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Abstract. In this paper, we study the concept of an interval valued fuzzy bi-interior ideal. We
investigate the properties of an interval valued fuzzy bi-interior ideal in semigroups. We characterize
a regular semigroup in terms of an interval valued fuzzy bi-interior ideal.
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1. Introduction

Uncertainties cannot be handled using traditional mathematical tools but maybe deal
with using a wide range of existing theories such as probability theory, theory of fuzzy sets,
interval valued fuzzy sets. In 1975, Zadeh [11] introduced the theory of interval valued
fuzzy sets as a generalization of the notion of fuzzy sets. Interval valued fuzzy sets have
various applications in several areas like medical science [2], image processing [1], decision
making [12], etc. In 2006, Narayanan and Manikantan [9] for the first time employed
the theory of interval valued fuzzy subsemigroup and studied types of interval valued
fuzzy ideals in semigroups. In 2018, MK. Rao [5] introduced and studied the definition
and properties of the bi-interior ideal in the semigroup. In 2019, A. Mahboob et al.
[8] characterizations of regular ordered semigroups by (g,¢e \/(k7 qk))-fuzzy quasi ideals. G
Muhiuddin et al. discussed a new type of fuzzy semiprime subsets in ordered semigroups.
Many researchers studied in interval valued fuzzy semigroup such that in 2020 Ahsan et
al. [6] extend the ideals of (m,n)-ideals in semigroups to fuzzy sets in semigroup and
they characterize the regular semigroup by using fuzzy (m,n)-ideals. I. Crista et al. [3]
studied a new type fuzzy quasi-ideal in ordered semigroups. In 2021 T. Gaketem [4],
studied interval valued fuzzy almost (m,n)-bi-ideal in semigroups. A. Mahboob and G.
Muhiuddin [7] studied a fuzzy prime subset in ordered semigroups.
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In this work, we establish the concept of an interval valued fuzzy bi-interior ideal.
We investigate the properties of an interval valued fuzzy bi-interior ideal in semigroups.
Finaly, we characterize a regular semigroup in terms of an interval valued fuzzy bi-interior
ideal in semigroups.

2. Preliminaries

In this section, we begin with elementary some fundamental concepts about semi-
groups, fuzzy sets, and interval valued fuzzy sets that are necessary for this paper.

By a subsemigroup of a semigroup S we mean a non-empty subset M of S such that
M? C M, and by a left (right) ideal of S we mean a non-empty subset M of S such that
SM C M(MS C M). By a two-sided ideal or simply an ideal, we mean a non-empty
subset of a semigroup S that is both a left and a right ideal of S. A non-empty subset
M of S is called a quasi-ideal of S if MSNSM C M. A subsemigroup M of S is called
a bi-ideal of S if MSM C M. A subsemigroup M of a semigroup S is called an interior
ideal of S if SMS C M. A subsemigroup M of a semigroup S is said to be a bi-interior
ideal of S if M is a subsemigroup of S and SMSNMSM C M.[5]. We note here that the

properties is hold:

1) Every left ideal is a bi-interior ideal of S.
2) Every right ideal is a bi-interior ideal of S.
3) Every ideal is a bi-interior ideal of S.

5) The arbitrary intersection of bi-interior of S is also bi-interior ideal of S.

(1)
(2)
3)
(4) Every quasi ideal is a bi-interior ideal of S.
(5)
(6) If M is a bi-interior ideal of S then M S and SM are bi-interior ideals of S [5].
Definition 1. [10] A fuzzy subset n of a non-empty set X is a function n: X — [0, 1].
For any n; € [0,1] where i € A define
= ?élﬁ{m} and A m; := inf {n:}.
We see that for any 71,72 € [0, 1], we have

m Ve = max{ni,n2} and i A = min{ni, 2}
Let [0, 1] be the set of all closed subintervals of [0, 1], i.e.,

Q0,1 ={p=[p",p"]|0<p” <p" <1}.

Let p = [p~,p™] and ¢ = [¢7,qT] € Q[0,1]. Define the operations <, =, A and Y as
follows:
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p = ¢ if and only if p~ < ¢~ and p* < ¢*

(1)
(2) p=qifand only if p~ = ¢~ and p™ = ¢*
B) pAdg=[p~ Aqg),(pT AgH)]

(4)

i=1[p"Va), (" Vvah)l
If p > ¢, we mean ¢ < p.

For each interval p; = [p; ,p;] € p[0,1], i € A where A is an index set, we define

Api=[Ap;, Apf] and Y p;=[Vp, Vpll
ieApZ [z’eApl ’ieApl] ieApz [ieAp’ ’z‘eApl]

Definition 2. [9] Let T' be a non-empty set. Then the function i : T — Q[0,1] is called
an interval valued fuzzy set (shortly, IVF set) of T.

Definition 3. [9] Let M be a subset of a non-empty set T. An interval valued character-
istic function of T' is defined to be a function xpr: T — Q[0,1] by

. [1,1] if ee€ M,
[0,0] if e¢M

foralleeT.
For two IVF sets i and @ of a non-empty set T', define

fa(e) 2 w(e) foralleeT,

)
)

3) (ine)(e) = ji(e) Ao(e) foralleeT,
) =ji(e) Y &(e) foralleeT.

For two IVF sets i and @ in a semigroup S, define the product ji o @ as follows : for
alle € S,

i(t) A (h)},
s - | Y0250}
[0,0].

Definition 4. [9] An IVF subset i of a semigroup S is said to be
(1) an IVF subsemigroup of S if fi(uv) = fi(u) A fi(v) for all u,v € S,

(2) an IVF left (right) ideal of S if i(uv) = f(v)(f(uwv) = i(w)) for all u,v € S. An IVF
subset fi of S is called an IVF ideal of S if it is both an IVF left ideal and an IVF
right ideal of S,
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(3) an IVF bi-ideal of S if 1 is an IVF subsemigroup and ji(uvw) = fi(u) A (w) for all
u,v,w € S,

(4) an IVF interior ideal of S if it is an IVF subsemigroup and fi(uav) *= fi(a) for all
a,u,v €S,

(5) an IVF quasi-ideal of S if (S o ji)(u) A (fioS)(u) < ji(u) for allu € S where S is an
IVF subset of S mapping every element of S on [1,1].

Theorem 1. [9] Let S be a semigroup and let M be non-empty subset of S. Then M is
a subsemigroup (left ideals, right ideals, interior ideals, bi-ideals, quasi-ideals) of S if and
only if the characteristic set xpr is an IVF subsemigroup (left ideals, right ideals, interior
ideals, bi-ideals, quasi-ideals) of S.

3. Interval valued fuzzy bi-interior ideals of Semigroups

In this section, we introduce the notion of an interval valued fuzzy bi-interior ideal and
study the properties of interval valued fuzzy bi-interior ideals of semigroups.

Definition 5. An IVF subsemigroup i of a semigroup S is called an IVF bi-interior ideal
of S if it satisfies the following condition: Xs o fioXs o Xs o iCji,

Example 1. Define i : T — Q[0,1] by
. [L,1] if eeT,
fife) = .
[0,0] if e¢T
Then [ is an IVF bi-interior ideal of T'.

The next Theorems are studies IVF ideals in semigroup are IVF bi-interior ideals of
semigroups

Theorem 2. Fvery IVFE left ideal of a semigroup S is an IVF bi-interior ideal of S.

Proof. Let i be an IVF left ideal of S. Let x € S. Then

(Xso@)(z) = [J IXsw) L a=)} = J {a=)} € | {a)} = | {a@)} = i)

T=yz T=Yyz =Yz T=yz

We have, (ji 0 Xs © i) () = Uy_ o {7i(@) A (s © 0)(b)} € Uy _gpe (@) A fi(be)}
Now

().

(XsofioxsMitoxsof)(zr)=(XsofoxXs)(x)M(fioxsoi)(r)
= (Xs o fioxs)(z) M j(z) =2 fi(z).

Therefor ygofioxsMioxso i i. Hence i is an IVF bi-interior ideal of S.
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Theorem 3. FEvery IVF right ideal of a semigroup S is an IVF bi-interior ideal of S.
Proof. 1t follows Theorem 2.

Corollary 1. FEvery IVF ideal of a semigroup S is an IVF bi-interior ideal of S.

Definition 6. Let ji be an IVF set in a non-empty set X. Define U(fi;t) = {x € X|t C
f(x)} where t € Q[0,1] is called the IVF level set of ji.

Theorem 4. Let S be a semigroup and ji be a non-empty IVF set of S. An IVF set i is
an IVF bi-interior ideal of a semigroup S if and only if the IVF level set U(ji;t) of S is a
bi-interior ideal of a semigroup S for every t € Q[0,1], where U(ji;t) # 0.

Proof. Assume that i is an IVF bi-interior ideal of S and let = € SU(fi;%)S N

U(f;t)SU(f;t). Then x = bau = cde where b,u,d € S and a,c,e € U(fi;t). Then
t < (Xsofioxs)(w) and £ < (fio Xs o ji)(z) implies that t < ji(x) Then x € U(ji;1).
Therefore U (ji; 1) is a bi-interior ideal of S.

Conversely suppose that U(ji;) is a bi-interior ideal of S, for all £ € Im(j1).
Let #,y € S. Then ji(z) = t1, fi(y) = t2,11 = to. Then x,y € U(ji;1).
Thus SU (ji;1)S MU (i; 1)SU (j1;1) = U(ju; 1), for all I € Im(fi).
Suppose t = min{Im(ji)}. Then SU(f;t)S MU (f;t)SU (f1;t) < U(ji; t).

Therefor xsofioxsMioxso i fi. Hence fi is an IVF bi-interior ideal of S.

Theorem 5. Let M be a non-empty subset of a semigroup S and Xy be the characteristic
IVF set of M. Then M is a bi-interior ideal of a semigroup S if and only if Xy is an
IVF bi-interior ideal of a semigroup S.

Proof. Suppose M is a bi-interior ideal of S. Then M is a subsemigroup of S. Thus
by Theorem 1, xas is an IVF subsemigroup of S. Let « € S. Since M is a bi-interior ideal
of S, we have SMSNMSM C M. Thus

(Xs o Xm0 Xs Xm0 XsoXm) () = (Xs o X oXs)(x) A (Xm0 Xs ©Xum)(x)
= Xsms(z) A xXarsm ()
= Xs1snmsm () 2 X (z).
Therefore X o XaroXs M Xm o XsoXm E Xum-
Hence xs is an IVF bi-interior ideal of S.
Conversely, suppose that xas is an IVF bi-interior ideal of S.

Then s is an IVF subsemigroup of S. Thus by Theorem 1,
M is a subsemigroup of S. Let x € M. We have

(XxsoXmoxs)(@) A (xaoxXsoxm)(®) =X xnm(x)
= Xsms(x) A Xnmsm(z) = X ()
= Xsmsnmsm (z) = X ().

Therefore SMSNMSM C M. Hence M is a bi-interior ideal of S.
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Theorem 6. If i and \ are IVF bi-interior ideals of a semigroup S, then M\ is an IVF
bi-interior ideal of S.

Proof. Let fi and A be IVF bi-interior ideals of S. Then

(s 0 iMN)(@) = | {(Xs(a) A (AN (1)}
— U:{;(S(a) A fi(b) A A(D)}
ijb{{XS (b)} A {xs(a) NAD)}}
= xU {Xs(a) & p(®)} N [ {xs(a) N AD)}
(o)) A (250 M)

(
= (Xs 0 fiNYs ° A)().

ThereforeXgoﬁﬂj\:isoﬁl_l)zsoj\.

(BP0 xsonn () = |J {(& A (Xs © fifA) (be) }
= ij:C{(/ic M) (@) A {(Xs o iNXs 0 A)(be) }}
= ij:{ ) A {(Xs © )(be) A (Xs © A)(be)}}
= ijbc{{u (Xs © i) (be)} N {A(a) A (Xs 0 N)(be)}}

= (o xsofi)(z) A (AoXsoN)(x)
= (fio Xs o i\ o X 0 A)(x).

Therefore iM Ao XgoiMA=jioXsoiMAoxso
Then

R

(XsofiM Ao xs)(x
= (Xs o 1o Xs) (%)
< (AN N)(@).
Therefore ()25~oﬂl_|5\0)~<5)I_I(ﬂl_lj\opzsoﬁl_lj\) CAam
Hence N\ is an IVF bi-interior ideal of a semigroup S.

A (iAo xsoiMA)(z)
(fioXso

) _ -
A () A (Xs © Ao fiys)(x) A (Ao Xs o A)(x)

We know that every IVF ideal is an IVF bi-interior ideal then the following theorem
holds.

Theorem 7. If i and X are IVF right ideals and an IVF left ideal of a semigroup S
respectively. Then pT X is an IVF bi-interior ideal of S.
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Proof. Assume that i and X are IVF right ideals and an IVF left ideal of S respectively.
Then by Theorems 2 and 3, we have fi and A are IVF bi-interior ideals of S. By Theorem
6 we have M A is an IVF bi-interior ideal of S.

The following are tools the converse of an IVF bi-interior ideals is IVF ideals on
semigroups.

Definition 7. A semigroup S is called reqular if for all a € S there exists x € S such that
a = azxa.

Theorem 8. If i be an IVF quasi-ideal of a reqular semigroup S.Then i is an IVF ideal
of a semigroup S.

Proof. Assume that i is an IVF quasi-ideal of S and let x,y € S. Then

i(ry) = (jioXs)(wy) A (Xs o it)(zy)
= Ub{u( a) A xs(b)} A U {XS() a(j)}
= f(x) N Xs(y) A Xs(x) A ()
= (a(z) A [1,1]) A ([1,1] A f(y) = alz) N ay).

Thus f(xy) = i(z) N a(y). Hence fi is an IVF subsemigroup of S. Let z,y,z € S. Then

(70 Xs)(xyz) A (Xs © f1)(xyz)

U {ila) Axs®)} 4 U {Xs(@) A ad)}

xyz=ab TYyz=ij
fi(x) A Xs(yz) A Xs(zy) A A(2)

(a(z) A (1, 1)) & ([1 1] A A(2) = () A fifz).

Thus fi(zyz) = f(x) A fi(z). Hence fi is an IVF bi-ideal of S. Since S is regular, fi is an
IVF bi-ideal of S and z,y € S we have zy € (xSz)S C zSx. Thus there exists k € S such
that zy = xkz. So f(zy) = i(zxkz) = f(z) A fi(z) = fi(z). Similarly, we can show that
a(xy) = fi(y). Thus i is an IVF left ideal of S. Hence [ is an IVF ideal of S.

fi(2y2)

Iy

Iy

Theorem 9. Let S be a reqular semigroup. Then [i is an IVF bi-interior ideal of S if and
only if fi is an IVF quasi-ideal of S.

Proof. Let ji be an IVF bi-interior ideal of S and x € S. Then

(Xs o fioxs)(x) A (fuo fixs o i) (x) = fi(x). Suppose (X o fi)(x) = fi(x). Since § is regular,
there exists y € S such that x = xyx. Then

(ioxs o)) = | {filzy) A (Wsom)(@)} 2 | {iux) A fi(z)} = ji(z).

T=xyr T=xyr

Which is a contradiction. Therefore ji is an IVF quasi-ideal of S. By Theorem 8, converse
is true.
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Theorem 10. If i be an IVF bi-interior ideal of a regular semigroup S. Then [i is an
IVF ideal of a semigroup S.

Proof. Suppose that [i is an IVF bi-interior ideal of S. Then by Theorem 9, fi is an
IVF quasi-ideal of S. Thus by Theorem 8, [ is an IVF ideal of S. Hence the theorem is
complete.

The following theorems are a tool in characterization regular semigroup in terms of
IVF bi-interior ideals on semigroups.

Theorem 11. [}/ For non-empty subsets G and H of a semigroup S, we have
(1) XGoXH = XGH
(2) Xa¢ M XHu = XGnH-

Proof. Tt is straightforward.

Theorem 12. Let S be a semigroup. Then S is a reqular semigroup if and only if
B =5SBSNSBS, for every bi-interior ideal of S.

The following theorems are characterization regular semigroup in terms of IVF bi-
interior ideals in semigroups.

Theorem 13. Let S be a semigroup. Then S is a reqular if and only if
i =xXsofoxsMioxsof for every IVF bi-interior ideal of a semigroup S.

Proof. Let i be an IVF bi-interior ideal of the regular semigroup S and let = € S.
Since S is regular, there exists a € S such that £ = zax. Thus

(ioxsom(x)= | {ilx) A (Xs o fi)(ax)}

= J {a=) 1 | Ksy) 1 (=)}
o | {i() & (=)} = i),

Similarly, (xs o fto Xs)(z) = fi(z). Therefore i = xgofioXsMfoxs o fi.
Conversely, suppose that B is a bi-interior ideal of a semigroup S. Then by Theorem
5, xB is an IVF bi-interior ideal of the semigroup S. Thus by Theorem 11,

ﬂXB (CC) = X~S o ﬁXB © XNS(w) A ﬂXB o X~S o ﬁXB (.’L‘)
= [ixsps (z) A Pxssp (z) = Pxspsnpss (z).

Therefore B = SBS N BSB. By Theorem 12, S is a regular semigroup.

Theorem 14. Let S be a semigroup. Then S is reqular if and only if B
AMACAofio XM fioXo i for every IVF bi-interior ideal fi and every IVF ideal X of S.
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Proof. Let fi be an IVF bi-interior ideal and X be an IVF ideal of a regular semigroup
S and let x € S. Then there exists y € S such that = = zyzx.

(oroi)(@) = |J {(ioN(ey) A fx)}

T=TYT

U U {a@)niyzy)} x i)}

T=TYT TY=TYTY

= {(z) A @)} A i) = (@) L Az) = (1A (@).
Ao @)= |J (May) A (@)} = {Ax) A fi(2)} = (AN X)(2).

T=xyr

Therefore i o Ao o pn A Similary, we can prove Ao Lo 2D I A
Henceﬂl_lj\gj\oﬂoj\l_lﬂoj\oﬂ.

Conversely, suppose that the condition holds. Let i be an IVF bi-interior ideal.
We have 1M xs C XgojioxXsMiioxsopnand implies that it © g o fioxs M ioxs o fi.
By Theorem 13, S is a regular semigroup.

4. Conclusion

In this paper, we give the concept of IVF bi-interior ideals in semigroups and we
study properties of IVF bi-interior ideals in semigroups. Moreover, we prove relationship
between IVF bi-interior ideals and bi-interior ideals. In the future we study other kinds
of IVF bi-quasi interior ideals in semigroup or algebric system.
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