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Abstract. Let G be a connected graph. A set S of vertices in G is a 2-resolving hop dominating
set of G if S is a 2-resolving set in G and for every vertex € V(G)\S, there exists y € S such that
dg(x,y) = 2. The minimum cardinality of a set S is called the 2-resolving hop domination number
of G and is denoted by y2rn(G). This study aims to combine the concept of hop domination with
the 2-resolving sets of graphs. The main results generated in this study include the characterization
of 2-resolving hop dominating sets in the join, corona and lexicographic product of two graphs, as
well as their corresponding bounds or exact values.
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1. Introduction

The concept of domination in graphs is one of the most studied problems and one of
the fastest growing areas in graph theory. This was formally studied by Claude Berge [1]
in 1958 and Oystein Ore in 1962. In 2015, Natarajan and Ayyaswamy introduced and
studied the concept of hop domination [13].

On the other hand, in 1975 using the term locating set, the concept of resolving sets for
a connected graph was first introduced by Slater [15]. These concepts were studied much
earlier in the context of the coin-weighing problem. Later that year, Harary and Melter
introduced independently these concepts, but with different terminologies [10]. The term
metric dimension was used by Harary and Melter instead of locating number.
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Moreover, in the paper of Brigham et al. [9], the concept of resolving dominating in
graphs was studied wherein they defined it as a set that is both resolving and dominating,
and determined the resolving domination number yr(G) of a graph G [9]. In 2021, the
concept of resolving hop domination in graphs was studied and published by Mohamad
and Rara [11] wherein they characterized the resolving hop dominating sets in some binary
operations namely, the join and corona of two graphs and determined the bounds or exact
values of the resolving hop domination number of these mentioned graphs [11].

Also, in the same year, Cabaro and Rara published the concept of 2-resolving sets
in the join and corona of graphs [4]. Their paper also presents some characterizations
involving this concept and investigates the 2-resolving dominating sets in the join, corona
and lexicorgraphic product of two graphs [7].

Other variations of 2-resolving sets in graphs were also studied in [4-6, 8].

2. Terminology and Notation

In this study, we consider finite, simple, connected, undirected graphs. For basic graph-
theoretic concepts, we then refer readers to [2] and [3]. The following concepts are found
in [2], [13], and [14], respectively.

Let G be a connected graph. A vertex v in G is a hop neighbor of vertex u in G
if dg(u,v) = 2. The set Ng(u,2) = {v € V(G) : dg(v,u) = 2} is called the open hop
neighborhood of u. The closed hop neighborhood of u in G is given by N¢[u, 2] = Ng(u,2)U
{u}. The open hop neighborhood of X C V(G) is the set Ng(X,2) = U,cx Na(u,2). The
closed hop neighborhood of X in G is the set Ng[X,2] = Ng(X,2) U X.

A set S C V(G) is a hop dominating set of G if Ng[S,2] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality of a
hop dominating set of G, denoted by v, (G), is called the hop domination number of G.
Any hop dominating set with cardinality equal to v,(G) is called a p-set.

For an ordered set of vertices W = {wy,ws,...,wx} C V(G) and a vertex v in G, we
refer to the k-vector (ordered k-tuple)

ra(w/W) = (dg(v,wr),dg(v, ws), ..., dg(v, wy))

as the (metric) representation of v with respect to W. The set W is called a resolving set
for G if distinct vertices have distinct representations with respect to W. Hence, if W is a
resolving set of cardinality k for a graph G of order n, then the set {rg(v/W) :v € V(G)}
consists of n distinct k-vectors. A resolving set of minimum cardinality is called a mini-
mum resolving set or a basis, and the cardinality of a basis for G is the dimension dim(G)
of G. An ordered set of vertices W = {wy,...,wi} is a k-resolving set for G if, for any
distinct vertices u,v € V(G), the (metric) representations rg(u/W) and rg(v/W) of u
and v, respectively, differ in at least k positions. If kK = 1, then the k-resolving set is called
a resolving set for G. If k = 2, then the k-resolving set is called a 2-resolving set for G.
If G has a k-resolving set, the minimum cardinality dimy(G) of a k-resolving set is called
the k-metric dimension of G.
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A 2-resolving set S C V(G) which is hop dominating is called a 2-resolving hop domi-
nating set or simply 2R-hop dominating set in G. The minimum cardinality of a 2-resolving
hop dominating set in G, denoted by vogrn(G), is called the 2R-hop domination number of
G. Any 2R-hop dominating set of cardinality vyor,(G) is then referred to as a yagp-set in
G.

3. Preliminary Results

Definition 1. [6] Let G be any nontrivial connected graph and S C V(G). Aset S C V(G)
is a 2-locating set of G if it satisfies the following conditions:

(i) |[(Na(2z)\Na(y)) NS]U[(Na(y)\Na(z)) NS]| = 2, for all 2,y € V(G)\S with z # y.

(it) (Na(v)\Ng(w)) NS # @ or (Ng(w)\Ng[v]) NS # @, for all v € S and for all
w e V(G)\S.

The 2-locating number of G, denoted by Ina(G), is the smallest cardinality of a 2-locating
set of G. A 2-locating set of G of cardinality [na(G) is referred to as an Ina-set of G.

Definition 2. [12] A set D C V(@) is a point-wise non-dominating set of G if for each
v € V(G)\D, there exists u € D such that v ¢ Ng(u). The smallest cardinality of a
point-wise non-dominating set of G, denoted by pnd(G), is called the point-wise non-
domination number of G. Any point-wise non-dominating set D of G with |D| = pnd(G),
is called a pnd-set ofG. A dominating set D which is also a point-wise non-dominating set
of G is called a dominating point-wise non-dominating set of G. The smallest cardinality
of a dominating point-wise non-dominating set of G will be denoted by 7,,q4(G). Any
dominating point-wise non-dominating set D of G with |D| = 7,,4(G), is called a yppq-set
of G.

Definition 3. A 2-locating set S C V(G) which is point-wise non-dominating is called a

2-locating point-wise non-dominating set in G. The minimum cardinality of a 2-locating

point-wise non-dominating set in GG, denoted by lngnd(G) is called the 2-locating point-wise

non-domination number of G. Any 2-locating point-wise non-dominating set of cardinality
lngnd(G) is then referred to as a lngnd(G)—set in G.

Example 1. For any graph G,
(i) " (Kn) = m:
(i) B (K1) =n+1;

(iii) 18" (Kppn) = m+n;

(iv) " (P,) = {
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3, n=3
(v) InE"(C) =44, n=4
(5], n>5.

Remark 1. [7] Every 2-locating set in G is a 2-resolving set in G. However, a 2-resolving
set in G need not be a 2-locating set in G. Thus, dimz2(G) < Ina(G).

Example 2. For a path graph P,
dimg(Pﬁ) =2<4= an(Pﬁ)

Definition 4. [6] Let G be any nontrivial connected graph and S C V(G). S is a (2,2)-
locating ((2,1)-locating, respectively) set in G if S is 2-locating and |Ng(y) N S| < |S|—2
(|INa(y)NS| < |S|—1, respectively), for all y € V(G). The (2,2)-locating ( (2,1)-locating,
respectively) number of G, denoted by In (s 9)(G) (In(2,1)(G), respectively), is the smallest
cardinality of a (2,2)-locating ((2,1)-locating, respectively) set in G. A (2,2)-locating
((2,1)-locating, respectively) set in G of cardinality In(s9)(G) (In(2,1)(G), respectively) is
referred to as an Inp 9)-set (In(o 1)-set, respectively) in G.

Definition 5. A (2,2)-locating ((2,1)-locating, respectively) set S C V(G) which is a
point-wise non-dominating is called a (2,2)-locating point-wise non-dominating ((2,1)-
locating point-wise non-dominating, respectively) set in G. The minimum cardinality
of a (2,2)-locating point-wise non-dominating ((2,1)-locating point-wise non-dominating,
respectively) set in G, denoted by ln{’;g) (G) (ln](ogcll)(G),respectively) is called the (2,2)-
locating point-wise non-domination ((2,1)-locating point-wise non-domination) number of
G. Any (2,2)-locating point-wise non-dominating ((2,1)-locating point-wise non-dominating,
respectively) set of cardinality lnz(’z ‘;)(G) (lnz(’;’ ?)(G), respectively) is then referred to as a

pnd pnd

In g 9)-set (ln(m)—set) in G.

9, n=2>5
2 +1,nis even

Example 3. (i) For all n > 5, In"? (P,) = 2
[5], nisodd.

(2,2)
n is even

.. pnd )92
(@) For all m > 7, ln(272)(Cn) = {[31,71 < odd.

I3

4+ 1,n is even
51, nis odd.
, niseven

[5],7n is odd.

Example 4. (i) For all n > 4, ln’();’cll)(Pn) = {

N

N3

(ii) For all n > 5, ln{’;(f) (Cn) = {

Definition 6. A 2-resolving set S C V(G) which is point-wise non-dominating is called a
2-resolving point-wise non-dominating set in G. The minimum cardinality of a 2-resolving
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point-wise non-dominating set in G, denoted by dima,,,(G) is called the 2-resolving point-
wise non-domination number of G. Any 2R-point-wise non-dominating set of cardinality
dimg,, ,(G) is then referred to as a dimg,, ,(G)-set in G.

Example 5. For any graph G,

(i) dimg  (K,) =n;

pnd(

(i) dima,, ,(Kmn) =m+n where m,n > 1;

3 n=23
(iii) dima,, ,(Pn) {27 n> 4

Remark 2. Every (2,1)-locating point-wise non-dominating set in G is a 2-resolving
point-wise non-dominating set in G. However, a 2-resolving point-wise non-dominating
set in G need not be a (2, 1)-locating point-wise non-dominating set in G. Thus,

dims,,,(G) < Infy(G).

Example 6. For a path graph Py,

dimy,, ,(Py) = 2 < 3 = Infy"], (Pa).

Remark 3. Every nontrivial connected graph G admits a 2-resolving hop dominating set.
Indeed, the vertex set V(G) of G is a 2-resolving hop dominating set.

Remark 4. [4] Let S C G. Since any pair of vertices u and v where v and v are in the
2-resolving set S of a graph G, rg(u/S) and rg(v/S) differ in at least 2 positions. Hence,
to show that S is a 2-resolving set of G, we only need to show that every pair u,v of
distinct vertices in V/(G)\S or u € S and v € V(G)\S, r¢(u/S) and rg(v/S) differ in at
least 2 positions.

Theorem 1. Let G be any nontrivial connected graph. Then S C V(G) is a 2-resolving
hop dominating set in G if it satisfies the following conditions:

(i) For every pair of vertices z,y € V(G) where z € S and y € V(G)\S or both
z,y € V(G)\S,rg(x/S) and rg(y/S) differ in at least 2 positions;

(@) S is a point-wise non-dominating set in G.

Proof. Suppose S C V(G) is a 2-resolving hop dominating set in G. Then by Remark
4, (i) holds.

To prove (i), let v € V(G)\S. Since S is a hop dominating set, there exists z € S such
that dg(v,z) = 2. Hence, v ¢ Ng(z). This shows that S is a point-wise non-dominating
set of G. Thus, (ii) holds. O
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Remark 5. Every 2-resolving hop dominating set in G is a 2-resolving point-wise non-
dominating set in G. However, a 2-resolving point-wise non-dominating set in G need not
be a 2-resolving hop dominating set in G. Thus, dima,, ,(G) < y2rn(G).

Remark 6. Let G be a connected graph. Then every 2-resolving hop dominating set in
G is a 2-resolving set in G. However, a 2-resolving set in GG need not be a 2-resolving hop
dominating set in G. Thus, dima(G) < yarn(G).

Proposition 1. For a path P, on n vertices

/

2, if n=2,4;

3, if n=3,5,6;

Yorn(Prn) = 4 2s, itn==6s, s>2;

2s+ 1, ifn=6s+1, s> 1;

2s+2, ifn=6s+x; 2<x<5,s>1.

Proposition 2. For a cycle C),, on n vertices

3, if n =3,5,6;

2s if n==06s, s> 2;

2s4+1, ifn=6s+1, s > 1;

2s+2, ifn=6s+zx; 2<x<5,s>1.

Y2Rh (Cn> -

Proposition 3. Let G be a connected graph of order 4. Then ~yopp(Py) = 2 and
Yorn(C4) = 4, respectively.
Theorem 2. For a complete graph K, on n vertices, yory(Ky) = n.

Proof. Suppose that vop,(K,) < n. Let S be the minimum 2-resolving hop dominating
set of K. Let x € V(K,)\S and y € S. Then x and y differ at exactly one position, that

is a contradiction to the assumption that S is a 2-resolving hop dominating set of K.
Therefore, vopn(K,) = n. d

Theorem 3. A set S C V(K ) is a 2-resolving hop dominating set in K, ,, if and only
if S =V (Kmnn).

Proof. Let S be a subset of V(K,, ;). Let U and V be partite sets with |U| = m and
[VI=n; m,n>1. Let U = {uj,ug,...un} and V = {v1,vs,...v,}. Suppose there exists
up, € U\S. Then Vi € {1,...,m}\{k}, 7k,, ., (u;/S) and rg,, , (ur/S) differ in at most
one position. Similarly, suppose there exists vy € VA\S V j € {1,...,n}\{k}, rx,,..(v;/5)
and rg,, ,(vg/S) differ in at most one position. Thus, it follows that S = V (K, ).

The converse is clear. O

Corollary 1. A set S C V(K ) is a 2-resolving hop dominating set in K, if and only
it S =V(Ki,).

Corollary 2. For a complete bipartite graph K, p,
72Rh(Km,n) =m+n.
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4. 2-Resolving Hop Dominating Sets in the Join of Graphs

Definition 7. [2] The join G + H of two graphs G and H is the graph with vertex set
V(G + H)=V(G)UV(H) and edge set

E(G+H)=EGUEH)U{w:ueV(G),veV(H)}.

Note that the star K, can be expressed as the join of the trivial graph K; and the
empty graph K, of order n, that is, K, = K + K,. The graphs F,, = K| + P, and
Wy, = K1 4+ C,, of orders n + 1 are called fan and wheel, respectively.

Theorem 4. [4] Let G be a connected graph of order greater than 3 and let K1 = {v}.
Then S C V(K + G) is a 2-resolving set in K + G if and only if either v ¢ S and S is a
(2,2)-locating set in G or S = {v} UT where T is a (2,1)-locating set in G.

Theorem 5. Let G be a connected graph and let K; = {z}. Then S C V(K; + G)
is a 2-resolving hop dominating set in K; + G if and only if S = {x} UT where T is a
(2, 1)-locating point-wise non-dominating set in G.

Proof. Let S C V(K; 4+ G) be a 2-resolving hop dominating set in K; + G. Since S is
a hop dominating set, x € S. Hence, S = {z} UT for T C V(G). By Theorem 4, T is a
(2,1)-locating set in G. Now, since S is a hop dominating set V v € V(G)\T, there exists
z € T such that dg,+¢(v,z) = 2. This follows that v ¢ Ng(z). Thus, T is a point-wise
non-dominating set in G. Therefore, T is a (2, 1)-locating point-wise non-dominating set
in G.

Conversely, suppose S = {z}UT where T is a (2, 1)-locating point-wise non-dominating
set in GG. Then by Theorem 4, S is a 2-resolving set in K1+ G. Since T is a point-wise non-
dominating set in G, V y € V(G)\T, there exists v € T such that vy ¢ E(G). This follows
that di,+c(v,y) = 2. Thus, S is a hop dominating set. Therefore, S is a 2-resolving hop
dominating set in K1 + G. O

Corollary 3. Let G be connected nontrivial graph. Then yog, (K1 + G) = lnfﬁ)(G) +1.

Proof. Suppose S is a yogp-set in K7 + G. Then by Theorem 5, S = {z} UT where T'

is a (2, 1)- locating point-wise non-dominating set in G. Thus,

Yorn(K1+G) = |S| = |T| + 1 > Il (G) + 1.

On the other hand, let T" be a lng“f)—set of G. Then by Theorem 5, S = {z} UT  is a
2-resolving hop dominating set of K1 + G. Thus,

Yorn(K1+G) < |S] = |T'| +1 = Inf}} (G) + 1.

Therefore, yopn(K1 + G) = lnz();i'f)(G) + 1. O
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Example 7. For a fan F,, = P, + Ky on n+ 1 (n > 3) vertices

4, ifn=3
Yorn(Fy) = lnl(’gcll)(Pn) +1=<S%+2, ifniseven
[51+1, if n is odd.

Example 8. For a wheel W, = C,, +1 on n+1 (n > 3) vertices

4, ifn=3
5, ifn=4
5 +1, ifniseven
[5]+1, if n is odd.

Yorn(Wn) = ln?;(f)(cn) +1=

Theorem 6. [4] Let G and H be nontrivial connected graphs. A proper subset S of
V(G + H) is a 2-resolving set in G + H if and only if S =V (G)NS and Sy =V(H)NS
are 2-locating sets in G and H , respectively, where Sg or Sy is a (2,2)-locating set or
S and Sp are (2, 1)-locating sets.

Theorem 7. [12] Let G and H be any two graphs. A set S C V(G + H) is a hop
dominating set of G + H if and only if S = Sg U Sy, where Sg and Sp are point-wise
non-dominating sets of G and H, respectively.

Theorem 8. Let G and H be any two graphs. A set S C V(G + H) is a 2-resolving hop
dominating set in G + H if and only if S = Sg U Sy where Sg = V(G) N S and

Sy =V(H) NS are 2-locating point-wise non-dominating sets in G and H, respectively,
where Sg or Sy is a (2,2)-locating point-wise non-dominating set or Sg and Sy (2,1)-
locating point-wise non-dominating sets.

Proof. Suppose that S is a 2-resolving hop dominating set of G + H. Then S is a
2-resolving set of G + H. By Theorem 6, S = Sg U Sy where Sg = V(G) NS and
Sy = V(H) NS are 2-locating sets in G and H, respectively where Sg or Sy is a (2, 2)-
locating set or S and Sp are (2, 1)-locating sets. Also, since S is a hop dominating set in
G + H, it follows by Theorem 7 that Sz and Sy are point-wise non-dominating sets of G
and H, respectively. Therefore, Sg or Sy is a (2,2)-locating point-wise non-dominating
set or Sg and Sp are (2, 1)-locating point-wise non-dominating sets of G and H.

Conversely, suppose Sg or Sy is a (2, 2)-locating point-wise non-dominating set or Sg
and Sy are (2, 1)-locating point-wise non-dominating sets of G and H, respectively. Then
by Theorem 6, S is a 2-resolving set in G + H. Similarly, by Theorem 7 it follows that
S is a hop dominating set of G + H. Therefore, S is a 2-resolving hop dominating set in
G+ H. O

Corollary 4. Let G and H be connected nontrivial graphs. Then,

Yorn(G + H) = min{lnfgg)(G) it lnfg)d(H), ln’();)d(G)lnl();‘;)(H), lnz();fll)(G) + lnz();j)(H)}.
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Proof. Let S be a minimum 2-resolving hop dominating set in G+H. Since S = SqgUSH
where S¢ = V(G)NS and Sy = V(H)NS. By Theorem 8, S¢ and Sy are 2-locating point-
wise non-dominating sets in G and H, respectively, where Sg or Sy is a (2,2)-locating
point-wise non-dominating set or S and Sy are (2, 1)-locating point-wise non-dominating
sets. If Sg is (2, 2)-locating point-wise non-dominating set in G, then

lnl(’;g)(G) +lnpnd( ) < |SG‘ + |SH| = |S| = ’Yth(G—i-H).

If Sy is a (2,2)-locating point-wise non-dominating set in H, then

Infys (H) + n8"(G) < |Su| + 1Sal = |S| = 72rn(G + H).

If S and Sy are both (2, 1)-locating point-wise non-dominating sets, then

In pnd

nfy 1) (G) + Infy ) (H) < [Sa| + S| = |S| = v2rn(G + H).

(2,1
Thus,

Yorn(G + H) > min{lnfgg)(G) + lnp”d(H) lnpnd(G)lnpnd

nd nd
@) @) (272)(H) In? )(G)+lnp )(H)}

21 (2,1

Next, suppose that lnz(md)(G) + lnIg‘f)(H) < lnz(md)(G) + n"(H) and

lnp”d(G) + ln’(’g‘f)(H) < n2"Y(G) + lnz(md)(H). Let Sg be a minimum (2,1)-locating

point-wise non-dominating set in G and Sy be a minimum (2, 1)-locating point-wise non-
dominating set in H. Then § = SqgU Sy is a 2- resolvmg hop dominating set in G+ H, by

Theorem 8. Hence, yopgn(G+ H) < |S| = |Sq| +|SH| = f;“f)(G) —i—ln?Z%(H). Therefore,

Yorn(G + H) < InfyS (G) + Infy S (H).

Similarly, if lng% (G) + In5™(H) < lnf"d)(G) + lngwll)(H) and ln{’;g) (G) + In5™(H) <

In5"(G) + Infy5 (H), then

Yorn(G + H) < Infy5 (G) + k" (H).

Also, if In8" (@) + lnl(md)( ) < Inga)(PMG) + IS (H) and

5" (@) + Infyy (H) < Infy (G) + Infy (H), then

Yorn(G + H) < In5"(G) + Infy5 (H).
Thus,

Yomn(G + H) < min{Infy (G) + Infi!(H), Infiy! (G)infy (), Infy (G) + Infy) (H)).
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Therefore,

Yorn(G+H) = min {lnﬁgg)(c) + 8" (H), In5"(G) + Infy5 (H), Il (G) + znl(’;jjl)(H)} .

O

Example 9. For paths P, and P, on n and m vertices (n,m > 4), we have

(2+1)+ (2 +1), if n,m are even
Yorh(Pn + Pr) = (34+1) +[2], if n is even, m is odd

(2] 4+ (2 +1), if n is odd, m is even

51+ %], if n,m are odd.

In particular, for n,m = 2,3,

72Rh(Pn+Pm):n+m‘

4.1. 2-Resolving Hop Dominating Sets in the Corona of Graphs

Let the following notations be described as follows:
For ke V(GoH),ve V(G) and S, C V(H").
Véfv is a vector whose components are the distances of k£ from the elements of .S,.

Definition 8. [2] The corona G o H of two graphs G and H is the graph obtained by
taking one copy of GG of order n and n copies of H, and then joining the ith vertex of G
to every vertex in the ith copy of H. For every v € V(G), denote by H" the copy of H
whose vertices are attached one by one to the vertex v. Subsequently, denote by v + H"
the subgraph of the corona G o H corresponding to the join ({v}) + HY, v € V(G).

Remark 7. [4] Let v € V(G). For every z,y € V(H"),dgon(z,w) = dgon(y, w) and
dgor (v, w) + 1 = dgop(x,w) for every w € V(G o H)\V(H").

Theorem 9. [12] Let G and H be any two graphs. A set C' C V(G o H) is a hop
dominating set of G o H if and only if

C=AU U S, | U U E,
veV(G)NNg(A) weV(G)\Ng (A)

where

(i) A C V(G) such that for each w € V(G)\A, there exists x € A with dg(w,z) =2 or
there exists y € V(G) N Ng(w) with V(H,) N C # @,

(ii) Sy, C V(H?) for each v € V(G) N Ng(A), and

(ii) Ey, C V(HY) is a point-wise non-dominating set of H" for each w € V/(G)\N¢(A).
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Theorem 10. Let G and H be nontrivial connected graphs. A set
S C V(G o H) is a 2-resolving hop dominating set of G o H if and only if

S=AU U S, | u U Dy,
veEV (G)NNG(A) weV (G)\Na(A)

where

(i) A C V(G) such that for each w € V(G)\A4, there exists x € A with dg(w,z) =2 or
there exists y € V(G) N Ng(w) with V(HY) N S # &;

(i) S, C V(H") is a 2-locating set of H for all v € V(G) N Ng(A); and

(ii) Dy, C V(H™) is a 2-locating point-wise non-dominating set of H* for all w €
V(G)\Ng(A).

Proof. Suppose that S C V(G o H) is a 2-resolving hop dominating set of G o H. Let
A=V(G)NS, S, =SNV(H?) for all v € V(G) N Ng(A) and D, = SNV (H"™) for all
w € V(G)\Ng(A) . Then

S— AU U s |u U Du
vEV(G)NNG(A) weV(G)\Ng(4)

where A C V(G), S, € V(H") and D,, C V(H"™). Now, since S is 2-resolving hop
dominating set of G o H. By Theorem 9, (i) holds. Next, suppose that S, = & for
some v € V(G) N Ng(A). Let z,y € V(H"). Then rgou(x/S) = rgou(y/S) which
is a contradiction to the assumption of S. Thus, S, # @. Similarly, D, # @ for some
w € V(G)\Ng(A). Next, claim that S, is a 2-locating set in H" for each v € V(G)NNg(A).
Let p,q € V(H")\S, where p # ¢. Since S is a 2-resolving set in G o H, rgom(p/S) and
raorr(q/S) differ in at least 2 positions and by Remark 7, rgv(p/Sy) and rgv(gq/S,) must
differ in at least 2 positions. Thus, it follows that S, is a 2-locating set of H" and so (ii)
holds. Similarly, D,, is a 2-locating set of H". Now, since S is a hop dominating set of
G o H, Theorem 9 follows, showing D,, is a point-wise non-dominating set of H" that is
(iii) holds.

Conversely, let S = AU U Sy | U U D, | where A C V(G),
vEV(G)NNG(A) weV(G)\N(A)

Sy CV(H") and D,, C V(H"™) satisfying the given conditions. Let x € V(G o H)\'S and
let v € V(G) such that € V(v+ H"). Suppose x = v. Then 2 ¢ A. From the assumption
that (i) holds, it follows that there exists y € S such that dgop(z,y) = 2. Next, suppose
x # v. If v € Ng(A), then there exists a vertex say z € A N Ng(v) such that z € S
and dgop(z,2) = 2. Suppose v ¢ Ng(A). Then z € V(HY)\D,. Since D, is point-wise
non-dominating by Theorem 9, it follows that there exists y € D,, that is y € S such that
dgom(z,y) = 2. This shows that S is a hop dominating set of G o H. Since S, or D, is a
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2-locating set of G o H, by our assumption. By Remark 1, it then follows that S, or D,
is a 2-resolving set of Go H
Accordingly, S is a 2-resolving hop dominating set of G o H. O

Corollary 5. Let G be a nontrivial graph of order n and H be any graph.
Then the following statements hold.

(i) ’}/th(G o H) < n(l + lng(H))
(i) If In8"*(H) = Iny(H), then yory(G o H) = n(ink"*(H)).
Proof. (i) Let A =V(G) and let S, be a 2-locating set of H for all v € V(G). Then

S=AU U Su | is a 2-resolving hop dominating set of G o H by Theorem 10. Hence,
veV(Q)

Y2rn(G o H) < |S| = [V(G)| + [V(G)[|So] = n(1 + Ing(H)).
(i) Suppose that [ pnd( H) = Iny(H). Now, set A = @& and let D,, be a 2-locating

point-wise non-dominating set of H* for all w € V(G). Then S = AU ( U Dw) is a
weV(G)

2-resolving hop dominating set by Theorem 10. Hence,

Yorn(G o H) < |S| = |A| + |V(G)|| Dw| = n(in§™(H)).

Next,let Sp = Ag U ( U Sv> U ( U Dy | be a 2-resolving hop dominating set of
VeV (G)\Co weCy

G o H. By Theorem 10, Ay C V(G) where Cp = {z € V(G) : x ¢ Ng(Ao)}, Sy is a 2-

locating set of HY for all v € V(G)\Cy and D,, is a 2-locating point-wise non-dominating

set of HY for all w € Cy. Thus, we can write this as

Yern(G o H) = |S]| (1)
= |A[ + [V(G)\Col[Su| + |Col| Duw|
> [V(G)\Col|lna(H) + |Co[nb"(H)
= (IV(G)| = |Co|)Ina(H) + |Co[ k™ (H)
= ([V(G)| — |Co|)In§™ (H) + |Co[ns"*(H)
=n-l pnd(H)

Therefore, yopn(G o H) = n(lnpnd( H)). O

Example 10. (i) For n =4 and m = 3,

72Rh(P4 o Pg) =10<12 = 4(1 + 2)
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(i1) For any integer n > 2 and m > 4,

B G o Py) = - (P = ([T,

Example 11. For any integer n > 2 and m > 5,
Yern(G o Cp) =n - lnlzmd(cm) = n( [%1 )

4.2. 2-Resolving Hop Dominating Sets in the Lexicographic Product of
Graphs

Definition 9. [2] The lexicographic product of graphs G and H, denoted by G[H], is the
graph with vertex set V(G[H]) = V(G) x V(H) such that (v,a)(u,b) € E(G[H]) if and
only if either uv € E(G) or u = v and ab € E(H). Note that every non-empty subset C' of
V(G) x V(H) can be expressed as C = |J,cg[{z} x T;], where S C V(G) and T, C V (H).

Definition 10. [7] A vertex x is said to be 1-equidistant to y if zy € E(G) and

da(z,2z) = dg(y, 2), for all z € V(G)\{z,y} and it is 2-equidistant to y if dg(x,y) = 2
and dg(z,z) = da(y, 2), for all z € V(G)\{z,y}. A vertex is called a free-vertex in G
if it is neither 1-equidistant nor 2-equidistant to any vertex. The set containing all 1-
equidistant, 2-equidistant, and free-vertices in G are denoted by EQ1(G), EQ2(G) and
fr(G), respectively.

Definition 11. [7] A graph is called free-equidistant if all of its vertices are free-vertices.

Remark 8. [16] Let G and H be two nontrivial graphs such that G is connected. Then
the following assertions hold for any a,c € V(G) and b,d € V(H) such that a # c.

(1) Noim(a,b) = ({a} x Nu{b}) U{Nc{a} x V(H)}
(i) dG[H]((a7 b), (¢,d)) = da(a,c)
(i) dgirr((a,b), (a, d)) = min{dp (b, d), 2}.

Theorem 11. [7] Let G and H be nontrivial connected graphs. Then
W = U,esl{z} x T:], where S C V(G) and T, C V(H) for each x € S, is a 2-resolving
hop dominating set in G[H] if and only if

(i) §=V(G);
(ii) T, is a 2-locating set in H for every z € V(G);

(73) T, or Ty is a (2,1)-locating set or one of T} and T} is a (2,2)-locating set in H
whenever z,y € EQ1(G); and

(i) T, and T, are (2 — locating) dominating sets in H or one of T, and T} is a 2-
dominating set whenever z,y € EQ2(G).
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Theorem 12. [12] Let G and H be nontrivial connected graphs. A subset
C = Uyegl{z} xT;] of V(G[H]) is a hop dominating set of G[H] if and only if the following
conditions hold:

(i) S is a hop dominating set of G;
(i1) T, is a point-wise non-dominating set of H for each z € S with |Ng(z,2) N S| = 0.

Theorem 13. Let G and H be nontrivial connected graphs. Then
W = U,esl{z} x T;], where S € V(G) and T, C V(H) for each x € S, is a 2-resolving
hop dominating set in G[H] if and only if

(i) S is a hop dominating set of G, that is S = V(G);
(i) Ty is a 2-locating set in H for every z € V(G);

(#i) T, or Ty is a (2,1)-locating set or one of T}, and T}, is a (2,2)-locating set in H
whenever z,y € EQ1(G);

(w) T, and T, are (2 — locating) dominating sets in H or one of T, and T} is a 2-
dominating set whenever z,y € EQ2(G); and

(v) Ty is a2-locating point-wise non-dominating set in H for every « € S with | Ng(z,2)N
S| =0.

Proof. Suppose W = | cg[{z} xT] is a 2-resolving hop dominating set of G[H]. Then
W is a 2-resolving set. By Theorem 11, (i) to (i) hold. Since W is a hop dominating
set then by Theorem 12, it follows that (i) and (v) hold. Now, let x € V(G) and p,q €
S\N¢g(S,2) where p # q. Then (x,p) # (x,q). If p,q ¢ T, or [p € T, and q ¢ T,|, then
(z,p), (x,q) ¢ W or [(x,p) € W and (z,q) ¢ W]. Since W is a 2-resolving hop dominating
set in G[H], rgm (@, p)/W) and rgm((x, q)/W) differ in at least 2 positions. Hence, by
Remark 8 and Definition 1, T} is a 2-locating set in H. Thus, (v) holds.

Conversely, suppose (i) to (iv) hold. By Theorem 11, W is a 2-resolving set. Also,
since (¢) and (v) hold. By Theorem 12, W is a hop dominating set.

Accordingly, W is 2-resolving hop dominating set of G[H]. O

The following corollaries are the direct consequences of Theorem 13.

Corollary 6. Let G and H be nontrivial connected graphs. Then,
Yorn(GIH]) < - Iy (H) +m - 21(H) +p- In5" (H),

where n +m + p = |V(G)| with |[EQ1(G)| = n,|EQ2(G)| = m and |fr(G)] = p. In
particular, if n = m = 0, then vory(G[H]) = |V(G)| - lnémd(H).
Corollary 7 follows from Theorem 13.

Corollary 7. Let G and H be nontrivial connected graphs such that G is free-equidistant.
Then

Yorn(GIH]) = |V (G)| - In5"(H).
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Proof. Since G is free-equidistant, then |[EQ1(G)| = |EQ2(G)| = 0. Therefore,

Yorn(GH]) = |V(G)| - Ink"(H). O

Example 12. For any integer n > 2 and m > 4,

o (G1Pn)) = 0 2) = ([P,

Example 13. For any integer n > 2 and m > 5,

e (Gl = - 1(C) = ([

Acknowledgements

The authors would like to thank the Department of Science and Technology - Acceler-

ated Science and Technology Human Resource Development Program (DOST-ASTHRDP)-
Philippines, MSU-Iligan Institute of Technology.

1]

References

C. Berge. Theorie des graphes et ses applications. Methuen (London) and Wiley
(New York), 1962.

J. A. Bondy and U. S. R. Murty. Graph Theory. Springer, 2008.

F. Buckley and F. Harary. Distance in Graphs. Addison-Wesley, Redwood City, CA,
1990.

J. Cabaro and H. Rara. On 2-Resolving Sets in the Join and Corona of Graphs.
European Journal of Pure and Applied Mathematics, 14(3):773-782, 2021.

J. Cabaro and H. Rara. Restrained 2-Resolving Dominating Sets in the Join and
Corona and Lexicographic Product of two Graphs. FEuropean Journal of Pure and
Applied Mathematics, 15(3):1047-1053, 2022.

J. Cabaro and H. Rara. On 2-Resolving Dominating Sets in the Join and Corona and
Lexicographic Product of Graphs. Furopean Journal of Pure and Applied Mathemat-
ics, 15(3):1417-1425, 2022.

J. Cabaro and H. Rara. On Variations of 2-Resolving Sets in Graphs. PhD thesis,
Mindanao State University- Iligan Institute of Technology, 2022.

J. Cabaro and H. Rara. Restrained 2-Resolving Sets in the Join and Corona and Lex-
icographic Product of Graphs. FEuropean Journal of Pure and Applied Mathematics,
15(3):1229-1236, 2022.



REFERENCES 1997

[9]

[13]

[14]

[15]

[16]

R. C. Brigham G. Chartrand D. Dutton and P. Zhang. Resolving Domination in
Graph. Mathematica Bohemica, 128(2003):25-36.

F. Harary and R. Melter. On the metric dimension of a graph. Ars Combinatoria,
2:191-195, 1976.

J. Mohamad and H. Rara. On Resolving Hop Domination in Graphs. FEuropean
Journal of Pure and Applied Mathematics, 14(3):1015-1023, 2021.

J.G.Canoy R. Mollejon and S. Canoy Jr. Hop dominating sets in graphs under binary
operations. European Journal of Pure and Applied Mathematics, 12(4):1455-1463,
2019.

C. Natarajan and S.K. Ayyaswamy. Hop domination in graphs-II. Versita, 23(2):187—
199, 2015.

V. Saenpholphat and P. Zhang. On connected resolvability of graphs. Australian
Journal of Combinatorics, 28:26-37, 2003.

P. J. Slater. Dominating and Reference Sets in a Graph. Journal of Mathematics and
Physical Science, 22(4):445-455.

D. Kuziak I.G. Yero and J.A. Rodriguez-Velasquez. Closed Formu- lae for the Strong
Metric Dimension of Lexicographic Product of Graphs. Discussiones Mathematicae
Graph Theory, 36:1051-1064, 2016.



