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Abstract. In this article, in a generalized metric space, we will focus on new types of sequences.
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1. Introduction

The notion of completeness plays in the theory of metric spaces governs the im-
portance upgrade in topological metrics. Few researchers had examined the significance
of complete metric spaces e.g. [4, 5, 8, 10-13, 15-19]. Inspiring the earlier literature,
Korczak-Kubiak et.al introduced the concept of new metric space namely, generalized
metric space during 2013 and then defined two new things in the name of kernel and per-
fect kernel in a generalized metric space. Using these tools, they generated three types of
complete spaces which has been defined weakly complete, complete and strongly complete
spaces. In addition,they have analyzed the nature of these three types of complete spaces
in generalized metric spaces.

Similarly, the nature of Bourbaki-Cauchy sequences e.g. [2, 3, 9] has been obtained
which influenced some new types of sequences namely Bourbaki-Cauchy, co-finally-Cauchy
and pseudo-Cauchy in a metric space given by Aggarwal et.al [1].

Motivated by this, in a generalized metric space, we redefined three types of sequences
namely, Bourbaki-Cauchy, cofinally-Cauchy and pseudo-Cauchy sequences as well as com-
plete metric spaces. Also, we investigate their significance and give some relationships
between these sequences in a generalized metric space.
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Throughout this paper, R and N denote the set of all real and natural numbers,
respectively.

2. Preliminaries

First, we recall some basic things defined in a generalized metric space which are
useful to the development of the next sections.

Let X # (). The symbol € to denote the family consisting of metrics defined on subsets
of X, that is o € ), then there exists a non-null set B, C X such that ¢ is a metric on B,
where B, is a domain space of o and it will be denoted by dom(o). Then (X, ) is called
as a generalized metric space (GMS) [7].

If o is a metric on X and C is a non-null subset X, then we write o|¢ for the restriction
of the metric o to C x C. Moreover, put Q|c = {o|c | o € Q} for any 2 C Qx where Qx
is the collection of all metrics defined on X [7].

Obviously, if (X, Qx) is a generalized metric space, 2 C Qx and C is a non-null subset
of X, then (C,Q|¢) is a generalized metric space [7].

Denote pgq is the family of Q-open sets in a generalized metric space (X, (2), more
precisely, H € uq if and only if for each ¢ € H, there exist ¢ € 2 and € > 0 such that
B,(c,e) C H where By (c,e) = {d € dom(o) | o(c,d) < e} [7].

Let X be any non-null set. A collection p of subsets of X is a generalized topology [7]
in X if it contains the empty set and it closed under arbitrary union. Then the pair (X, u)
is called as a generalized topological space (GTS) [7].The elements of p are called p-open
set of X.

Moreover, if (X, Q) is a GMS, then (X, puq) is a GTS [7].

Now we remember some definitions and lemmas that are found in [7].
Definition 1. A subset Q of X is said to be p-dense if c,(Q) = X.

Definition 2. Let (X,Q) be a GMS. A finite family Qo C Q is called a kernel of the space
X if for any J € fiq, there exists o € Qg such that iy(J) # O where i = {K € ug|K # 0}.

Definition 3. Let (X,Q) be a GMS and {z,}nen be a sequence in X. Then {z,} is said
to be :

(i) Cauchy if there is a metric o €  and for every ¢ > 0, there exists a positive integer
Ny such that o(zy, 2m) < € for all n,m > Np.

(ii) convergent to z € X if there is a metric o € © and for every € > 0, there exists a
positive integer N7 such that o(z,,2) < e for all n,m > Nj.

Then z is called the limit point of the sequence {zy, }nen.

Definition 4. A generalized metric space (X, <) is a weakly complete metric space if there
exists a kernel Qg C € consisting of complete metrics.

Definition 5. A space X is called as a hyperconnected space [6] if every non-null p-open
subset H of X is a u-dense set.
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3. Relationship among sequences

Here, we degenerate three kinds of sequences namely, Bourbaki-Cauchy, pseudo-
Cauchy and cofinally-Cauchy sequences in generalized metric spaces. In a generalized
metric space, the nature of these sequences is analyzed. In view of complete metric spaces
founded in [7], we define three types of complete metric spaces, namely Bourbaki-complete,
pseudo-complete and cofinally-complete metric spaces. The relationship between these
complete spaces is explored.

Definition 6. Let (X, Q) be a generalized metric space and ¢ be a positive number. An
ordered set of points {co,c1, ..., ¢} is said to be e-chain of length of m from ¢y to ¢y, if
there is a metric o € Q satisfying o(c;—1,¢;) < € where i =1 to m.

Example 7. Consider the generalized metric space (X, ) where X = R,Q = {01,09,03}
and the metrics are defined by o1(c,d) = |¢ — d|;

0 if c=d,
"2(6"1)_{ 1 if c#d
and o3(c,d) = % for all ¢,d € X.
(a). Let ¢ = 0.5 and {c,}™={ be a set of points where ¢y = 1;¢p, = 1 + 0.01
for m =1 to 13. Then the set of points {c;, }"=43 have a e-chain of length of m from ¢y
to ¢;, with respect to o1, 09 and o3.

(b). Let e = 0.6 and {cn}neN = {2},en be a sequence in X. Take {c,, }=}3 be a set
of points where ¢y = 1; ¢ = 95 =1 to 13. Then the set of points {cm}m 13 have
a e-chain of length of m from ¢y to ¢, with respect to o;.

Definition 8. Let (X, ) be a generalized metric space. A sequence {z,},en is said to
be:

(a) Bourbaki-Cauchy with respect to o € 2 in X if for every € > 0, there exist r € N
and ng € N such that whenever n > j > ng the points z; and z, can be joined by an
e-chain of length r with respect to the same metric.

(b) pseudo-Cauchy with respect to o €  in X if for every € > 0 and for every n € N,
there exist s,t € N, s # ¢ such that s,¢ > n and o(zs,2¢) < €.

(¢) cofinally-Cauchy with respect to o € Q in X if for every € > 0, there exists an
infinite subset N; of N such that for every I,m € N, we have o(z;, z1,,) < €.

We notated by,
(o) = {{dn} | {d} is a Bourbaki-Cauchy sequence with respect to o in X };
B(o) = {{ln} | {l.} is a pseudo-Cauchy sequence with respect to o in X };
C(o) = {{ln} | {ln} is a cofinally-Cauchy sequence with respect to o in X};
C(o) = {{un} | {un} is a Cauchy sequence with respect to o in X} where o € Q.
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Definition 9. Let (X,Q) be a GMS. Then o € Q is called Bourbaki (resp. pseudo, cofi-
nally) complete metric if every Bourbaki-Cauchy (resp. pseudo-Cauchy, cofinally-Cauchy)
sequence with respect to o is a convergent sequence with respect to o.

Definition 10. A GMS (X, ) is said to be a Bourbaki (resp. pseudo, cofinally) complete
metric space if there exists a kernel Qg C €2 consisting of all Bourbaki (resp. pseudo,
cofinally) complete metrics.

Theorem 11 and Example 12 are describe the below diagram.

/_\

Cauchy sequence Bourbaki — Cauchy sequence

~_,

Theorem 11 provides an easy way to check, in a generalized metric space, whether a
given sequence is Bourbaki-Cauchy or not. This theorem is direct impact of the definitions
(Definition 3 and Definition 8) so the trivial proof is neglected.

Theorem 11. Let (X, Q) be a generalized metric space. Then the followings are true.
(a) Every Cauchy sequence is a Bourbaki-Cauchy sequence with the same metric.
(b) Every Bourbaki -complete metric space is a weakly complete metric space.

Example 12. Consider the generalized metric space (X,2) where X = R,Q = {0, |
m € N} C Qx with oy,(c,d) = min{og(c,d), L} where og(c,d) = |c — d|. Let {¢n}nen =
{n+ %} and £ > 0 be given. Then {c,} € B(01). But {¢,} ¢ C(o1).

/_\

Cauchy sequence cofinally — Cauchy sequence

~_,

The following Theorem 13 and Example 14 are describe the above diagram.
The following Theorem 13 gives a shortcut for finding the nature of a given Cauchy
sequence in a generalized metric space.

Theorem 13. Let (X, Q) be a generalized metric space. Then the followings are true.
(a) Every Cauchy sequence is a cofinally-Cauchy sequence with the same metric.
(b) Every cofinally-complete metric space is a weakly complete metric space.

Proof. (a). Let 0 € Q and {¢,}neny € C(0). Let € > 0 be given. Then there exists a
positive integer Ny such that o(cp,cp) < € for all n,m > Ny. Take N. = {j : j > No}.
Then N; is an infinite subset of N and o(c, ¢;) < € for all k,l € N.. Hence {¢,,} € €(0).
(b). Directly follows from (a) and the definition of weakly complete metric space.
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Example 14. Consider the generalized metric space (X, ;) where X = RT U {0}, =
{o1,09,03} C Qx and the metrics are defined by o1 (c,d) = |c — d;

0 if c=d,
UQ(C’d)_{c-i-d if ¢ # d.

and o3(c,d) = 112(10(’21) for all ¢,d € X. Define a sequence {cy, }nen by

(on} = log(n) if n is prime,

Cny = 0 otherwise.

in X. Then {¢,} € €(02). But for every € > 0, there is no Ny € N such that oa(cp, cnm) < &
for n,m > Ny. Thus, {c,} ¢ C(o2).

/_\

Cauchy sequence pseudo — Cauchy sequence

~_,

The following Theorem 15 and Example 16 are describe the above diagram. Theorem
15 is reduce the complexity for finding, in a generalized metric space, whether a given
Cauchy sequnce is pseudo-Cauchy sequence or not.

Theorem 15. Let (X, Q) be a generalized metric space. Then the followings are true.
(a) Every Cauchy sequence is a pseudo-Cauchy sequence in X with the same metric.
(b) Every pseudo-complete metric space is a weakly complete metric space.

Proof. (a). Let {c,}nen € C(0). Then there is Ny € N such that o(cy, ¢) < € for all
n,m > Ng. Let ¢ > 0,k € N be given. If £ > Ny, then the result is obvious. Suppose
that k < Ny. Since Ny € N, we get elements [, j € N, # j such that [,j > Ny > k. Also,
o(c, ¢j) < €. Therefore, {c,} € B(o).

(b). Follows from (a).

Example 16. Consider the generalized metric space (X, Q1) where X =R, Q; = {01,09,03} C
Qx and the metrics are defined by

0 if c¢=d,
"l(c’d>_{ 1 if c#d
o2(c,d) = |c —d
and o3(c,d) = min{l,01(c,d)} for all ¢,d € X. Define a sequence {c,}nen by {cn} =

{1,1,2,2,3,3,4,4,5,5,.....} in X. Then {¢,} € P(o2). But for every £ > 0, there exists no
Ny € N such that o9(cp, ¢m) < € for n,m > Ny. Thus, {¢,} ¢ C(o2).
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Theorem 17 and Example 18 are describe the below diagram. The below Theorem 17
gives the relations between Bourbaki-Cauchy sequence and cofinally-Cauchy sequence in

a GMS.

Bourbaki — Cauchy sequence cofinally — Cauchy sequence

~_

Theorem 17. Let (X,Q) be a GMS. Then the followings are true.

(a) Every Bourbaki-Cauchy sequence is a cofinally-Cauchy sequence in X with the same
metric.

(b) Every cofinally-complete metric space is a Bourbaki -complete metric space.

Proof. Let {cp}neny € B(o) and € > 0 be given. Then there is m,ng € N such that
whenever n > j > ng, the points ¢; and ¢, can be joined by an e-chain of length m.
Let N. = {n | n > ng and c,, c;j can be joined by =-chain of length m whenever m — 1
points lie between ¢,, and ¢; where n # j;j > ng;m, j € N}. Then N is an infinite subset
of N. Let k,l € N.. If k and [ are consecutive numbers, then there is nothing to prove.
Suppose that there is some p points lies between k and [. Then ¢ and ¢; can be joined
by Zﬁ—chain of length p 4+ 1 and so the distance between the consecutive numbers is less
than —&. Thus, o(ck, ;) < e. Hence {cn} € €(0).

(b). Directly follows from the definition of Bourbaki-complete metric space and by (a).

Example 18. Consider the generalized metric space (X, Q) where X =R, Qy = {01,02,03} C
Qx and then the metrics are defined by o1 (c,d) = min{|c — d|, 1};

0 if c=d,
"Q(C°d>:{ 1 ife#d

and hence o3(c,d) = 01(c,d)+02(c, d) for all ¢,d € X. Define a sequence {¢;, }nen by {¢n} =
{1,-1,2,-1,3,—-1,4,—1,.....} in X. Then {¢,} € €(01). But {c,} ¢ B(01). Because, for
every € > 0, there is no m,ng € N such that whenever n > j > ng, the points ¢; and ¢,
can be joined by an e-chain of length m.

Theorem 19. Let (X,Q) be a GMS. Then every cofinally-Cauchy sequence has a Cauchy
subsequence with the same metric.

Proof. Let o € Q and {c,}nen € €(0). Given e > 0. Then there is an infinite subset N
of N such that o (¢, cx) < € for eachl,k € N.. Let A be a partially ordered subset of N. with
< ordering and {cn, } be a subsequence of {c,} where ny, € A. Choose M = min{n; | n; €
A}. For ny,ng > M, we get o(cy,,cn,) < €, by the definition of A. Thus, o(cp,,cn,) < €
for every ny,ng > M. Thus, {cn,} € C(c). Therefore, {c,} has a subsequence in C(c).

Theorem 20 and Example 21 are describe the below diagram.
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T

cofinally — Cauchy sequence pseudo — Cauchy sequence

~_

Theorem 20 provides easier way to explore, in a generalized metric space, a given
sequence is pseudo-Cauchy or not.

Theorem 20. Let (X,Q) be a GMS. Then every cofinally-Cauchy sequence is a pseudo-
Cauchy sequence with the same metric.

Proof. Let {c,} € €(0) and € > 0 be given. Then there exists an infinite subset N, of
N such that o(cg,c;) < e for every k,l € N.. Let n € N. Since N. is an infinite subset of
N, there exist p,q € N. with p # q and p,q > n. Also, o(cp,cq) < €. Hence {c,} € P(o).

Example 21 shows that the reverse part of Theorem 20 is need not be true.

Example 21. Consider the generalized metric space (X, Q1) where X =R, Qy = {01,092,03} C
Q) x such that

0 if c=d,
(’1(C’d):{1 if c#d

o2(c,d) = og(c,d) where og(c,d) = |c — d| and then o3(c,d) = % for all ¢,d € X.
Define a sequence {c,}nen = {1,1,1,2,2,2,2,3,3,3,3,3,....}. Then {c,} € P(o2). But
there is no infinite subset N of N such that o(ck,¢;) < € for every € > 0 and k,l € N,.

Thus, {c,} ¢ €(o2).

Next, in the rest of this section, in a generalized metric space, we define a rearrangement
of a sequence and give some interesting results based on this definition.

Definition 22. Let (X,2) be a generalized metric space. Then the sequence {d,} is a
rearrangement of a sequence {c,} if there is a 1-1 correspondence h : N — N such that
n €N, d, = Ch(n)-

Theorem 23. Let (X,Q) be a GMS. If {c,} € €(0), then every rearrangement sequence
of {cn} is cofinally-Cauchy with the same metric.

Proof. Suppose {c,} € €(o). Let ¢ > 0 be given. Then there exists an infinite
subset N. of N such that o(ck,c;) < € for every k,l € N.. Let {d,} be a rearrange-
ment of a sequence {c,}. Then there is a 1-1 correspondence h : N — N such that
n € N,ydp = ¢p(n). Take Ney = {h™(n)|n € N.}. Then N, is an infinite subset of N.
Let p,q € Ny. Then p = h™1(s) and ¢ = h™1(t) where s,t € N.. Now o(dy,d,) =
o(dp-1(s), dp-1(1)) = T(Ch(n—1(s))s Ch(h-1(t))) which implies o(dp,dy) = o(cs,ct), since h is
bijective. Thus, o(dp,d,) < €, since s,t € N.. Therefore, {d,} € €(o). Since {d,} is an
arbitrary rearrangement sequence of {c,} we have every rearrangement sequence of {cy}
is cofinally-Cauchy with the same metric.
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Theorem 24. Let (X,Q) be a GMS. If the rearrangement sequence of {cn} is cofinally-
Cauchy, then {c,} is cofinally-Cauchy with the same metric.

Proof. Assume that, the rearrangement sequence {dy} of {c,} is in €(o). Then there
exists an infinite subset N. of N such that o(d;,d,,) < € for every l,m € N.. By as-
sumption, there is a 1-1 correspondence h : N — N such that n € N,dn = cy(,). Take
N, = {h(n)ln € N.}. Then N is an infinite subset of N. Let n,m € N . Then
n = h(i) and m = h(j) where i,j € Ne. Now o(cn,cm) = o(chs), Cnij)) which implies
o(cn,em) = 0(d;,dj). Thus, o(cn,cm) < €, since i,j € N.. Therefore, {c,} € €(0).

Theorem 25. Let (X,Q) be a GMS, h : N — N be a strictly increasing, bijective function.
If the rearrangement sequence of {cn} under h is pseudo-Cauchy, then {c,} is pseudo-
Cauchy with the same metric.

Proof. Let {dy,} be a rearrangement sequence of {c,} under h. Suppose {d,,} € B(o).
Let € > 0 be given and m € N where m = h(n);n € N. Since n € N and by assumption,
there exist k,l € N,k # | such that k > n;l > n and o(dg,d;) < e. Since k,l € Nk # 1
we have h(k),h(l) € N,h(k) # h(l), by h is one-one. Since h is strictly increasing and
k > n;l > n we have h(k) > h(n); h(l) > h(n). Now o(cpm),crhay) = o(di, di) < €. Thus,
there exist h(k),h(l) € N,h(k) # h(l) such that h(k) > h(n) = m;h(l) > h(n) = m and
o(Ch(k), chy) < €. Hence {c,} is pseudo-Cauchy with the same metric.

4. Asymptotic sequences

Here, in a generalized metric space, two kinds of new sequences are defined and
explore their nature.
We begin with a definition of asymptotic sequence in a generalized metric space.

Definition 26. Let (X, Q) be a generalized metric space. A pair of sequence {s, }nen and
{tn}nen in X is said be:

(a) asymptotic with respect to o € Q if for every € > 0, there exists ng € N such that
0(Sp,tn) < € for all n > nyg.

(b) uniformly asymptotic with respect to o €  if for every £ > 0, there exists ng € N
such that o (s, t,) < € for all m,n > ng.

Theorem 27 gives new tricks to check whether, in a generalized metric space, a given
pair of sequence is in C(o) or not.

Theorem 27. Let (X,Q) be a GMS. If the pair of sequence {cp}nen and {dp}nen is
asymptotic with respect to o € €, then the followings are true.
(a) If {d,,} € C(0), then {c,} € C(0).
(b) If {d,} is a convergent sequence with respect to o € €, then {¢,} is a convergent
sequence with the same metric.

Proof. Assume that, {¢; }nen and {d, }nen is asymptotic with respect to o € Q.
(a) Given that {d,} € C(0). Let € > 0. Then there is Ny € N such that o(d,,dn,) < § for

all n,m > Np. By hypothesis, there exists a positive integer Ny such that o(c,,dn) < §
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for all n > N;. Take N = max{No, N1 + 1}. Then for n,m > N,o(cp,cm) < o(cp,dy) +
o(dp,dm) + o(dm, cm) and so o(cy, ¢) < € for all n,m > N. Hence {c,} € C(0).

(b) Suppose that {d,} is a convergent sequence with respect to o € Q. Let ¢ > 0 be
given and y € X be a limit point of {d, }. Then there is ng € N such that o(d,,y) < §
for all n > ng. By hypothesis, there is n; € N such that o(cp,dn) < § for all n > n;.
Take My = maxz{ng,n1 + 1}. Then o(cy,y) < o(cp,dy) + o(dy,y) and so o(cy,y) < € for
all n > My. Thus, {c,} is convergent to y with respect to o. Hence {¢,} is a convergent
sequence with respect to o € €.

Theorem 28. Let (X,Q) be a GMS, the pair of sequence {cn}nen and {dy, }nen be asymp-
totic with respect to the metric o € Q. If {d,,} € B(o), then {c,} € P(o).

Proof. Assume that, {c,} and {d,} is asymptotic with respect to the metric o € Q and
{dn} € B(o). Let e > 0 and m € N. Then there exists N1 € N such that o(cy,dyn) < 5 for
all n > Ny and there exist k1, j1 € N, k1 # j1 such that ky, j1 > m and o(dy,,dj;) < §.
Case 1: Suppose that, Ny < m. Take k = k1,j = j1. Then k # j and k,j > m. Now
o(ck, cj) < o(ck, dy) + o(dyg, d;) +o(dj, cj) < 5§+ 5+ 5 =¢. Thus, o(c,c;) <e.

Case 2: Assume that, N1 > m. If k1,71 > N1, then we take k = k1,5 = j1. By same
argument in Case 1, we get o(cy,c;) < €.

Suppose that, k1,71 < Ni. Since {d,,} € P(o) and N1 € N, there is ko, jo € N, ko # jo such
that ko, jo > Ny and U(de,djz) < % Take k = ko,j = jo. Then O'(Ck,Cj) < O'(Ck,dk) +
o(dg,dj) + o(dj, cj) and so o(cg, c;) < €.

If kit < Ny < jl, then there is kg,jg S N, ko 75]2 such that k’g,jg > j1 and O’(dk2,dj2) < %,
since {dy} is a pseudo-Cauchy sequence and ji € N. Take k = ka, j = jo. Then o(cg,c;) <
o(ck,dy) + o(dg,d;) + o(dj, ¢;) and so o(ck,c;) < €. From all the cases, we get for every
e >0 and m € N, there exist k,j € N,k # j such that k,j > m and o(x,z;) < €.
Therefore, {c,} € P(o).

Theorem 29 provides an easier way to check the nature of a given pair of sequence
using the tool namely, asymptotic.

Theorem 29. Let (X,Q) be a generalized metric space, the pair of sequence {c,}nen and
{dn}nen be asymptotic with respect to the metric o € Q. If {d,} € B(0), then {c,} € B(0).
Proof. Let ¢ > 0 be given. Then there exists N1 € N such that o(cy,d,) < € for all
n > Ny and there exist mi,n1 € N such that whenever n > j > ny, the points d; and d,
can be joined by an e-chain of length m;.
Case 1: If N1 > nq, then take k =mq1+4+2 andl = Ny. Then k,l € N. If n > i > [, then we
can choose elements between ¢; and c,, namely, ¢;,d;, di+1, ..., dp—1,dp, cp. Since ng < i <
n, the points d; and d, can be joined by an £-chain of length my, by assumption. Thus,
o(di,dit1) < €,0(dit1,diy2) < &,...,0(dn—1,dp) < €. Also, o(cn,dyn) < € and o(c;,d;) < €.
Therefore, the points ¢; and ¢, can be joined by an e-chain of length k.
Case 2: Suppose that N1 < ny. Choose k = mq + 2 and | = ny. Then by same argument
as in Case 1, we get the points c;,c, such that ¢; and ¢, can be joined by an e-chain of
length k.
Hence in both cases, we get that the sequence {c,} € B(o).
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The following Theorem 30 is reduce the complexity for finding whether, in a generalized
metric space, a given pair of sequence is uniformly asymptotic or not using asymptotic.

Theorem 30. Let (X,Q) be a generalized metric space, the pair of sequence {cp}nen and
{dn}nen be asymptotic with respect to o € Q. If either {c,} or {d,} is Cauchy sequence
with respect to o € §, then the pair of sequence {c,} and {d,} is uniformly asymptotic
with respect to o.

Proof. Given that the pair of sequence {c,} and {d,} is asymptotic with respect to
o € Q. Let e > 0. Then there is Ni € N such that o(c,,d,) < § for all n > Ny. If
{en} € C(o), then there is Ny € N such that o(cn,cn) < § for all n,m > No. Take
N = max{Ny, N1 + 1}. Then for n,m > N,o(cpm,dn) < o(Cm,cn) + o(cp,dy) and so
o(Cm,dn) < € for all n,m > N. Hence the pair of sequence {cn} and {d,} is uniformly
asymptotic with respect to o.
Similarly, we can prove that the pair of sequence {c,} and {d,} is uniformly asymptotic

if {dy} € €(0).

Theorem 31 provides the necessary condition for a given pair of a convergent sequence
is asymptotic in a generalized metric space.

Theorem 31. Let (X,Q) be a generalized metric space and {cp},{d,} be convergent
sequences with respect to o € Q. If they have the limit points joined by an e-chain of length
1 for every € > 0, then the pair of sequence is asymptotic with the same metric.

Proof. Let ¢,d € X be the limit points of the sequences {c,} and {d,}, respectively
with respect to 0. Let € > 0 be given. Then there exists No, N1 € N such that o(cp,c) < %
for every n > No and o(d,,d) < § for every n > Ny. Take M = max{No, N1}. For
n > M,o(cp,dn) < 0(cn,c) +o(c,d) + o(y,dn) and so o(cy,dn) < 5+ o(c,d) + 5. By
assumption, the points c and d can be joined by an §-chain of length 1. Thus, o(c,d) < §
and hence o(cp,dy) < € forn > M. Hence the pair of sequence {cn} and {dy} is asymptotic
with respect to the metric o.

The following Example 32 shows that the necessary condition in Theorem 31 can not
be dropped.

Example 32. Consider the generalized metric space (X, ;) where X = NU{0},Q; =
{01,02,03} C Qx and the metrics are defined by o1 (c, d) = |c—d|; o2(¢c, d) = min{oi(c,d), 1}

and o3(c,d) = % for all ¢,d € X. Define the sequence {c,,} and {d,,} by {c,} = {2}

and {d,,} = {1+ 2}. Then {c,} converges to 0 and {d,} converges to 1 with respect to
o1. Here the points 0 and 1 can not be joined by an e-chain of length m where € > 0,m
is a positive integer. Also, for every € > 0, there is no ng € N such that o1(cy,d,) < € for
all n > ng

Theorem 33. Let (X,Q) be a generalized metric space. Then every convergent sequence
and its convergent subsequence are asymptotic with the same metric.

Proof. Let {c,} be a convergent sequence with respect to the metric o € Q and {z,} be
a convergent subsequence of {c,} with the metric o. Let x be a limit point of the sequence
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{en}. Then x is also a limit point of the subsequence {z,}. Let € > 0 be given. Then there
exists No, N1 € N such that o(cp,x) < 5 for alln > No and o(z,,x) < § for all n > Nj.
Choose M = max{No, N1}. For n > M,0(cn,2,) < 0(cp,x) +0(x,2,) < §+ 5 =€ and
50 0(Cp,2n) < € for n > M. Hence the pair of sequence {c,} and {z,} is asymptotic with
respect to the metric o.

In a generalized metric space, the existence of a convergent sequence using convergent
subsequence can be found straightforwardly by Theorem 34.

Theorem 34. Let (X,Q) be a generalized metric space and {c,}nen has a convergent
subsequence {zp}nen with respect to o € Q. If the pair of sequence {c,} and {z,} is
asymptotic with respect to the metric o, then {c,} is a convergent sequence with the same
metric.

Proof. Given that {z,} is a convergent subsequence of {c,} and z is a limit point of the
sequence {z,} with respect to o € Q. Let € > 0 be given. Then there exists Ny € N such
that 0(zn,2) < § for every n > Ny. Since the pair of sequence {c,} and {z,} is asymptotic
with respect to o, there exists N1 € N such that o(cn,2,) < § for every n > Ny. Take
M = max{No, N1 + 1}. For n > M, o(cy,2) < 0(cn,2n) + 0(2n,2) < 5+ 5 = €. Thus,
o(cn,2) < € for every n > M. Hence {c,} is a convergent sequence with respect to o.

The condition that convergence on the sequence {c,} can not be dropped in Theorem
33 as shown by the following Example 35. Also, it shows that the condition asymptotic is
necessary in Theorem 34.

Example 35. Consider the generalized metric space (X, Q) where X =R, Qy = {01,092,03} C
Qx and the metrics are defined by o1 (c,d) = %; oa(c,d) = min{oi(c,d), 1} and

0 if c=d,
U3(C’d):{1 it c#d

for all ¢,d € X. Let {c,} = {(—=1)"}nen be a sequence in X and {d,} be a subsequence
of {¢n} defined by d,, = 1 for all n € N. Then {d,,} is a convergent subsequence of {c,}
with respect to the metric o1 € Q;. Here {c,} is not a convergent sequence. Also, {c,}
and {d,,} are not asymptotic with respect to the metric o;.

The following Example 36 shows that the condition convergent on {z,} can not be
dropped in Theorem 34.

Example 36. Consider the generalized metric space (X, Q) where X =R, Qy = {01,092,03} C
Qx and the metrics are defined by o1(c,d) = |c — d|; 02(¢c, d) = min{o1(c,d), 1} and

0 if c=d,
U3(c’d):{1 if c#d

for all ¢,d € X. Let
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1 if mnisodd
{c"}_{z if

n is even

be a sequence in X and {z,} be a subsequence of {c,} defined by z, = ¢;42 for all n € N.
Then the pair of sequence {c,} and {z,} is asymptotic with respect to the metric o;. But
{cn} is not a convergent sequence with respect to the metric oq. Because, {z,} is not a
convergent subsequence of {¢,} with respect to the metric o1 € Q.

{dn} € B(0) —— {ca} € C(0) «—— {dn} € B(0)

[

{d,} € €(0)
The following Theorem 37 describe the above diagram.

Theorem 37. Let (X,Q) be a generalized metric space, the pair of sequence {c,} and
{d,} where ¢, # d,, for all n € N be uniformly asymptotic with respect to o € Q. Then
{cn} € C(0) if any one of the following hold.
(a) {dn} € B(0).
(b) {dn} € €(0).
() {dn} € F(o).

Proof. Let ¢ > 0 be given. Then there exists Ng € N such that o(cy, dn) < § for every
m,n > Ny, since the pair of sequence {c,} and {d,} is uniformly asymptotic.
(a) Given that {d,} € B(0). Then there exist [, ky € N such that whenever n > j > ko,
the points d; and d,, are joined by an §-chain of length I. Choose M = max{No + 1, ko}.
For n,m > M, o(cn,cm) < 0(cn,dng1) + 0(dns1,dny2) + 0(dng2,cm) < 5§+ 5+5 =€
Thus, o(cp, ) < € for every n,m > M. Therefore, {c,,} € C(0).
(b) Let {dn} € €(c). Then there exists an infinite subset N of N such that o(dy,d;) < §
for all k,j € N.. Let N = min{N; : N; € N.} and take M = maxz{Ny + 1, Ni.}. For
n,m > M,o(cn,cm) < o(cn,dj) + o(dj,d;) + o(dg, cm), since N is an infinite subset of
N, there exist j,k € N. such that j,k > M. Thus, o(cs,cm) < §+ §+ § = €. Hence
o(cn,cm) < € for all n,m > M. Therefore, {c,} € C(0).
(c) Suppose that {d, } € PB(o). Then there exists k,l € Nwith k # [ and k,I > Ny such that
o(dy,d;) < §. Take M = No+1. For n,m > M, 0(cn, cm) < 0(cn, di)+0(dr, di)+0o(dy, cm).
Thus, o(cn,cm) < § + 5+ § = &. Therefore, o(cp,cm) < € for all n,m > M. Hence

{cn} € C(0).

Theorem 38. Let (X,Q) be a GMS. Then (X, ) is a weakly complete space if and only
if there is a kernel Qo C Q and if the pair of sequence {c,} and {d,} is asymptotic with
respect to o € Qo and {d,,} is Cauchy with respect to o, then {c,} is a convergent sequence
with the same metric.

Proof. Given that (X, Q) is a weakly complete space. Then there exists a kernel Qg C
consisting of complete metrics. Let the pair of sequence {c,} and {d,} be asymptotic with
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respect to o € Qo and {d,} is Cauchy with the same metric. Then {d,} is convergent
with respect to 0. By Theorem 27 (b), {cn} is a convergent sequence with the same metric.
Conversely, let {z,} be a Cauchy sequence with respect to the metric o € Q. Define the
sequence {tp} in X by t; = 2,ta = 1 and t, = zp—2 for n > 3. Since {z,} is Cauchy,
for every e > 0, there exists Ny € N such that o(zp,t,) < € for every n > Ny. Thus, the
pair of sequence {zn} and {t,} is asymptotic with respect to o € Qy. By assumption, {t,}
is a convergent sequence with the same metric. By Theorem 27 (b), {z,} is a convergent
sequence with respect to o € Qq. Since o is arbitrary, o consisting of complete metrics.
Therefore, (X, Q) is a weakly complete space.

Definition 39. Let (X,;) and (Y,Q2) be two generalized metric spaces. A function
h:(X,Q1) — (Y,Q2) is said to be Cauchy-continuous if {h(zy)}nen is a Cauchy sequence
in (Y, q) for any Cauchy sequence {z, }nen in (X, ).

That is, h is Cauchy-continuous if {z,} is Cauchy with respect to o € 1, then there
is 0 € Qg such that {h(z,)} is Cauchy with respect to o.

Theorem 40. Let (X, Q1) and (Y,Q2) be two GMSs. If h : X — Y is a Cauchy continuous
map and if {c,} is a cofinally-Cauchy sequence in X, then {h(c,)} has a cofinally-Cauchy
subsequence in Y.

Proof. Let {c,} be a cofinally-Cauchy sequence in X. Then there exists a metric o € )y
such that {cy} is a cofinally-Cauchy sequence with respect to this metric in X. By Theorem
19, {cn} has a Cauchy subsequence {cy, } with respect to the same metric in X. Since h
is Cauchy continuous, there exists a metric d € Qg such that {h(cp,)} is Cauchy with
respect to d. By Theorem 13 (a), {h(cn,)} is a cofinally-Cauchy sequence with respect to
the metric d. Hence {h(cy)} has a cofinally-Cauchy subsequence in Y.

Definition 41. Let (X,;) and (Y,Q2) be two generalized metric spaces. A function
h:X —Y is said to be:

i). Bourbaki-Cauchy regular (in short, BC-regular) if {h(zy)}nen is a Bourbaki Cauchy
sequence in (Y, Q2) whenever {z, }nen is Bourbaki Cauchy in (X, Q).

ii). cofinally-Cauchy regular (briefly, CC-regular) if {h(zy)}nen is a cofinally Cauchy
sequence in (Y, Qq) whenever {z, },en is cofinally Cauchy in (X, ;).

iii). pseudo-Cauchy regular (in short, PC-regular) if {h(zy)}nen is a pseudo Cauchy
sequence in (Y, Q) whenever {z, }nen is pseudo Cauchy in (X, Q).

That is, h is Bourbaki-Cauchy regular (resp. CC-regular, PC-regular) if {z;,}nen is
Bourbaki (resp. cofinally, pseudo) Cauchy with respect to o1 € €, then there is d € Qo
such that {h(z,)}nen is Bourbaki (resp. cofinally, pseudo) Cauchy with respect to d.

The following three theorems (Theorem 42, Theorem 43 and Theorem 44) are give
some relations between the functions defined in above Definition 41.
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Theorem 42. Let (X,Qq) and (Y,Q9) be two GMSs, h: X — 'Y be a BC-regular map. If
every cofinally-Cauchy sequence {c,} in X, there exists a sequence {dy} in X with ¢, # dy,
for every n € N such that the pair of sequence {c,} and {d,} is uniformly asymptotic with
respect to the same metric, then h is a CC-reqular map.

Proof. Let {ay} € €(0) where o € Qy. Then by hypothesis, there exists a sequence
{bn} in X with ay, # b, for every n € N such that the pair of sequence {a,} and {b,} is
uniformly asymptotic with respect to o. By Theorem 37, {b,} € C(o) and so {b,} € B(0),
by Theorem 11(a). Then {a,} € B(o), by Theorem 29. Since h is a BC-regular map,
there is a metric d € Qg such that {h(a,)} € B(d) where d € Qa. By Theorem 17,
{h(ayn)} € €(d) where d € Qa. Hence h is a CC-regular map.

Theorem 43. Let (X,Q1) and (Y,Q2) be two generalized metric spaces, h: X =Y be a
Cauchy-continuous map. If for every Bourbaki-Cauchy sequence {c,} in X, there exists a
sequence {d,} in X with ¢, # dy, for every n € N such that the pair of sequence {c,} and
{dn} is uniformly asymptotic with the same metric, then h is a BC-reqular map.

Proof. Let {an} € B(c) where o € Q. Then by hypothesis, there exists a sequence {by,}
in X with a,, # by, for everyn € N such that the pair of sequence {a,} and {b,} is uniformly
asymptotic with the same metric. By Theorem 37, {b,} € C(c). Then {a,} € C(o), by
Theorem 27. Since h is a Cauchy-continuous map, there is a metric d € Qo such that
{h(an)} € C(d) where d € Qy. By Theorem 11(a), {h(a,)} € B(d) where d € Qo. Hence h
18 a BC-reqular map.

Theorem 44. Let (X,Q1) and (Y,Q2) be two generalized metric spaces, h: X —Y be a
CC-regular map. If for every cofinally-Cauchy sequence {s,} in'Y, there exists a sequence
{tn} in'Y with s, # t, for every n € N such that the pair of sequence {s,} and {t,} is
uniformly asymptotic with the same metric, then h is a Cauchy-continuous map.

Proof. Let {a,} € C(o) for o € Q1. By Theorem 13, {a,} € €(o).. Since h is a
CC-regular map, there is a metric d € Qg such that {h(a,)} € €(d) where d € Q3. By
hypothesis, there exists a sequence {by} in'Y with h(ay) # by for every n € N such that
the pair of sequence {h(ay)} and {b,} is uniformly asymptotic with the same metric. By
Theorem 37, {by} € C(d) for d € Qa. Then {h(ay)} € C(d) where d € Qa, by Theorem 27.

Hence h is a Cauchy-continuous map.

The following Theorem 45 gives a necessary condition for a weakly complete metric
space to be a cofinally-complete metric space.

Theorem 45. Let (X,) be a weakly complete space. If for every cofinally-Cauchy se-
quence {s,} in X, there exists a sequence {t,} in X with s, # t, for every n € N such
that the pair of sequence {s,} and {t,} is uniformly asymptotic with the same metric,
then (X, ) is a cofinally-complete space.

Proof. Given that (X, Q) is a weakly complete space. Then there exists a kernel Qg C
consisting of complete metrics. Let o9 € Qo and {a,} € €(0¢). By hypothesis, there ezists
a sequence {t,} in X with a, # t, for every n € N such that the pair of sequence {a,}
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and {t,} is uniformly asymptotic with the same metric. By Theorem 37, {t,} € C(o¢) and
hence it is a convergent sequence, by assumption. Hence {a,} is a convergent sequence
with respect to oo, by Theorem 27(b). Thus, Qg consisting of complete metrics. Therefore,
(X, ) is a cofinally-complete space.

In Theorem 45, if we replace “cofinally-Cauchy” by “pseudo-Cauchy” we get that
(X, ) is a pseudo-complete space.

Theorem 46. Let (X,Q) be a GMS, the pair of sequence {c,} and {d,} is asymptotic,
{d,} € B(0). If every % -chain have length k — 1 where k € N,e > 0, then the pair of
sequence {c,} and {d,} is uniformly asymptotic with respect to the same metric.

Proof. Let ¢ > 0 be given and m € N. Since = > 0 and {d,} € B(0), there exist
n1,my € N whenever n > j > ny such that the points d; and d, can be joined by an
=-chain of length my. By hypothesis, my = m — 1. Since = > 0 and the pair of sequence
{en} {dn} is asymptotic, there exists No € N such that o(cy, d,) < = for alln > Ny. Take
M = max{ny, No}. For n,m > M,

Case 1: If m <n, then M > m < n. By assumption, the points d,, and d,, can be joined
by an = -chain of length m — 1. Thus, o(dm, dn) < % Now o(cm, dpn) < 0(Cm, dm) +
0(dm,dy) < & + 22 — o

Case 2: Suppose that m > n. Then by similar argument as in Case-1, we get o(cm,dy) < €.
From Case 1 and Case 2, we get, o(cm,dn) < € for all m,n > M. Hence the pair of
sequence {c,} and {d,} is uniformly asymptotic with respect to the metric o € Q.

Next, the rest of this section, in a hyperconnected space, some interesting results for
uniformly asymptotic sequence are proven.

Theorem 47. Let (X,Q) be a GMS and {c,},{d,} be Cauchy, cofinally-Cauchy sequences
with respect to o € Q in X, respectively. If (X, uq) is a hyperconnected space, then the
pair of sequence {c,} and {d,} is uniformly asymptotic with the same metric.

Proof. Let € > 0 be given. Then there is ng € N such that o(cn,cm) < § for all
n,m > ng and there is an infinite subset N of N such that o(dy,d;) < § for every k,l € N.
Take Moy = max{ng,n1 | n1 = inf{N:}}. If By(cn,5) N By(di, §) = 0, then Bo(cn, §) C
X — By(dy, §). This implies i,,(X — By(d;, §)) # 0 which implies that c,.,(By(d;, §)) # X.
But B, (dy, §) is po-dense, since (X, pq) is a hyperconnected space. Therefore, By (cpn, 5)N
By(di,5) # 0. Let t € By(cn, ) N By(dy, §). Then o(cy,t) < 5 and o(d;,t) < §. For
li,m1 > My, o(ciy,dm,) < o(cy,cn) + o(en, t) +o(t,d) + o(dy,dm,). If my € N, then
we get o(dy,dp,) < 5. Therefore, o(c;,,dm,) < € for all ly,my > My. Assume that,
my & Ne. Since (X, uq) is a hyperconnected space, Bo(dy, §) is uo-dense. Then B, (dy, §)N
By(dmy, §) # 0, since By(dm,, §) € fin. Let z € By (di, §) N By(dmy, ). Then o(dy, dm,) <
o(dy,z) +0(z,dm,) < §+§ = 5. Therefore, o(c;,,dm,) < € for all Iy, m1 > M. Hence the
pair of sequence {c,} and {d,} is uniformly asymptotic sequence with respect to o € € in
X.
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Corollary 48. Let (X,Q) be a GMS and {c,},{dn} be Cauchy sequences with respect to
o€ Qin X. If (X, pq) is a hyperconnected space, then the pair of sequence {cn} and {dy}
18 uniformly asymptotic sequence with respect to the same metric.

Theorem 49. Let (X,Q) be a GMS and {cy},{d,} be Cauchy, convergent sequences with
respect to o € Q in X, respectively. If (X, uq) is a hyperconnected space, then {c,} is a
convergent sequence with respect to o.

Proof. Let € > 0 be given and y be a limit point of {d,}. Then there exist positive
integers ng,n1 € N such that o(cy,cm) < § for all n,m > ng and o(dy,y) < § for all
n > ny. Take M = max{ng,ni}. Fix n > M. Since (X, uq) is a hyperconnected space,
By(cn, 5)NBy(y, 5) # 0. Let t € Bo(cn, 5) NV By(y, 5). Then o(cn,y) < o(cn,t) +0o(t,y) <
s+ 5 = €. Therefore, o(cn,y) < € for alln > M. Hence {c,} is a convergent sequence
with respect to o.

Definition 50. Let (X, ) be a GMS. Then  is said to satisfy the 8-property if o;(c, d) <
oj(e,d) or oj(c,d) < oi(c,d) for any 0,05 € Q and ¢,d € X.

Theorem 51. Let (X,Q) be a GMS, § satisfies the S-property and the pair of sequences
{cn} and {d,} be asymptotic with respect to oj € Q. Then the following hold.

(a) If {¢,,} € C(0i), then {d,} € C(o;).

(b) If {c,} is convergent with respect to o; € 2 in X, then {d,,} is convergent with respect
to o;.

Proof. (a). Suppose that {c,} € C(0;). Let € > 0 be given. Then there is positive
integers ng, n1 such that o;(c,,d,) < § for all n > ng and oi(cy, ¢n) < § for all n,m > ny.
By hypothesis, o;(c,d) < g;(c,d) or oj(c,d) < oi(c,d).

Case 1: If 0i(c, d) < 0j(c,d), then o;(cy, dy) < § for all n > ng. Choose No = maz{nog,n1}.
For n,m > Ny, 0i(dn, dyn) < 0i(dn, cn)+0i(cn, cm) +0i(Cm, dm) < §+5+5 = €. Therefore,
oi(dy,dp) < € for all n,m > Ny. Hence {d,} € C(0;).

Case 2: If 0j(c,d) < oi(c,d), then the proof is completed by replacing i by j as in the
proof of Case-1.

(b). It is obvious.

Theorem 52. Let (X,Q) be a GMS, Q satisfy the S-property and the pair of sequences
{cn} and {d,} be uniformly asymptotic with respect to o; € Q2. Then the following hold.
(a) If {d,} € €(0;), then {d,} € C(a;).

(b) If {dn} € B(0i), then {d,} € C(0).

In [14], Preecha Yupapin et. al have obtained new set of properties of nowhere dense
sets. Inspired by this, rest of this section, we check some of the collections are whether
satisfies the stack property or not, in a generalized metric space.

Let (X, 1) be a GTS. A family € of subsets of X is called a stack [13] if C' € € whenever
Deéand D CC.

Theorem 53. Let (X,Q) be a GMS and n = {{cn}nen | {en}nen is a cofinally-Cauchy
sequence in X }. Then n is a stack.
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Proof. Let {dy}nen be a subsequence of {cp}tnen in X where {dy}neny € n. Then there
is a metric o € Q such that {dy}neny € €(0) and so for every € > 0, there exists an
infinite subset N of N such that for every n,j € N. we have o(dy,d;) < €. By hypothesis,
o(cn,cj) < € for every m,j € N.. Thus, for every ¢ > 0, there exists an infinite subset
N. of N such that for every n,j € N, we have o(cy,c;) < €. Therefore, {cp}nen € €(0).
Hence {cp}tnen € n. Thus, 1 is a stack in (X, ).

Theorem 54. Let (X,Q) be a generalized metric space and n = {{cn}nen | {cn}tnen is a
pseudo-Cauchy sequence in X }. Then n is a stack.

Proof. Let {ln}nen be a subsequence of {ky}nen in X where {ly}nen € n. Then there
is a metric o € Q such that {l,}neny € P(o) and so for every e > 0 and for every n € N,
there exist s,t € N, s # t such that s,t > n and o(ls,l;) < €. By hypothesis, o(ks, ki) < €.
Thus, for every e > 0 and for every n € N, there exist s,t € N, s # t such that s,t > n
and o(ks, ki) < €. Therefore, {kp}nen € B(0). Hence {kn}nen € n. Thus, n is a stack in
(X,Q).

Theorem 55. Let (X,Q) be a generalized metric space. If n = {Qo | Qo is a kernel in
X}, then n is a stack.

Proof. Let Q1 C Qg where Q1 € n. Then Q4 is a kernel. Let K € fig. Then there exists
o € Qy such that i, K # (). Since Q1 C Qo we have there exists a metric o € Qg such that
io K # (0. Hence Qg is a kernel.

5. Conclusions

The various relations between the three types of sequences in a generalized metric
space has evaluated. Further, the necessity of uniformly asymptotic condition has been
examined to prove some new relationship between the functions defined in Definition 41.
Hence the meaning of the collection of sequences has been analyzed.
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