V(A,b)](A’b) = 0.

(2)=(3) = (4) = (5) = (6): Obvious.

(6) = (1): Let U and V be (A, b)-open sets of X. Then, UMD VAb) ¢ rAO(X, T)
and UMD Qv (A = . By (6), [[AD]AD) A [y AL])ADL) — 7(Ab) A (A — (. Thus,
(X,7) is (A, b)-extremally disconnected.

4. Characterizations of weakly (A, b)-continuous functions

In this section, we introduce the notion of weakly (A,b)-continuous functions. More-
over, several characterizations of weakly (A, b)-continuous functions are discussed.

Definition 5. A function f : (X,7) — (Y, 0) is called weakly (A,b)-continuous at a point
x € X if, for each (A,b)-open set V of Y containing f(x), there exists a (A,b)-open set
U of X containing = such that f(U) C VM) A function f : (X,7) — (Y,0) is called
(A, b)-continuous if f has this property at each point x € X.
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Example 4. Let X = {a,b, c} with the topology T = {0, {a},{b,c}, X}. LetY = {-1,0,1}
with the topology o = {0,{—1},{0,1},Y}. Let f : (X, 7) — (Y, 0) be a function defined as
follows: f(a)=—1, f(b) =0 and f(c) = 1. Then, f is weakly (A,b)-continuous.

Theorem 7. A function f: (X,7) — (Y,0) is weakly (A,b)-continuous at x € X if and
only if for each (A,b)-open set V of Y containing f(x), x € [ffl(V(A’b))](AJ,).

Proof. Let V be any (A, b)-open set of Y containing f(x). Then, there exists a (A, b)-
open set U of X containing z such that f(U) C V), Thus, z € U C f~1 (VM) and
hence = € [f_l(V(A’b))](mb).

Conversely, let V' be any (A, b)-open set of Y containing f(x). Then, x € [ffl(V(A’b))](,Lb)
and there exists a (A, b)-open set U of X such that z € U C f~(VAY); hence f(U) C
VA Thus, f is weakly (A, b)-continuous at = € X.

Theorem 8. A function f : (X,7) — (Y,0) is weakly (A,b)-continuous if and only if
fi(v) c [f_l(V(Ab))](A,b) for every (A, b)-open set V of Y.

Proof. Let V be any (A,b)-open set of Y and x € f~1(V). Then, f(z) € V. Since

f is weakly (A,b)-continuous at = and by Theorem 7, z € [ffl(V(A’b))](Ab). Therefore,

FV) S V) 4y

Conversely, let z € X and V be any (A,b)-open set of Y containing f(z). Then,
re f7YV) C [ffl(V(A’b))](A,b) and hence = € [ffl(V(A’b))](Ajb). By Theorem 7, f is
weakly (A, b)-continuous.

Theorem 9. A function f : (X,7) — (Y,0) is weakly (A,b)-continuous if and only if
[f~LV)]A0) € =1 (VDY for every (A, b)-open set V of Y.

Proof. This is obvious from Theorem 8.

Conversely, let V be any (A, b)-open set of ¥ containing f(x). Since V(Y =V (A0)) = ¢,
f(x) &Y —VADIAL  Since Y — VA is (A, b)-open and = € f~1([Y — VAD(AL)) By
the hypothesis, z ¢ [f~H([Y — VAR AL) — [x — =1V (A0))(AL) and there exists a
(A, b)-open set U of X containing z such that U N (X — f~*(V(A9)) = (). This shows that
f(U) C VAL Thus, f is is weakly (A, b)-continuous.

Theorem 10. For a function f: (X,7) — (Y, 0), the following properties are equivalent:
(1) f is weakly (A,b)-continuous;
(2) f~YU) C [ffl(U(A’b))](mb) for every (A, b)-open set U of Y ;
(3) [f_l(F(A,b))](A’b) C f~YF) for every (A,b)-closed set F of Y;
(4) [ffl([A(A’b)](A,b))](A’b) C fH AN for every subset A of Y ;

(5) FHAwnp) C L [Ann] D)) for every subset A of Y;
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(6) [f~H())AD) C =1 UMY for every (A, b)-open set U of Y.
Proof. (1) = (2): Let U be any (A, b)-open set of Y and z € f~'(U). Then, there exists
a (A, b)-open set V of X containing x such that f(V) C UMY, Since z € V C f~1(UMD),

€ [fTH UM ap)- Thus, f7H(U) C [F7HUN)] (4 p)-

(2) = (3): Let F be any (A,b)-closed set of Y. Then, Y — F'is (A, b)-open and by (2),
FFUX = F) C 7YX = FI% g = U = Faplan = X — [FH(Fay))™Y.
Therefore, [f_l(F(Avb))](A’b) C fUF).

(3) = (4): Let A be any subset of Y. Since A is (A, b)-closed in Y and by (3),
[FH[ARD] 4 )| C fo1(AND),

(4) = (5): Let A be any subset of Y. By (4), fH(Anup) =X — fH[Y — A]AD) C
X = [F7HY = AN )0 = [ (A ] )] -

(5) = (6): Let U be any (A,b)-open set of Y. Suppose that = ¢ f~1(U®). Then,
f(z) ¢ UMD and so there exists a (A,b)-open set V of Y contamlng f(z) such that
UNV =0 and hence U N V™Y = . By (5), we have z € f~1(V) C [f~L(VA)] 4 4.
There exists a (A, b)-open set W containing x such that 2 € W C f~H(V(M). Since
UNVAY = ¢ and f(W) C VAL we have W N f~1(U) = 0. Thus, = ¢ [f~1(U)]*Y and
hence [~ ()] € £ (UAD).

(6) = (1): Let x € X and U be any (A, b)-open set of Y containing f(x). Then,
we have U = Uy C [UBD] ). Thus, by (6), x € f~1(U) C f7H (UM xy) =
X — Yy —UWD)A) € X — [y — UWD)]A) = [f=LUAb)) . Then, there
exists a (A, b)-open set V of X containing z such that V' C f~1(U®b)). This shows that
f is weakly (A, b)-continuous.

Theorem 11. For a function f: (X,7) — (Y, 0), the following properties are equivalent:
(1) f is weakly (A,b)-continuous;
(2) [ffl(F(A,b))](A’b) C f~YF) for every r(A,b)-closed set F of Y ;
(3) [f_l([U(A’b)](A o)A C fHUAD) for every B(A,b)-open set U of Y;

(4) [f (U ] )] A0 C =L UL for every s(A,b)-open set U of Y.

Proof. (1) = (2): Let F' be any r(A,b)-closed set of Y. Then, Fi ) is (A, b)-open and
by Theorem 10, [f~ (F(A b))](Ab c fY[F Ab)](A b)). Since F' is r(A,b)-closed, we have
[FHEa )Y C fH([Fay™) C fU(F).

(2) = (3): Let U be any B(A,b)-open set of Y. Then, UA) C [[U(A’b)](mb)](["b) -
UM and hence UM is (A, b)-closed. By (2), [ffl([U(A’b)](mb))](A’b) C i),

(3) = (4): The proof is obvious.

(4) = (1): Let U be any (A, b)-open set of Y. Thus, by (4),

[HONAD C [FHUAD)a g )0 € 71U A)
and by Theorem 10, f is weakly (A, b)-continuous.
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Theorem 12. For a function f: (X,7) = (Y, 0), the following properties are equivalent:
(1) f is weakly (A,b)-continuous;
(2) [ ([Uan) M C =1 UAD) for every p(A,b)-open set U of Y;
(3) [f~H))AB) C =1 UMD for every p(A,b)-open set U of Y ;
(4) f~1(U) C [f_l(U(A’b))](Avb) for every p(A,b)-open set U of Y.

Proof. (1) = (2): Let U be any p(A, b)-open set of Y. Then, Ub) = [[U(A’b)](A,b)](A’b)
and hence UMY is (A, b)-closed. By Theorem 11, [f_l([U(A’b)](A’b))](A’b) C YUy,

(2) = (3): Let U be any p(A, b)-open set of Y. Then, U C [U(AJ))](AJ,) and by (2), we
have [~ ()] C (£ ([UAD] )| € -1 (70D,

(3) = (4): Let U be any p(A,b)-open set of Y. By (3), f~1(U) C f ([U(A’b)](mb)) =
X — Y —uBIA0) = X — [f71 Y = U AD) = 71T )]y g

(4) = (1): Since every (A,b)-open set is p(A,b)-open, by (4) and Theorem 10, f is
weakly (A, b)-continuous.

Theorem 13. For a function f: (X,7) — (Y, 0), the following properties are equivalent:

(1) f is weakly (A,b)-continuous;

2) [f~1(AN b)]( Ab ))](A’b) C Y AN for every subset A of Y;

(3) [f_l(F(A’b))](A’b) C f7Y(F) for every r(A,b)-closed set F of Y;

(4) UD€ =1 UAD) for every (A,b)-open set U of Y

(5) f~4U) C [f_l(U(A’b))](Avb) for every (A, b)-open set U of Y ;

(6) [F @)D C f~HTD) for every p(A,b)-open set U of ¥

(7) f~HU) C [ffl(U(A’b))](Ayb) for every p(A,b)-open set U of Y.

Proof. (1) = (2): Let A be any subset of Y and z € X — f~1(AX)). Then,
f(z) € Y — AN and there exists a (A, b)-open set U of Y containing f(z) such that
UNA=0. Thus, UMD N [A(A’b)](A’b) = (). Since f is weakly (A, b)-continuous, there exists
a (A, b)-open set W containing z such that f(W) C UX), Then, Wﬂf‘l([A(A’b)](Aﬁb)) =0
and hence z € X—[f_l([A(A’b)](A,b))](A’b). Therefore, [f_l([A(A’b)](Avb))](Ab) C fHAND)),

(2) = (3): Let F be any r(A,b)-closed set of Y. By (2), we have

A Eap))M = [ EFEan) DT ap)]D C FH[Fan) ™) = fH(F).

(3) = (4): Let U be any (A, b)-open set of Y. Since UMY is (A, b)-closed, we have
[fH OO C [fH([UAD] ()] C fmH (U AR,
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(4) = (5) Let U be any (A, b) -open set of Y. Since Y — UMW) is (A, b)-open and by
(4), X =[Oy = [fHY = UBAD € foH(y —U™ HJAD) C X — FL(D).
Thus, f~(U) C [f7H(UAD)] 5 4).

(5) = (1): Let z € X and U be any (A,b)-open set of Y containing f(x). Then,
z € f7HU) C [FHUDNNap). Put W = [fTHUND)] (4. Then, W is a (A, b)-open
set of X containing = such that f(W) C UMY, Thus, f is weakly (A, b)-continuous at z.
This shows that f is weakly (A, b)-continuous.

(1) = (6): Let U be any p(A, b)-open set of Y and z € X — f~1H({UM?)). There exists a
(A, b)-open set V of Y containing f(x) such that VNU = §. Thus, [V NU]AY) = . Since
U is (A, b)-open, UNVAY C [UNV])AP) = (. Since f is weakly (A, b)-continuous and V'
is a (A, b)-open set of Y containing f(x), there exists a (A, b)-open set W of X containing
x such that f(W) C VA, Therefore, f(W)NU = . Thus, W N f~1(U) = §) and hence
z € X —[f1(U)]MY), This shows that [f~1(U)]M0) C f=H(U M),

(6) = (7): Let U be any p(A, b)-open set of Y. Since Y — U is (A, b)-open, we have
X = [fH O = [ (V= URNRD C f7Y([y - gWIAD) € X — f71(U) and
hence f~1(U) C [f~HUN)](np)-

(7) = (1): Let z € X and V be any (A, b)-open set of Y containing f(z). Then, we
have x € f~1(V) C [ffl(V(A’b))](A,b). Put U = [f~1(VA)]AD) | Then, U is a (A, b)-open
set of X containing z such that f(U) C VM), Thus, f is weakly (A, b)-continuous at
and hence f is weakly (A, b)-continuous.

Definition 6. A topological space (X, T) is called (A,b)-connected if X cannot be written
as a disjoint union of two nonempty (A, b)-open sets.

Example 5. Let X = {a,b} with the topology T = {0,{a}, X}. Then, (X,7) is (A,b)-
connected.

Lemma 7. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is (A, b)-connected.
(2) The only subsets of X, which are both (A,b)-open and (A,b)-closed are O and X .

Theorem 14. Let f: (X,7) — (Y,0) is a weakly (A,b)-continuous surjection. If (X, T)
is (A, b)-connected, then (Y, o) is (A, b)-connected.

Proof. Assume that (Y, o) is not (A, b)-connected. Then, there exist nonempty (A, b)-
open sets V4, V5 such that V4 N Vo = () and Vi U Vo = Y. By Theorem 10, f~1(V;) C
[f_l[V(A’b)]](A,b) for i = 1,2. Since V; is (A, b)—closed in Y for each i = 1,2. Therefore,
1 (V) C [f7'(Vi)l(ap) and by Lemma 2, f~ ( Vi) is (A, b)- open for each ¢ = 1,2. More-
over, X is union of nonempty disjoint sets f~1(V4) and f~!(V4). This shows that (X, )
is not (A, b)-connected. This is contrary to the hypothesis that (X, 7) is (A, b)-connected.
Thus, (Y,0) is (A, b)-connected.
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Definition 7. A subset K of a topological spaces (X, T) is said to be Ay-closed (resp. Ap-
compact) relative to (X, 1) if for any cover {V; :i € I} of K by (A, b)-open sets of X, there
exist a finite subset Iy of I such that K C U{V;(A’b) | i€ o} (resp. K CU{V;|i€ Ip}).

If X is Ap-closed (resp. Ajp-compact) relative to (X, 7), then (X, 7) is said to be Ap-
closed (resp. Aj-compact).

Theorem 15. If f : (X,7) — (Y,0) is weakly (A,b)-continuous and K is Ap-compact,
then f(K) is Ap-closed relative to (Y, o).

Proof. Let {V, : @ € V} be any cover of f(K) by (A,b)-open sets of Y. For each
x € K, there exists i(x) € I such that f(x) € Vi(z). Since f is weakly (A, b)-continuous,
there exists a (A,b)-open set U(z) containing x such that f(U(z)) C [V,-(I)](A’b). The
family {U(x) : x € K} is a cover of K by (A,b)-open sets of X. Since K is Aj-compact,
there exist a finite number of points, say, x1, x2, ..., T, in K such that

K CU{U(zg):z € K,1 <k <n}.

Thus, f(K) C U{f(U(zr)) : @ € K,1 <k <n} C U{[Vi]™Y 2 € K,1 <k < n}.
This shows that f(K) is Ap-closed relative to (Y, o).

Corollary 3. If f: (X, 1) — (Y,0) is a weakly (A, b)-continuous surjection and (X, T) is
Ap-compact, then (Y, o) is Ay-closed.

Definition 8. [5] Let A be a subset of a topological space (X, 7). The (A,b)-frontier of A,
AyFr(A), is defined as follows: AyFr(A) = AAD N[X — A]AD),

Theorem 16. The set of all points x € X at which a function f: (X,7) — (Y,0) is not
weakly (A,b)-continuous is identical with the union of the (A,b)-frontiers of the inverse
images of the (A, b)-closure of the (A,b)-open sets of Y containing f(x).

Proof. Suppose that f is not weakly (A,b)-continuous at x € X. There exists a
(A, b)-open set V of Y containing f(z) such that f(U) is not contained in V(M for every
(A, b)-open set U containing z. Then, U N (X — f~ (VA1) £ () for every (A, b)-open set
U of X containing z and hence z € [X — f~1(VA0))](Ab) - On the other hand, we have
ze fH V) CfHVANAL) | Thus, 2 € ApFr(f~ (VD).

Conversely, suppose that f is weakly (A,b)-continuous at € X and let V be any
(A, b)-open set of Y containing f(z). Thus, by Theorem 7, we have = € [f_l(V(A’b))](A’b).
This shows that @ & AyFr(f~1 (VM) for each (A,b)-open set V of Y containing f(z).
This completes the proof.
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