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Abstract. This paper presents dual B-topologies that are determined by filterbase and some
sets in a dual B-algebra. Also, some properties of a filterbase in a dual B-topological space are
provided. In particular, a commutative dual B-topological space and a symmetric B-topological
space are topological dual B-algebras.
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1. Introduction

In 1998, D.S. Lee and D.N. Ryu [5] introduced the notion of a topological BCK-
algebra. Moreover, they derived a filter base generating a BC K-algebra topology. On
the following year, Y.B. Jun et al. [4] gave a filterbase generating a BC'I-topology and
making a BCI-algebra into a topological BCI-algebra for which the filterbase is a fun-
damental system of neighborhoods. In 2019, K.E. Belleza and J.P. Vilela introduces and
characterized the notion of a dual B-algebra [2]. Moreover on the following year, K.E.
Belleza introduces the dual B-topological space and a tdB-algebra involving dual B-ideals
and dual B-subalgebras.

2. Preliminaries

Definition 1. [2] A dual B-algebra XP is a triple (X, 0,1) where X? is a non-empty

set with a binary operation “o” and a constant 1 satisfying the following axioms for all
z,y,zin XP:
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(DBl) zoxz=1; (DB2)lox=ux; (DB3)zo(yoz)=((yol)oz)ocz.
Lemma 1. [2] Let XP be a dual B-algebra. For any x,y in XP, xoy = 1 implies z = .
Theorem 1. [2] Let X = (X,0,1) be any algebra of type (2,0). Then X is a dual B-

algebra if and only if for any x,y,z € X,
(i) xox=1; (i) x = (xol)ol; (iii) (xoy)o(roz)=yoz.

Definition 2. [2] Let X be a dual B-algebra. Define a binary operation “+” on X as
follows: 2 4+ = (xo1) oy for all 2,y in X”. A dual B-algebra is said to be commutative
ifz+y=y+a, thatis, (rol)oy = (yol)ox for all 2,y in XP.

Proposition 1. [2] Suppose XP is a commutative B-algebra. Then for all x,y in X7,
xo(yoz)=yo(roz).

Let XP be a dual B-algebra such that z oy = y oz for all ,y € X?. Then we say
that X P satisfies a symmetric condition [2).

Lemma 2. [2] Let X be a dual B-algebra satisfying a symmetric condition. Then for
all v,y,2 € XP (xoy)o(zo0y)=z02.

Definition 3. [1] Let X be a dual B-algebra and S a nonempty subset of X”. Then S
is called a dual B-subalgebra of X7 if S itself is a dual B-algebra with binary operation
of XP on S.

Definition 4. [1] Let X” be a dual B-algebra. A subset I of X? is called a dual B-filter
if it satisfies the following axioms: for all z,y in X P,

(dF1) 1€ F; (dF2) zoy € F and z € F imply y € F.

Definition 5. [3] Let X be a set. A topology (or topological structure) in X is a family
7 of subsets of X that satisfies the following:

(i) Each union of members of 7 is also a member of ;
(ii) Each finite intersection of members of 7 is also a member of 7; and
(ili) @ and X are members of .

A couple (X, 7) consisting of a set X and a topology 7 in X is called a topological
space. We also say “7 is the topology of the space X”. The members of 7 are called open
sets of (X, 7). A family B C 7 is called a basis for 7 if each open set is the union of
members of B. Let (X, 7x) and (Y, 7y) be topological spaces. A map f: X — Y is called
continuous if the inverse image of each open set in Y is open in X (that is, if f~! maps
Ty into 7x). [3]

Theorem 2. [3] Let B C 7. The following two properties of B are equivalent:
(i) B is a basis for ;
(ii) for each G € 7 and each x € G, thereisa U € B withz € U C G.
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Definition 6. [3] Let (X, 7) be a topological space. By a neighborhood of an element x
in X (denoted as U(z)) is meant any open set (that is, member of 7) containing .

Definition 7. [3] Let {Y, | « € A} be any family of topological spaces. For each o € A,
let 7, be the topology for Y,,. The Cartesian product topology in ], Y, is that having for
subbasis all sets (Ug) = pEI(Ug), where p : [[, Yo — Ya, Us ranges over all members of
75 and S over all elements of A.

Definition 8. [1] Let X” be a dual B-algebra. A topology 7 on XP is called a dual
B-topology and the couple (X, 7) is called a dual B-topological space.

Remark 1. Let XP be a dual B-algebra and nonempty A, B € X”. Then
AoB={aob|a€ A,be B}.

Definition 9. [1] The triple (X, 0,7) is called a topological dual B-algebra (or tdB-
algebra) if 7 is a dual B-topology and the binary operation o : XP x XP — XP is
continuous where the topology on X x XP is the Cartesian product topology.

Theorem 3. [1] Let XP be a dual B-algebra and 7 a dual B-topology. Then (XP o, 7)
is a tdB-algebra if and only if for all x,y € XP and U(z oy), there exists U(x) and U(y)
such that U(x) oU(y) C U(x oy).

3. Dual B-topological Space Determined by Some Sets

Suppose X is a dual B-algebra. For each V C X? and z € XP, let us denote the
following notations:

() Vizl={ye XPlazoyeV}; (i) V'[z]={ye XP |yoz,zoyeV}

Remark 2. Let XP be a dual B-algebra and V' C X”. Then V’[z] C V|[z] for any
re XP.

Example 1. Consider the set X? = {1,a,b,c,d, e} and binary operation o as defined in
the table below.

D QU O = o
D /AL QT
QO 0 Q= QR
QU OO~ o
Q o, 0 Q. 0|0
= Q0 0
— Q TR O B0

Then XP? is a dual B-algebra [1]. Let V = {a,d,e}. Then V[b] = {1,c,e} and V'[b] =
{c,e}.
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Proposition 2. Suppose XP is a dual B-algebra and V. C XP such that 1 € V.. Then
x € V'[z]. In particular, V = {1} if and only if V]z] = {x} = V'[z] for any z € X.

Proof. Suppose X is a dual B-algebra and V C X such that 1 € V. By (DB1),
rox=1€V forall z € XP. This implies that x € V'[z].

Suppose V' = {1}. Then V[z] = {a} = V'[z] for any x € X. Let V[z] = {a} = V'[z].
Then zox € V. Thus, 1 € V. Suppose a € V such that a # 1. Then there exists y € X
such that z oy = a with  # y. Hence, y € V[z], a contradiction. Therefore, V' = {1}.

Proposition 3. Let X be a dual B-algebra and U,V € XP. IfU C V, then Ulx] C V]x]
and U'[z] C V'[x] for any z € XP.

Proof. Suppose XP is a dual B-algebra and U,V C XP. Let y € Ulz]. Then
xoy e U CV. Hence, y € V[z] which implies that U[z] C Vz]. Similarly, U'[x] C V’[x].

Proposition 4. Let X be a dual B-algebra satisfying the symmetric condition and V C
XD such that for all p,qg € V and x € XP, po(xoq) = 1 impliesx € V. Then
V'[z] o V'[y] C V'[z 0y].

Proof. Let poq € V'[z]oV'[y] where p € V'[z] and ¢ € V'[y]. Then pox, zop, goy,yoq €
V. By (DB1), Lemma 2, (DB3), symmetric condition, and (DB2), 1 = (poz)o(pox) =
)

(pox)of(pog)o(xoq)]=(pox)o[(pog)of(zxoy)o(goy)]] =@oxz)o||[[(xoy)el]o
(poq)}O(qoy)) = (pox)o [[(xoy)O(poq)]O(qoy) . Since (pox),(goy) € V and

(pox)o [[(moy) o(pogq)]o (qoy)] = 1, this implies that (zoy)o(poq) € V by the hypothesis.
Similarly, (pogq)o (zoy) € V. Hence, poq € V'[x oy]. Therefore, V'[x] o V'[y] C V'[z0y].

Theorem 4. Let Q be a family of nonempty subsets in a dual B-algebra XP that is closed
under finite intersections. Then the set 7 = {U C XP | Vo € U,3V € Q such that Vx| C
U} is a dual B-topology on XP.

Proof. Let X be a dual B-algebra and # € X”. Note that V[z] C XP for any V € Q.
This implies that X € 7. Since @ does not contain any element, then it is vacuously true
that @ € 7. Suppose Uy,Us € 7 and x € Uy NUs. Then there exist Vi, Vo € € such that
Vi[z] C Uy and Va[x] C Us. Since ViNVa C Vi, Vo, it follows that (ViNVa)[z] C Vi[z] C Uy
and (V4 NVa)[z] C Va[z] C Uy by Proposition 3. Moreover by the hypothesis, V; NVa € Q.
This implies that (V41 NV3)[z] € Uy and (Vi1 NVa)[z] C Uz or (Vi NVa)[z] € Uy NU,. Hence,
Uy NU;y € 1. Suppose x € |J U; where U; € 7 for all ¢ € A. Then there exists j € A such

i€A
that € U;. This implies that Vj[z] C U; for some V; € Q. Hence, Vj[z] C (JU;. It
€A
follows that |J U; € 7. Therefore, 7 is a dual B-topology on XP.
€A

Henceforth, the dual B-topology 7 in the following results is the dual B-topology in

Theorem 4.
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Theorem 5. Suppose X is a dual B-topological space and Q) is a family of subsets in
a dual B-algebra XP that is closed under finite intersections. If @ € Q, then XP is a
tdB-algebra.

Proof. Suppose X is a dual B-topological space and € is a family of subsets in a
dual B-algebra XP that is closed under finite intersections. Let V C XP. Then for all
x € V, there exists @ € € such that g[v] = @ C V. This implies that V' € 7. Hence
P(XP) C 7 where P(XP) is the power set of X”. Since 7 C P(XP), it follows that
7 =P(XP). Let 2,y € XP and U(z o y) € 7. Then there exist {z}, {y} € 7 such that
{z}o{y} ={xoy} CU(zoy). Then XP is a tdB-algebra.

Theorem 6. Let Q be a family of subsets in the dual B-algebra X7 that is closed under
finite intersections. Suppose that for each U € Q, 1 € U and for each x € U, there exists
V € Q such that V[z] C U. Then the set B= {Ula] | U € Q,a € XP} is a basis for the
dual B-topology.

Proof. First, we will show that B C 7. Suppose = € Ula] € B for any a € X and
U € Q. Then aox € U. Moreover, there exists V' € € such that V{[aoz] CU. Lety € V[x].
Then xoy € V. By Theorem 1(iii), (aox)o(aoy) = zoy € V. Hence, aoy € V]aox] C U.
This implies that y € Ula]. Moreover, Ula] € 7. That is, V[z] C Ula]. Consequently,
B C 7. Now let U € 7 and # € U. Then there exists V € Q such that V[z] C U.
By Proposition 2 and Remark 2, x € V]z|. Therefore, there exists V[x] € B such that
x € V[z] CU. By Theorem 2, B is a basis for the dual B-topology 7.

Theorem 7. Let Q be a family of subsets in a commutative dual B-algebra XP that
is closed under finite intersections. Suppose that for each V. € Q, 1 € V and for each
x €V €Q, there exists U € Q such that U] C V. Then XP is a tdB-algebra.

Proof. Let z,y € XP and U € 7 such that z oy € U. Then there exists V € Q such
that V]z oy] C U. By Remark 2 and Proposition 2 respectively, V'[z o y] C V]z o y]
with z € V'[z] and y € V'[y]. We will show that V'[z] o V'[y] C V'[z o y]. Suppose
a € V'[z]. Then aox,xo0a € V. By (DB1), Theorem 1(iii), and Proposition 1, 1 =
(aocy)o(aoy) = (aoy)of(xroa)o(xoy) = (xroa)o[(aoy)o(xoy)] and 1 =
(xoy)o(zoy)=(xoy)ol(acxz)o(aoy)]=(aox)o[(xoy)o(aoy)]. By Lemma 1, it
follows that (aoy)o(rxoy) =zoca €V and (xoy)o(aoy) =aox € V. This implies that
aoy € V'[zoy]. Hence, V'[z] oy C V'[z oy]. Suppose b € V'[y]. Then boy,yob e V.
By Theorem 1(iii), (xob) o (xoy) =boy € V and (zoy)o(zob) =yob e V. This
implies that 2 o b € V'[z o y]. Hence, x o V'[y] C V'[x o y]. Assume on the contrary
that V'[z] o V'[y] € V'[z o y]. By Proposition 2, V'[z] oy € V'[z] o V'[y] € V'[z o y]
and z o V'[y] € V'[z] o V'[y] € V'[z oy]. These are contradictions. Therefore, X is a
tdB-algebra.

Lemma 3. Suppose Q is an arbitrary family of dual B-filters in a dual B-algebra XP.
Then for alla € V € Q, V]a] = V.
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Proof. Suppose € is an arbitrary family of dual B-filters in a dual B-algebra X and
let @ € V € Q. Suppose x € Vi]a]. Then aox € V. Since V is a dual B-filter and a € V, it
follows that = € V implying that V[a] C V. Conversely, suppose z € V. Since V is a dual
B-filter, V is a dual B-subalgebra of X”. Then aox € V. Hence, = € V[a]. Therefore,
Via] =V.

The next corollary follows from Lemma 3 and Theorem 7.

Corollary 1. Let Q be a family of dual B-filters in a commutative dual B-algebra XP
closed under finite intersections such that 1 € V for allV € Q. Then XP is a tdB-algebra.

4. Filterbase in a Dual B-algebra

Definition 10. Let X P be a dual B-topological space. A filterbase U in XP is a family
U={A, | ac A} of subsets of X having two properties:

(i) Ay # @ for all a € A;

(ii) for all o, 5 € A, there exists v € A such that A, C A, N Ag.

Remark 3. Let X be a dual B-topological space and z1 € X”. The family {U(z1)} is
a filterbase called the neighborhood filterbase of xy.

Example 2. Suppose X? is a dual B-topological space. Any family W of subsets of X
containing @ is not a filterbase. In particular, the dual B-topology 7 on X is not a
filterbase in XP.

Remark 4. The family of dual B-filters is not a subclass of a filterbase in a dual B-algebra
XP.

Example 3. Consider the dual B-algebra X = {1,a,b,¢,d,e} in Example 1. Let F =
{{1,e},{1,a,b},{1,c}}. Then F is a family of dual B-filters in X [1]. Note that
{1,e},{1,a,b} € F but {1,e} N{l,a,b} = {1} ¢ F. This implies that F is not a fil-
terbase.

Remark 5. A filterbase is not a subclass of a family of dual B-filters in a dual B-algebra.

Example 4. Consider the dual B-algebra X = {1,a,b,c,d,e} in Example 1 and Q =
{{1,a,b},{a}}. Then Q is a filterbase of X but {a} € Q is not a dual B-filter of X
since 1 ¢ {a}.

The next results describes the dual B-topology 7 determined by a filterbase Q2 followed
by the relationship of 2 and 7 if 2 is a family of dual B-filters.

Theorem 8. Let Q be a filterbase in a dual B-algebra XP. Then the family 7 = {O C
XD | Va € 0,3V € Q such that V'[a] C O} is a dual B-topology on XP.
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Proof. Let 2 be a filterbase in a dual B-algebra XP. Since V'[a] C XP for all V € Q
and a € XP | it follows that X” € 7. Since @ do not have any element, then vacuously
@ € 7. Suppose that On,0p € 7 and a € O, N Og. Then there exist V,, V3 € ) such
that V,[a] € Oq and Vj[a] € Og. Since (2 is a filterbase, there exists V' €  such that
V C VoN V3. By Proposition 3, V'[a] C (Vo NV3)'[a] € V[a] € O,. Similarly, V'[a] C Og.
Hence, V'[a] € O,NOg. This implies that O,NOg € 7. Suppose O, € 7 for all & € A and

let @ € |J Oy. Then a € Opg € 1 for some € A. This implies that there exists V3 €
acA
such that Vi[a] C Og. Hence, Vi[a] C |J Oq. It follows that |J O € 7. Therefore, 7 is
acA acA
a dual B-topology.

Theorem 9. Let XP be a dual B-topological space and Q0 a filterbase in X such that
is a family of dual B-filters of XP. Then Q is a proper subclass of T.

Proof. Suppose X is a dual B-topological space and © a filterbase in X such that
is a family of dual B-filters of X”. Note that @ ¢ Q by Definition 10(i) but @ € 7. This
implies that Q # 7. Let O € Q and x € O. It remains to show that O’[x] C O. Suppose
a € O'[z]. Then aoxz,zoa € O. Since O is a dual B-filter and x € O, it follows that
a € O. Hence, O'[z] C O. This implies that O € 7. Therefore,  is a proper subclass of 7.

Theorem 10. Suppose X is a dual B-topological space and let  be a filterbase in XP
such that for all V. € Q and for all p,g € V, (i) pol € V; and (ii) (pox)oq =1
implies © € V.. Then Q) is the neighborhood filterbase of 1 € XP. That is, Q is a family of
neighborhoods of 1 (VV € Q,1 €V and V € 7).

Proof. Suppose XP is a dual B-topological space and let 2 be a filterbase in X and
pe V. By (i),pol e V. By (DB1) and (ii), (po1)o(po1l) =1 implying that 1 € V.
Claim: V'[p] C V.

Let z € V'[p] . Then z o p,pox € V. This implies that p o x = v for some v € V. By
(DB1) and (ii), 1 =vowv = (pox)owv implying that € V. This proves the claim.
By the claim, V € 7. Therefore, 2 is the neighborhood filterbase of 1 € X7,

Lemma 4. Suppose XP is a dual B-topological space and let Q be a filterbase in X such
that for all V € Q and for allp,q € V, (i) pol € V; and (ii) (pox)oq =1 impliesxz € V.
Then V'[a] is open in XP for alla € XP.

Proof. Suppose X is a dual B-topological space and let  be a filterbase in XP.
Suppose z € V'[a] for any a € XP. Then aox,z0a € V. Note that by Theorem 10,
V € 7. By Theorem 8, there exist Ua,Up € 2 such that Ug[a o z],Uj[z 0 a] C V. Since
Q is a filterbase in X P, there exist W € Q such that W C (U, N Ug). This implies that
W C U, and W C Ug. By Proposition 3, it follows that W'[a o 2] C U [acz] C V and
Wz oa] CUglzoal CV.

Claim: W'[z] C V'[a].
Suppose y € W’[z]. Then zoy,yoxz € W. By (DB1) and Theorem 1 (iii), 1 = (zx oy) o
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(z0y) = [(aox) o (aoy)] o (zoy). Similarly, 1 = (yo) o (yox) = [(aoy)o (aom)]o (you)
Hence by (DB2), (1o[(acz)o(aoy)])o(zoy) =1 and (1o[(acy)o(aox)])o(yoz)=1.
By Theorem 10 and hypothesis (ii), (aoz) o (aoy) € W and (aoy)o (aox) € W. This
implies that aoy € W'[aox] C Uplaoz] C V. Similarly, yoa € W[zoa] C Uglzroa] C V.
It follows that y € V'[a]. This proves the claim. Therefore, V'[a] € 7. That is, V'[a] is
open in XP for all a € XP.

The next theorem identifies a dual B-topological space determined by a filterbase to
be a tdB-algebra provided some conditions.

Theorem 11. Suppose XP is a dual B-topological space satisfying the symmetric condi-
tion and Q a filterbase in XP such that for all V € Q and for all p,q €V, (i) pol € V;
and (i) (pox)oq=1 implies x € V. Then X is a tdB-algebra.

Proof. Suppose XP is a dual B-topological space satisfying the symmetric condition
and € a filterbase in XP. Let zoy € O € 7 for any z,y € XP. By Theorem 8, there exists
V € Q such that V'[z o y] C O. Note that by Lemma 4, Theorem 10, and Proposition
2, V'[z],V'ly] € 7 with € V'[z] and y € V'[y]. By Proposition 4, V'[z] o V'[y] C O.
Therefore by Theorem 3, X is a tdB-algebra.

The last corollary follows from Theorem 11 and Definition 4 of a dual B-filter.

Corollary 2. Suppose X is a dual B-topological space satisfying the symmetric condition
and Q a filterbase in XP such that for all V € Q, V is a dual B-filter. Then XP is a
tdB-algebra.

5. Conclusion

Given a dual B-algebra X and a family Q of nonempty subsets of X? that is closed
under finite intersection, we can construct a dual B-topology on X given by 7 = {U C
XD | Vo € U,3V € Q such that V[z] C U}. If the empty set is a member of 2, then X is
a tdB-algbera. Furthermore, if € is a filterbase of X, then 7 = {O C XP |Va € 0,3V €
Q such that V'[a] C O} is also a dual B-topology on X?. If the condition is imposed to
Q such that for all V€ Q and for all p,q € V, (i) pol € V; and (ii) (pox)oqg =1
implies € V, then XP is a tdB-algebra. Generally, in this paper we constructed two
dual B-topologies on X P and proved with some conditions that X with these topologies
is a tdB-algebra.
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