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Abstract. A vertex w in a connected graph G strongly resolves two distinct vertices u and v in
V(G) if v is in any shortest u-w path or if u is in any shortest v-w path. A set W of vertices in G
is a strong resolving set G if every two vertices of G are strongly resolved by some vertex of W.
A set S subset of V(G) is a strong resolving hop dominating set of G if S is a strong resolving set
in G and for every vertex v € V(G) \ S there exists u € S such that dg(u,v) = 2. The smallest
cardinality of such a set S is called the strong resolving hop domination number of G. This paper
presents the characterization of the strong resolving hop dominating sets in the join, corona and
lexicographic product of graphs. Furthermore, this paper determines the exact value or bounds of
their corresponding strong resolving hop domination number.
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1. Introduction

Domination in graphs have been widely studied in Graph Theory. Over the years, many
variations of domination have been studied. Hop domination in graphs was defined and
characterized by Natarajan and Ayyaswamy [8], they also determined the hop domination
number of some graphs. Variations of the domination and hop domination in graphs were
studied in [4, 10, 11].

Resolving sets was studied by Slater in [12]. Variations of resolving sets and resolving
dominating sets were studied in [2, 6, 7]. The strong resolving sets and strong metric
dimension were introduced and characterized by Oellermann and Peters-Fransen [9].

Resolving hop dominating sets in graphs was studied and presented with an example
of its application in minimization problems in [5]. This paper introduces and characterizes
the concept of strong resolving hop domination in graphs.
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We consider connected graphs that are finite, simple, and undirected. For elementary
Graph Theory concepts, it is recommended that readers refer to [3].

Let G = (V(G), E(G)) be a graph. Ng(v) = {u € V(G) : wv € E(G)} is a neighbor-
hood of v. An element u € Ng(v) is called a neighbor of v. Ng[v] = Ng(v) U {v} is a
closed neighborhood of v. The degree of v, denoted by degg(v), is equal to |[Ng(v)|. For
S CV(G), Na(S) = | Ne(v) and Ng[S] = | Na[v].

veS vES

The distance dg(u,v) of two vertices u,v in G is the length of a shortest u-v path in
G. The greatest distance between any two vertices in G, denoted by diam(G), is called
the diameter of G.

A set S C V(G) of vertices of G is a dominating set if every u € V(G) \ S is adjacent
to at least one vertex v € S. The domination number of a graph G, denoted by v(G), is
given by v(G) = min{|S]| : S is a dominating set of G}.

A set S C V(G) is a hop dominating set of G if for every v € V(G)\S, there exists
u € S such that dg(u,v) = 2. The minimum cardinality of a hop dominating set of G,
denoted by ~4(G), is called the hop domination number of G. Any hop dominating set
with cardinality equal to v4(G) is called a ~j-set.

The floor function of a real number x, denoted by |z, is a function that returns the
highest integer less than or equal to x. Formally, for all real number z,

|x| = max{n € Z|n < z}.

A vertex v in G is a hop neighbor of vertex w in G if dg(u,v) = 2. The set
Ng(u,2) = {v € V(GQ) : dg(v,u) = 2} is called the open hop neighborhood of u. The
closed hop neighborhood of w in G is given by Ng[u,2] = Ng(u,2) U {u}. The open hop
neighborhood of X C V(G) is the set Ng(X,2) = U N¢g(u,2). The closed hop neighbor-

ueX
hood of X in G is the set Ng[X,2] = Ng(X,2) U X.

A vertex x of a graph G is said to resolve two wertices uw and v of G if
dg(xz,u) # dg(z,v). For an ordered set W = {z1,...,2x} C V(G) and a vertex v in
G, the k — vector

rg(v/W) = (dg(v,x1),dg(v,x2), - ,dg(v, zk))

is called the representation of v with respect to W. The set W is a resolving set for G
if and only if no two vertices of G have the same representation with respect to W. The
metric dimension of G, denoted by, dim(G), is the minimum cardinality over all resolving
sets of G. A resolving set of cardinality dim(G) is called basis.

A set S C V(G) is a resolving hop dominating set of G if S is both a resolving set and
a hop dominating set. The minimum cardinality of a resolving hop dominating set of G,
denoted by vrn(G), is called the resolving hop domination number of G. Any resolving
hop dominating set with cardinality equal to yg,(G) is called a ypp-set.

A u-v path of length dg(u,v) is called a u-v geodesic. The set I[u,v] is defined as the
set of all vertices of G lying on any u-v geodesic.
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A vertex w € V(G) strongly resolves two different vertices u,v € V(G) if v € Ig[u, w]
or if u € Ig[v,w]. A set W of vertices in G is a strong resolving set of G if every two
vertices of G are strongly resolved by some vertex of W. The smallest cardinality of a
strong resolving set of G is called the strong metric dimension of G and is denoted by
sdim(G). A strong resolving set of cardinality sdim(G) is called a strong metric basis of
G.

A vertex u of G is maximally distant from vertex v of G, u # v, if for every vertex
w € Ng(u), dg(v,w) < dg(u,v). If u is maximally distant from v, and v is maximally
distant from wu, then we say that v and v are mutually mazimally distant, denoted by
uMMDuw. The boundary of a graph G, denoted by 9(G), is defined as

I(G) ={u € V(G) : uMMDuw for some v € V(G)}.

A set S C V(G) is a strong resolving hop dominating set of G if S is both a strong
resolving set and a hop dominating set. The minimum cardinality of a strong resolving hop
dominating set of G, denoted by vsrn(G), is called the strong resolving hop domination
number of G. Any resolving hop dominating set with cardinality equal to vspn(G) is called
a Ysrh-set.

A clique in a graph G is a complete induced subgraph of G. A clique C in a connected
graph G is called a superclique if for every pair of distinct vertices u,v € C, there exists
w € V(G) \ C such that w € Ng(u) \ Ng(v) or w € Ng(v) \ Ng(u). A superclique C is
mazimum in G if |C| > |C*| for all supercliques C* in G. The superclique number, ws(G),
of GG is the cardinality of a maximum superclique in G.

A superclique C in G is called a hop dominated superclique if for every v € C there
exists u € V(G)\C such that dg(u,v) = 2. A hop dominated superclique C'is mazimum in
G if |C| > |C*| for all hop dominated supercliques C* in G. The hop dominated superclique
number, wps(G), of G is the cardinality of a maximum hop dominated superclique in G.

2. Preliminary Results

Remark 1. FEvery strong resolving hop dominating set of G is a resolving hop dominating
set. Thus,

2 < Yru(G) < Ysrn(G).

Remark 2. FEvery strong resolving hop dominating set of G is a hop dominating set.
Thus,

2 <(G) < vsra(G).
Remark 3. Every strong resolving hop dominating set of G is a resolving set. Thus,
1 < dzm(G) < 'ysRh(G).

Remark 4. FEvery strong resolving hop dominating set of a connected graph G is hop
dominating and every strong resolving hop dominating set of G is strong resolving. Thus,

Y(G) < vsrr(G) and sdim(G) < vspn(G).
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Remark 5. For any connected graph of order n, 2 < vsgn(G) < n. Moreover, yspn(G) = 1
if and only if G is a trivial graph and yspp(G) =n if G = K.

Proposition 1. Let S be a hop dominating set of P, for n > 3. Then S is a strong
resolving hop dominating set of P, if and only if there exists u € S with degp, (u) = 1.

Proof: Suppose S is a strong resolving hop dominating set of P,. Let u and v be
distinct vertices of P, such that deg(u) = deg(v) = 1. Then the pair of vertices v and v
is only strongly resolved by u or by v, since u € I[u,v] or v € I[u,v] and u € I[v,u| or
v € I[v,u]. Implying that u,v € S.

For the converse, let u € S with degp, (u) = 1. Then every pair of distinct vertices
x,y € V(P,) are strongly resolved by u, since x € I[u,y] or y € I[u,z]. Hence, S is a strong
resolving set of P,. Since S is hop dominating by assumption, S is a strong resolving hop
dominating set of P,. O

Proposition 2. Let S be a hop dominating set of Cy, for n > 4. If dc, (u,v) < |n/2] for
each pair u,v € V(Cy) \ S, then S is a strong resolving hop dominating set of C,,.

Proof: Let S be a hop dominating set of C, and let u,v € V(C,) \ S such that
d(u,v) < |n/2|. Note that diam(C,) = |n/2|. Then there exists, s € S such that
de, (s,u) < dg,(s,v) < |n/2] or do, (s,v) < dg, (s,u) < |[n/2]. It follows that u € I[s, v]

or v € I[s,u]. Hence, s strongly resolves u and v. Therefore, S is a strong resolving hop
dominating set of C,,. O

Remark 6. Fvery strong resolving hop dominating set of a connected graph G is a resolv-
ing hop dominating set. Thus, Yrr(G) < Ysrr(G).

Remark 7. Any superset of a strong resolving hop dominating set is a strong resolving
hop dominating set.

Proposition 3. [1] Let G be a connected graph of order n and let
A={zeV(G):degg(x) =n—1}.

If A# & and (C) is a superclique in G, then |C N A| < 1. Moreover, if (C) is a mazimum
superclique of G, then |C N Al = 1.

Proposition 4. [1] Let G be a non-trivial connected graph with diam(G) < 2. Then
S =V(G)\ C is a strong resolving set of G if and only if C = @& or (C) is a superclique
in G. In particular, sdim(G) = |V (G)| — ws(G).

Proposition 5. Let G be a connected graph of order n, and let
A={z € V(Q) : degg(x) =n—1}. If A# @ and C is a hop dominated superclique in
G, then CNA=g.

Proof: Suppose C' is a hop dominated superclique in G. By Proposition 3,
ICNA|<1. If [CNA|=1and z € CNA, then dg(z,v) =1 for each v € V(G) \ {z} since
degg(x) = n — 1. This is a contradiction to the definition of hop dominated superclique.
It follows that |C'N A| = 0. Therefore CNA = @. O
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Lemma 1. Let G be a nontrivial connected graph with diam(G) < 2. Then S =V (G)\C
is a strong resolving hop dominating set of G if and only if C' = @ or C is a hop dominated
superclique in G. In particular, vspn(G) = |[V(G)]| — wns(G).

Proof: Suppose that S = V(G) \ C is a strong resolving hop dominating set of G.
Then S is a strong resolving set. By Proposition 4, C = @ or C is a superclique in G. Let
x € C. Then z € V(G) \ S. Since S is hop dominating, a vertex y € SN Ng(z,2) exists.
Hence, y € V(G) \ C and dg(z,y) = 2. Thus, C is a hop dominated superclique in G.

Conversely, suppose C = @ or C' is a hop dominated superclique in G. Then C # &
or C' is a superclique in G. By Proposition 4, S = V(G) \ C is a strong resolving set of
G. Let 2 € V(G)\ S. Then = € C. Since C is a hop dominated superclique, there exists
y € V(G)\ CN Ng(x,2). Since S =V(G)\ C, y € SN Ng(x,2). Therefore, S is a hop
dominating set of G.

Accordingly, S is a strong resolving hop dominating set of G.

Suppose S is a ysgp-set of G. Then S = V(G) \ C, where C is a hop dominated
superclique in G and |C| = wps(G). Hence,

Vsrn(G) = [S] = [V(G)] = |C] = [V(G)| = wns(G). -

3. On Strong Resolving Hop Domination in the Join of Graphs

Let A and B be sets which are not necessarily disjoint. The disjoint union of A

and B, denoted by A 0 B, is the set obtained by taking the union of A and B treating
each element in A as distinct from each element in B. The union G1 U Gy of graphs
G and G9 with disjoint vertex-sets V(G1) and V(G2), respectively, is the graph G with

V(G) = V(G1) UV(Gs) and E(G) = E(G1) U E(Gs). The join of two graphs G and H,
denoted by G + H, is the graph with vertex-set V(G + H) = V(G) 0 V(H) and edge-set
E(G+H)=EG) UEMH)U{w:ueV(G),veV(H).

Remark 8. For the joins (v) + P, and (w) + Cy, vsrn((v) + P,) =n —1 forn > 3 and
Ysrn((w) + Cp) =n —1 for n > 4.

Theorem 1. [1] Let G be a non-trivial connected graph of order n with v(G) # 1 and
Ky = (v). Then S C V(K1+G) is a strong resolving set of K1+G if and only if S = V(G),
or S=V(G)\C, or S =V (K1 + G)\ C where (C) is a superclique in G.

Theorem 2. [1] Let G be a non-trivial connected graph of order n with v(G) = 1 and
K1 = (v). Then S C V(K1+G) is a strong resolving set of K1+G if and only if S = V(G),
or S=V(K1+G)\C*, or

S=VG\CU{z e C":degg(x) =n—1}

where (C*) is a superclique in G.
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Theorem 3. [1] Let K1 = (v) and G be a disconnected graph whose components are G;
fori=1,2,...,m. A proper subset S of V(K1 + G) is a strong resolving set of K1 + G if
and only if S = V(G) or S =V (G)\C; or S =V (K1 +G)\C; where (C;) is a superclique
in G, for some i € {1,2,...,m}.

Lemma 2. Let G be a connected graph of order n and let K1 = (v). Then C C V(K1+G)
is a hop dominated superclique in K1+ G if and only if C is a hop dominated superclique
in G.

Proof: Suppose C'is a hop dominated superclique in K7 + G. Since degg, +¢(v) = n,
by Proposition 5, v ¢ C. Thus, C is a hop dominated superclique in G. The converse
follows immediately from Proposition 5 and definition of hop dominated superclique. [J

Theorem 4. Let G be a connected graph of order n > 1, and let K1 = (v). Then
S C V(K1 + G) is a strong resolving hop dominating set of K1 + G if and only if
S=V(Ki+ G)\ C where C =@ or C is a hop dominated superclique in G.

Proof: Suppose S is a strong resolving hop dominating set of K1 + GG. By Theorem
1 and Theorem 2, S = V(G), or S = (V(G)\ C)U{z € C : degg(z) = n — 1}, or
S = V(K1 + G)\ C where C is a superclique in G. Since S is a hop dominating set of
Ki+G,veS. Thus, S #V(G) and S # (V(G)\ C)U{z € C : dege(x) =n — 1}. Since
diam (K + G) < 2, by Lemma 1 and Proposition 5, S = V(K; + G) \ C where C' = & or
C' is a hop dominated superclique in G.

The converse follows immediately from Lemma 1 and Proposition 5. O

The next result is a consequence of Theorem 4.

Corollary 1. Let G be a connected graph of order n. Then
Ysrn(K1 + G) =n+1 —wps(G).

The next result follows immediately from Theorem 3, and definitions of strong resolving
hop domination and K1 + G.

Theorem 5. Let K1 = (v) and G be a disconnected graph whose components are G; for
i=1,2,---,m. A proper subset S of V(K1 + G) is a strong resolving hop dominating set
of K1+ G if and only if S = V(K1 + G) \ C; where C; is a superclique in G; for some
ie{l,2,---,m}.

Proof: Suppose S is a strong resolving hop dominating proper subset of K1 + G. By
Theorem 3, S = V(G), or S = V(G)\ C; or S = V(K1 + G)\ C; where C; is a superclique
in G; for some i € {1,2,--- ,m}. By definition of strong resolving hop domination, v € S.
Hence, S # V(G) and S # V(G)\ C;. Thus, S = V(K1 +G)\ C; where C; is a superclique
in G; for some i € {1,2,--- ,m}.

Conversely, suppose S = V(K; + G) \ C; where C; is a superclique in G; for some
ie€{1,2,---,m}. Let z € V(K1 +G)\ S. Then =z € C; for some i € {1,2,---,m}.
Since m > 2, there exists G, j # i and vertex y € V(G;) N Nk, +g(x,2). Since
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S =V(Ki+G)\Ci, y € SN Ng,1c(x,2). Therefore, S is a hop dominating set of
K +G. ]
As a consequence of Theorem 5, the next result follows.

Corollary 2. Let G; be connected graphs of orders n; and G be a disconnected graph
whose components are G; fori=1,2,--- ., m. Then

Yorn(K1+G) = n; — max {wys(Gy)(i =1,2,--- ,m)}.
=1

Theorem 6. Let G and H be nontrivial connected graphs. A proper subset S of V(G+ H)
is a strong resolving hop dominating set of G+ H if and only if at least one of the following
18 satisfied:

(i) S=V(G+ H) \ Cg where Cg is a hop dominated superclique in G.
(1) S=V(G+ H)\ Cy where Cy is a hop dominated superclique in H.

(1i1) S=V(G+ H)\ (CgUCqg) where Cg and Cy are hop dominated supercliques of G
and H, respectively.

Proof: Note that diam(G + H) < 2 and Cg, Cy, and (Cg U Cy) are hop dominated
supercliques in G + H. Then by Lemma 1, the theorem holds. O
The next result is a consequence of Theorem 6.

Corollary 3. Let G and H be nontrivial connected graphs of orders m and n, respectively.
Then

Ysrn(G + H) =m +n — (wrs(G) + wns(H)).

4. On Strong Resolving Hop Domination in the Corona of Graphs

The corona of two graphs G and H, denoted by G o H, is the graph obtained by taking
one copy of G of order n and n copies of H, and then joining every vertex of the ith copy
of H to the ith vertex of G. For v € V(G), denote by H" the copy of H whose vertices
are attached one by one to the vertex v. Subsequently, denote by v+ H" the subgraph of
the corona G o H corresponding to the join ({v}) + HY,v € V(QG).

Theorem 7. [1] Let G be a non-trivial connected graph and H a connected graph. A
proper subset S of V(G o H) is a strong resolving dominating set of G o H if and only if
one of the following holds:

(1) S=AU ( U V(H“)) where A C V(G);

ueV(G)

(ii)) S =AU ( U V(H“)) \J By for a unique vertez v in G, where A C V(G) and
weV(G)\{v}
By, is a strong resolving set of H” if v(H) = 1 or B, is a resolving set of (v) + H"

if y(H) # 1.
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Theorem 8. Let G be a nontrivial connected graph and H a connected graph. A proper
subset S of V(G o H) is a strong resolving hop dominating set of G o H if and only if one
of the following holds:

(i) S=Au( | VEH") | where ACV(G);
veV(Q)

(1) S =AU U V(H") | UBy for a unique vertex u in G, where A C V(G),
veV(G)\{u}
B, is a strong resolving set of H* and B, is strong resolving hop dominating of H"

if Na(u)yNA=g.
Proof: Suppose S is a strong resolving hop dominating set of Go H. By Theorem 7, (i)

holds or § = AU U V(H") | UB, for a unique vertex u in G, where A C V(G),
veV(GQ)\{u}

B, is a strong resolving set of H" if v(H) = 1 or B,, is a strong resolving set of {u} + H"

if y(H) # 1. Let Ng(u)yNA = @ and z € V(H") \ By. Since S is hop dominating and

x € V(GoH)\ S, there exists y € Ngom(x,2) NS. Thus, y € Ngu(z,2) N By. It follows

that B, is strong resolving hop dominating set of H". Hence, (ii) holds.

For the converse, suppose (i) and (i¢) hold. Then by Theorem 7, S is a strong resolving
set of Go H. Let z € V(G o H)\ S. Consider the following cases:

Case 1. z € V(G)\ A

Since G is nontrivial connected, there exists a vertex y € V(G) N Ng(z). By (i) or (i7),
vertex z € Ngon(2,2) NV (HY) or z € Ngon(x,2) N By exists.
Case 2. x € V(H") \ B, for a unique vertex u in G.

If Ng(u)NA# @, then w € ((Ng(u) N A) N Ngom(x,2) exists. On the other hand, if
Ng(u) N A= @, by (ii), B, is a strong resolving hop dominating set of H*. Hence, there
exists p € Ngu(z,2) N B,. This implies that p € Ngom(x,2) N S.

In any case, S is a hop dominating set of G o H.

Accordingly, S is a strong resolving hop dominating set of G o H. 0

Corollary 4. Let G and H be connected graphs of orders m > 1 and n, respectively. Then
’ysRh(G o H) = (m — 1)77, + "}/SRh(H).
Moreover, if diam(H) < 2, then
Ysrn(Go H) = (m —1)n+ |V(H)| — wrs(H) = mn — wps(H).
Proof: Let S be a vysgp-set of Go H. Then, S = AU U V(H") | UB, for a

veV(G)\{u}
unique vertex u in G, where A C V(G), and B, satisfies (ii) of Theorem 8. Let A = &
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and B, be yspp-set of H“. Then
’ySRh(G o H) :’S|
=lAl+] |J VEY)|+IB
veV(G)\{u}

=0+ (m — 1)n + ysrn(H)
=(m — 1)n + vspn(H).

Suppose that diam(H) < 2. Then by Lemma 1,

Ysru(H) = |V(H)| —wps(H) = n — wps(H).

Hence,

Ysrh(Go H) =(m — 1)n+n — wps(H)
=mn —n+n — wys(H)
=mn — wps(H).

Therefore,

Ysrn(G o H) = (m —1)n+|V(H)| — wps(H) = mn — wys(H). O

5. On Strong Resolving Hop Domination in the Lexicographic Product
of Graphs

The lexicographic product of two graphs G and H, denoted by G[H], is the graph
with vertex-set V(G[H]) = V(G) x V(H) such that (u1,us2)(v1,v2) € E(G[H]) if either
uivy € E(G) or up = v; and ugvy € E(H).

Lemma 3. [1] Let G = K,, forn > 1 and H a non-trivial connected graph with v(H) # 1.
Then A x C C V(G[H]) induces a superclique in G[H] if and only if A is a nonempty
subset of V(G) and (C) is a superclique in H.

Lemma 4. [1] Let G = K,, forn > 1 and H a non-trivial connected graph with v(H) = 1.
Then A x C C V(G[H]) is a superclique in G[H) if and only if A is a nonempty subset of
V(G) and C is a superclique in H such that |A| = 1 whenever CNC* # & for some y-set
of H.

Lemma 5. Let G = K,, forn > 1 and H a connected graph with |V(H)| > 3. Then
A x C CV(G[H]) is a hop dominated superclique in G[H]| if and only if A is a nonempty
subset of V(G) and C' is a hop dominated superclique in H.
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Proof: Suppose that A x C C V(G[H]) is a hop dominated superclique in G[H]. By
Lemma 3 and Lemma 4, A is a nonempty subset of V' (G) and C'is a superclique in H. Let
x € C. Then (a,z) € A x C for any a € A. Since A x C' is a hop dominated superclique,
there exists (b,y) € [V(G[H]) \ (A x C)] N Ngmy((a,x),2). Suppose v(H) # 1. Since
G=K,forn>1,a=bandy € (V(H)\C)NNg(z,2). If y(H) = 1, then by Proposition
5, CNC* =g for all y-sets C* of H. Thus, z € C'\ C* and y € Ng(x,2) exists. Hence,
C' is a hop dominated superclique in H.

For the converse, suppose that A is a nonempty subset of V(G) and C is a hop
dominated superclique in H. By Lemma 3, Lemma 4 and Proposition 5, A x C is a
superclique in G[H]. Let (a,z) € A x C and y(H) # 1. Since C is a hop dominated
superclique in H, there exists y € (V(H) \ C) N Ng(z,2). Hence,

(a,y) € [V(G[H]) \ (A x O)] N Nemy((a, ), 2).

Suppose y(H) = 1. Then by Proposition 5, C N C* = & for all y-sets C* of H. Thus,
x € C'\ C*. This implies that a vertex z € Ng(z,2) exists. Since C' is a superclique,
z€ V(H)\C. Hence, (a,z) € [V(G[H]) \ (A x C)|N Ng[H|((a,x),2).

Therefore A x C'is a hop dominated superclique in G[H]. O

Theorem 9. Let G = K, forn > 1 and H a connected graph with |V(H)| > 3. A
subset S of V(G[H]) is a strong resolving hop dominating set of G[H] if and only if
S =V(G[H]) \ (A x C), where A is a subset of V(G) and C = @ or A is a nonempty
subset of V(G) and C' is a hop dominated superclique in H.

Proof: Let S be a strong resolving hop dominating set of G[H|. Since diam(G[H]) = 2,
by Lemma 1, S = V(G[H]) \ (A x C) where A x C = @ or A x C is a hop dominated
superclique in G[H]. If A x C = @, then A = @ or C = @. On the other hand, if A x C
is a hop dominated superclique in G[H], A is a nonempty subset of V(G) and C' is a hop
dominated superclique in H, by Lemma 5.

For the converse, suppose S = V(G[H]) \ (A x C), where A C V(G) and C =@ or A
is a nonempty subset of V' (G) and C' is a hop dominated superclique in H. If C' = &, then
Ax C =@ and S = V(G[H]) is a strong resolving hop dominating set of G[H]. On the
other hand, if A is a nonempty subset of V(G) and C'is a hop dominated superclique in H,
then by Lemma 5 and Lemma 1, S is a strong resolving hop dominating set of G[H|. O

Corollary 5. Let G = K,, forn > 1 and H a connected graph of order m > 3. Then
Ysrh(G[H]) = mn — wps(G[H]).

Proof: Let S be a ysgp-set of G[H]. Then by Theorem 9, S = V(G[H])\ (A x C') where
A x C' is a hop dominated superclique in G[H]|. Since S is a minimum strong resolving
hop dominating set of G[H]. Hence,

Ysrn(GIH]) = |S| = [V(G[H])| = [A x C| = mn —wps(G[H]). O

By Lemma 5 and Corollary 5 the next result follows.
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Corollary 6. Let G = K, forn > 1 and H a connected graph of order m. Then
Vsrr(GH]) = n(m — wps(H)).

Theorem 10. [1] Let G be a non-trivial connected graph and H be non-trivial complete
graph. A subset

C= (U{{x} xTx}> U ( U {{a}x (V(H)\Tx)})

zeWqa

of V(G[H]) where W C S and T, CV(H), Yx €S, is a strong resolving set of G[H] if
and only if

(1) S=V(G).
(13) V(H)\ Ty is a superclique of H.
(1it) Wg is a strong resolving set of G.

Theorem 11. Let G be a nontrivial connected graph and H be a nontrivial complete
graph. A subset C = U ({z} xTy) of V(G[H]) where S C V(G) and T, C V(H) for each
x €8, is a strong resi)elging hop dominating set of G[H| if and only if

(1) S =V(G);

(i7) 0 <|V(H)\Ty| <1 for every z € S;

(tii) Ty = V(H) or Ty = V(H) for every pair of vertices x,y € V(G) such that v € Wg
where Wq is a strong resolving set of G;

(tv) Ty =V (H) for every x € S with dega(z) = |V (G)| — 1.

Proof: Suppose C is a strong resolving hop dominating set of G[H|. By Theorem 10
(7) and (i7) hold. Now, let € S with degg(z) = |V(G)| — 1. Suppose T, # V(H). Let
a € V(H)\T;. Then (x,a) ¢ C. Since C is a hop dominating set of G[H], there exists
(y,0) € C N Ngay((2,a),2). Since H is complete, y € S N Ng(x,2). This implies that
y € (V(G) \ {z}) \ Ng(x), showing that degg(z) < |[V(G)| — 1, a contradiction. Hence,
T, =V (H) and (iv) is true.

For (iii), let x,y € V(G) such that MM Dy. Suppose T, # V(H) and T, # V(H).
Let p € V(H)\ T, and ¢ € V(H) \ T,. Then (z,p),(y,q) ¢ C. Since C is a strong
resolving set of G[H|, there exists (z,w) € C such that (z,w) strongly resolves (z,p) and

(y,q). Suppose (z,p) € Igm)[(y,q), (2, w)]. Then
dG[H}((Zﬂ w)v (1',]3)) + dG[H]((x7p)’ (Z/, Q)) = dG[H}((va)7 (y,q))-
If 2 =z, then w € T, and dgg)((z,w), (x,p)) = 1. Thus

1+ dem((z,p): (y,9) = dom (2, w), (v, 9)),
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that is, 1 + dG[H]((zap)v (y7q)) = dG[H]((Z>w)a (yvq)) or 1+ dG’(Z>y) = dG(Zvy)> which
is a contradiction. Thus, z # x. Consequently, dg(z,z) + dg(z,y) = dg(z,y) implying
that © € Ig[z,y]. This is a contradiction to the assumption that xM M Dy. Similarly, if
(¥,9) € Igml(z,p), (2, w)], then a contradiction can be obtained. Hence T, = V(H) or
T, = V(H).

For the converse, suppose C' satisfies conditions (i) to (iv). Let ((x1,91), (x2,y2)) ¢ C
with (21,y1) # (x2,y2). Then y; ¢ T, and y ¢ T,,. Hence, z1 is not mutually maximally
distant with x9. Thus, there exists u € Ng(z1) such that dg(u,z2) > dg(x1, z2), that is,
x1 € Ig[za,u]. Let v € Ty,. Then (u,v) € C strongly resolves (x1,y1) and (z2,y2). Hence,
C'is a strong resolving set of G[H]. Now, we show that C' is a hop dominating set of G[H].
Let (z,y) € C. Theny € V(H) \ T,. By (i), degg(x) < |V(G)| — 1. Thus, there exists
z € V(G\{r})\ Ng(z). Let z € Ng(x,2) and w € T,. Then, (z,w) € CNNgim((z,y),2).
This shows that C' is a hop dominating set of G[H].

Accordingly, C' is a strong resolving hop dominating set of G[H]. O

Corollary 7. Let G be a connected graph of order m > 1 and v(G) # 1 and H = K,, for
n > 1. Then
Vsrr(GH]) = m(n — 1) +[0(G)| — 1.

Proof: Let C be a ysgp-set of G[H|. Then C = U ({x} x T,) satistying conditions of

Theorem 11. Thus, S = V(G) = [V(G) \ 8(G)] U (8(G)). Hence,

Vsrn(GH]) =|C]

= U axm)+| U =1

zeV(G)\O(G) yeod(G)
=G\ OG)T:| +18(G) = [Ty +n —1
=(m —0(G))(n—1)+0(G) — lln+n—1

=m(n —1) — |0(G)In +|0(G)| + |0(G)|]n —n+n —1
=m(n—1)+|0(G)| — 1.
Therefore,
Vsrr(GH]) = m(n —1) +[0(G)| - 1. O
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