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Abstract. In this paper, we construct a realization problems involving connected outer-hop in-
dependent hop domination and we determine its connections with other known parameters in
graph theory. In particular, given two positive integers a and b with 2 < a < b are realizable as
the connected hop domination, connected outer-hop independent hop domination, and connected
outer-independent hop domination numbers, respectively, of a connected graph. In addition, we
characterize the connected outer-hop independent hop dominating sets in some families of graphs,
join and corona of two graphs, and we use these results to derive formulas for the parameters of
these graphs.
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1. Introduction

Hop domination has been one of the widely studied topics of research in graph theory.
Several mathematicians have investigated this concept and introduced variants because of
its nice application to different fields and in networks. Some newly defined variations are
studied in many classes of graphs (see [3-5, 7-12, 14]).

In 2021, Nanding et al. [12] introduced and studied the concept called connected outer-
independent hop domination in a graph. They characterized this newly defined sets on
graphs under some binary operations and obtained some nice formulas and bounds.

Recently, Hassan et al. [6] introduced the concept of hop independent set in a graph
and defined the parameter called hop independence number. The authors have shown that
the hop independence number is incomparable with the standard independence number
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of a graph. In fact, the authors have shown that the absolute difference between the hop
independence number and the independence number of a graph can be made arbitrarily
large.

Motivated by the aforementioned studies, the concept of connected outer-hop indepen-
dent hop domination in a graph will be introduced and investigated in this study. Some
properties and realization results involving this parameter will be formulated. Moreover,
exact values or bounds for the parameter will be given for some families of graphs, join,
and corona of two graphs. Just like hop domination, we believe that this new parameter
will yield significant results in the topic of domination and can lead to other interesting
research directions in the future.

2. Terminology and Notation

Let G be a simple graph. Then S C V(G) is a clique if the subgraph (S) induced by
S is complete. The maximum cardinality of a clique set in G, denoted by w(G), is called
a clique number of G. Any clique set with cardinality equal to w(G) is called a w-set.

A subset D of V(G) is called a pointwise non-dominating set of G if for each v €
V(G) \ D, there exists u € D such that v ¢ Ng(u).

A subset D of V(G) is independent if for every pair of distinct vertices v,w € D,
we have dg(v,w) # 1. The maximum cardinality of an independent set in G, denoted
by a(G), is called the independence number of G. Any independent set with cardinality
equal to a(G) is called an a-set.

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set NZ(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by NA[u] = NZ(u) U {u}. The open hop neighborhood of
X CV(G) is the set NZ(X) = U N&(u). The closed hop neighborhood of X in G is the

ueX
set NA[X] = N&(X)UX.

A subset S of V(G) is a hop dominating of G if NZ[S] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by 74 (G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v (G) is called a ~p-set.

A hop dominating set D C V(@) is called a connected hop dominating if the subgraph
(D) induced by D is connected. The minimum cardinality among all connected hop
dominating sets of G, denoted by 7., (G), is called the connected hop domination number
of G. Any connected hop dominating set with cardinality equal to 7. (G) is called a
Yeh-set.

A connected hop dominating set C' C V(G) is called a connected outer-independent hop
dominating if V(G)\C is an independent set in G. The minimum cardinality of a connected
outer-independent hop dominating set in G, denoted by fyg}'l(G), is called the connected
outer-independent hop domination number of G. Any connected outer-independent hop
dominating set with cardinality equal to vg}L(G) is called a vgﬁ—set.

A subset D of V(G) is hop independent if for every pair of distinct vertices v, w € D,
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we have dg(v,w) # 2. The maximum cardinality of a hop independent set in G, denoted
by ap(G), is called the hop independence number of G. Any hop independent set with
cardinality equal to ap(G) is called an ap-set.

Let G and H be two graphs. The join of G and H, denoted by G + H is the graph
with vertex set V(G+ H) =V (G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{uv :
u € V(G),v € V(H)}. The corona G and H, denoted by G o H, the graph obtained by
taking one copy of G and |V (G)| copies of H, and then joining the ith vertex of G to every
vertex of the ith copy of H. We denote by H" the copy of H in G o H corresponding to
the vertex v € G and write v + HY for ({v} + H").

3. Results

We begin this section by introducing the concept called connected outer-hop indepen-
dent hop domination in a graph.

Definition 1. Let G be a connected graph. A subset C of V(G) is called a connected outer-
hop independent hop dominating if C' is a connected hop dominating set and V(G)\ C'is a
hop independent set in G. The minimum cardinality of a connected outer-hop independent
hop dominating set in GG, denoted by, ’yg,}l”(G) is called the connected outer-hop independent
hop domination number of G. Any connected outer-hop independent hop dominating set

with cardinality equal to v204(G) is called a Y%"-set of G.

Proposition 1. Let G be a connected graph. Then ven(G) < 4°M(G), and this bound is
sharp.

Proof. Let C be a ’yg{f—set of G. Then C' is a connected hop dominating set in G (by
definition). Since 7., (G) is the minimum cardinality among all connected hop dominating
sets in G, it follows that 72 (G) = |C| > Yen(G).

To see that the bound is sharp, consider G = P; = [v1,vg,...,v7]. Let S = {vs, v4, v5}.
Observe that (S) is connected and NZ[S] = V(G). This means that S is a connected
hop dominating in G. Since any connected hop dominating set in G contains S, S is
the minimum connected hop dominating set in G. Hence, v.,(Pr) = 3. Moreover, since
da(a,b) # 2 for every a,b € V(G)\ S, it follows that S is the minimum connected outer-hop
independent hop dominating set in G. Consequently, ven(Pr) = 3 = 721 (P;). O

Theorem 1. Let G be a connected graph with |V (G)| =n > 1. Then each of the following
18 true.

() 1 <y31(G) <n.
(ii) voM(G) =1 if and only if G is trivial.

(i4i) YoM(G) = n if and only if G is complete.
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Proof. (i) Since an empty set cannot be a connected outer-hop independent hop dom-
inating set in G, we have VOhZ(G) > 1. Moreover, since any connected outer-hop indepen-
dent hop dominating set in G is contained in V(G), we have v2"(G) < n. Consequently,
1 < A2M(G) < n.

(i4) Suppose v (G) = 1. Suppose that G is non-trivial. Then G is either connected
or disconnected. If G is connected, then there exist a,b € V(G) such that dg(a,b) =
1. This means that a ¢ NZ[b] and b ¢ NZ[a], showing that a singleton set is not the
minimum connected outer-hop independent hop dominating set in G. Thus, Y2 (G) > 1,
a contradiction. Suppose that G1,...,Gg, k > 2 are the components of G and let S be a
connected outer-hop independent hop dominating set of G. Then S = S1U...U Sy, where
S; is a connected outer-hop independent hop dominating set of G; for each i € {1,...,k}.
Since k > 2, we have ’y"’”’(G) > 2, a contradiction. Therefore, G must be a trivial graph.
The converse is clear.

(i33) Let v2"(G) = n. Suppose further that G is non-complete. Let x,y € V(G) such
that dg(z,y) = A(G), A(G) is the maximum degree of G. This means that z,y are
non-cut vertices of G. Moreover, since G is non-complete, dg(z,y) > 2. Now, let S’ =
{V(G)\{x}. Then S’ is a connected outer-hop independent hop dominating set in G. Thus,
YoM (G) < n — 1, a contradiction. Therefore, G is complete.

Conversely, suppose G is complete. Then NZ[a] = {a} for every a € V(G). Let
S =V(G) ={ai,as,...,an}. Then S is the minimum connected outer-hop independent

hop dominating set of G Thus, Y2(G) = n. O

The next result follows from Theorem 1.
Corollary 1. Let G be a connected graph on n > 2 vertices. Then

(i
(17) 2 < fyOhZ(G) <n—1if and only if G is non-complete graph.

) MG =n if and only if G = K,
)
)
)

(i41) 4 < AoMH(G)+°M(G") < 2n—2 if and only if G and G’ are two non-complete graphs.

(iv) 4 < A°M(H) -~y (J) < n? —2n + 1 if and only if H and J are two non-complete
graphs.

Theorem 2. Let G be a connected graph. Then VOh’(G) = Y1(G) if and only if G has a
Yeh-set D such that V(G) \ D is a hop independent set in G.

Proof. Suppose Y (G) = v.1,(G). Let D be a y°ti-set of G. Then V(G) \ D is a hop
independent set in GG. Since D is a connected hop dominating set and

YIUG) = 7en(G) = | D),

it follows that D is a .,-set of G.
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Conversely, suppose G has a vyq,-set D such that V(G) \ D is a hop independent set
in G. Then D is a connected outer-hop independent hop dominating set in G. Hence,
VRUG) < |D| = 7en(G). By Proposition 1, 75/(G) = |D| = yen(G). O

The next result is a realization problem involving connected outer-hop independent
hop domination and connected hop domination.

Theorem 3. Let a and b be positive integers such that 2 < a < b. Then there exists a
connected graph G such that v.,(G) = a and y2(G) = b.

Proof. For a = b, consider the following two cases:
Case 1: a =2

Consider K,. Then by Corollary 1, v"(K,) = a. Since Y4 (K,) = a, we have
VR (Ka) = a = yen(Ka).

Case 2: a >3
Consider the graph G in Figure 1. Let D = {d;,ds,...,d,}. Then D is both connected
hop dominating and connected outer-hop independent hop dominating of G. Observe that
every connected hop dominating (resp. connected outer-hop independent hop dominating)
set of G contains D. This follows that D is both a v.,-set and a vg,i”—set of G. Thus,

Yen(G) = a =75 (G).

dy da ds dg—1 d,

Figure 1: A graph G with v, (G) = voP(G)

Suppose a < b. Let m = b — a and consider the graph G’ given in Figure 2. Let
Dy = {z1,29,...,24} and Dy = {x1,22,...,Za,Y1,Y2,---,Ym}. Then NZ[Di] = V(G')
and Nj[Ds] = V(G'). Since (D;) and (D) are connected, it follows that D; and Dj are
both connected hop dominating sets of G’. Moreover, since any connected hop dominating
(resp. connected outer-hop independent hop dominating) set D contains D (resp. D),
D;1 and Ds are 7yqp-set and 'yg,’l”—set of G, respectively. Consequently, v.,(G') = a and

’Ygi}zn(G/) =m+a =0, that is y,(G') =a < b= VSi}zli(G/)- -
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G

z1 Z2

Figure 2: A graph G’ with vc;, (G') < v1(G")

Corollary 2. Let n be a positive integer. Then there exists a connected graph G such that
YM(G) = Yer(G) = n. In other words, YoM (G) — ven(G) can be made arbitrarily large.

The next result is a realization problem involving connected outer-independent hop
domination and connected outer-hop independent hop domination.

Theorem 4. Let a and b be positive integers such that 2 < a <b. Then

(i) there exists a connected graph G such that v20(G) = a and v%(G) = b.

(ii) there exists a connected graph G such that 7% (G) = a and v°/(G) = b.

Proof. (i) For a = b, consider G = K,. Then 7% (G) = a = y°.
Suppose a < b. Let m = b — a and consider the graph J in Figure 3. Let
S1 =A{v1,v2,...,v.} and Sy = {v1,v2,...,Va,Y1,Y2,---,Ym}. Then S; and Sy are 'ygfl”—set

and 7% -set of .J, respectively. Hence, v°/(J) = a and 7% (J) = m +a = b.
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U1 (%) Vgq—2 Vg —1

Figure 3: A graph J with v2(J) < v9% (J)

(ii) For a = b, consider G = K,. Then 72(G) = a = 7% (G).
Suppose @ < b. Let m = b — a and consider the graph H in Figure 4. Let
Dy = {z1,29,...,2,} and Dy = {z1,22,...,%a,Y1,Y2,---,Ym}. Then D; and Dy are

7% set and y%M-set of H, respectively. Hence, v% (H) = a and Y (H) =m +a=5b. O

£

X1 x2 La—-2

Figure 4: A graph H with 4% (H) < v2M(H)

Corollary 3. Let n be a positive integer. Then each of the following statements holds.
(i) There exists a connected graph G such that v% (G) — v (G) = n.
(ii) There ezists a connected graph G such that 4°1(G) — v% (G) = n.

In other words, the absolute difference |v%(G) — v (G)| can be made arbitrarily large.
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Proposition 2. For any positive integer n > 1,

lifn=1
Yen'(Pn) =< 2 if n =2,3,4,5
n—4ifn>6

Proof. Clearly, vg}lji(Pl) =1 and vg,i"(Pn) =2 for n = 3,4,5. Suppose that n > 6. Let
P, = [v1,v9,...,u,] and D = {vs,vq4--+ ,0p_3,0p—2}. Then Nl%n[D] = V(P,) and (D) is
connected. Thus, D is a connected hop dominating set of P,,. Since n > 6, it follows that
dp,(a,b) # 2 for every a,b € V(P,)\ D. Hence, V(P,)\ D is a hop independent set of P,,
showing that D is a connected outer-hop independent hop dominating set of P,,, and so
fyg,}l”(Pn) <n —4 for all n > 6. On the other hand, observe that any connected outer-hop
independent hop dominating set S in P, contains D. Therefore, ’yé’}’zl(Pn) =n —4 for all
n > 6.
O

Proposition 3. For any positive integer n > 3,

ohi 3 an:3
c Cn -
Yen' (Cn) {n—?ﬁn24

Proof. Clearly, 'yg,}l”(Cg) = 3. Suppose n > 4. Let C,, = [v1,v9, ..., vy, v1] and consider
D* = {v1,v2,...,0n—2}. Then NZ [D*] = V(C,) and (D*) is connected. Thus, D*
is a connected hop dominating set of C,. Since d¢, (vp—1,v,) = 1, it follows that D*
is a connected outer-hop independent hop dominating set of C,. Since the maximum
connected hop independent set in C), is of cardinality 2, it follows that D* is a ’yé’[}i—set of

C,. Therefore, v (Cy,) = n — 2 for all n > 4. O

Theorem 5. Let G be any connected graph of order n > 1. Then yg,i”(G) >n — ap(G).

Proof. Let D be ay%-set of G. Then v2(G) = |D| and V(G)\ D is a hop independent
set in G (by definition). It follows that a;(G) > |V (G) \ D|. Hence,

n—ap(G) <n—|V(G)\D|=n—-n+|D|
= |D|
=3UG). O

Remark 1. The bound in Theorem 5 is sharp. Moreover, strict inequality can be attained.

For sharpness, consider the graph G in Figure 5. Let S = {¢,d,e}. Then S is a
minimum connected hop dominating set of G. Notice that V(G) \ S is a hop independent
set. It follows that S is a minimum connected outer-hop independent hop dominating
set of G. Thus, v2(G) = 3. Next, let S’ = {b,c, f,g,h}. Then S is the maximum hop
independent set of G. Consequently, |V (G)| — ay(G) = 8 — 5 = 3 = y2M(G).
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Figure 5: A graph G with v/ (G) = |[V(G)| — o (G)
For strict inequality, consider K7. Then ')/gf;’(Kﬁ =7 = ap(K7). Thus,
VR(Kr) =T> (T—an(K7)) =7-7=0.

The following concept will be used in characterizing the connected outer-hop indepen-
dent hop dominating sets in the join of two graphs.

Definition 2. Let G be a non-complete graph. Then D C V(G) is called an outer-clique
pointwise non-dominating set in G if D is pointwise non-dominating set and V(G) \ D is
clique set in G. The smallest cardinality of an outer-clique pointwise non-dominating set
of G, denoted by ocpnd(G), is called the outer-clique pointwise non-domination number of
G. Any outer-clique pointwise non-dominating set D of G with |D| = ocpnd(G), is called
an ocpnd-set of G.

Example 1. Consider the graph G in Figure 6. Let O = {a1,a2,as5,a6}. Then O is a
pointwise non-dominating set of G. Since (V(G) \ O) = Ky, it follows that V(G) \ O
is clique in G. Thus, O is an outer-clique pointwise non-dominating set of G. Next, let
O’ = {a1,az2,a6}. Then O’ is a pointwise non-dominating of G. However, O is not an
outer-clique pointwise non-dominating set of G since V(G)\ O’ = {as, a4, a5, ar, as} is not
clique in G. Moreover, since B = {as, a4, a7, ag} is the maximum clique set in G, it follows
that ocpnd(G) = 4.
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Figure 6: A graph G with ocpnd(G) = 4

Theorem 6. Let G and H be two non-complete graphs. Then C C V(G+H) is a connected
outer-hop independent hop dominating of G + H if and only if C = Cq U Cp, where Cg
and C'y are outer-clique pointwise non-dominating sets of G and H, respectively.

Proof. Suppose C C V(G + H) be a connected outer-hop independent hop dominating
set of G+ H. Let Cq = V(G)NC and Cy = V(H) N C. Assume that Cqg = @.
Then C' = Cpy. Observe that V(G) € Ngiu(C). It follows that V(G) ¢ NZ, y4[C], a
contradiction. Hence, Cg # @. Similarly, Cy # @. Now, let a € V(G) \ Cg. Since
C' is a hop dominating set, there exists b € C' such that dgipg(a,b) = 2. Thus, b € Cg
and a ¢ Ng(b). This means that Cg is a pointwise non-dominating set of G. Since
V(G+ H)\ C is a hop independent set of G+ H, it follows that V(G) \ Cg is a clique set
of G. Hence, Cg is an outer-clique pointwise non-dominating set of G. Similarly, Cyy is
an outer-clique pointwise non-dominating set of H.

Conversely, suppose C' = Cg U Cy, where Cg and C are outer-clique pointwise non-
dominating sets in G and H, respectively. Clearly, (C) is connected and V(G + H) \ C
is a hop independent set. Now, let a € V(G + H) \ C. Suppose a € V(G). Since Cg is
a pointwise non-dominating set of G, there exists b € Cq \ Ng(a). Thus, dgyn(a,b) = 2.
Similarly, when a € V(H). Therefore, C' is a hop dominating set of G + H. Consequently,
S is a connected outer-hop independent hop dominating set of G + H. ]

Corollary 4. Let G and H be two non-complete graphs. Then
VUG + H) = ocpnd(G) + ocpnd(H).

Proof. Suppose C C V(G+H) is ay%-set of G+H. Then by Theorem 6, C = CoUCH,
where C and C' are outer-clique pointwise non-dominating sets of G and H, respectively.
Thus,

MG 4+ H) = |C| = |Cq| + |Cr| > ocpnd(G) + ocpnd(H).

On the other hand, let C's and Cy be ocpnd-sets of G and H, respectively. Then by
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Theorem 6, C = Cg U Cp is a connected outer-hop independent hop dominating set of
G + H. Hence,

ocpnd(G) + ocpnd(H) = |Ca| + |Cial = |C| > A9(G + H).

Therefore, ‘
YPUG 4 H) = ocpnd(G) + ocpnd(H).

O

Theorem 7. Let G be a complete graph and H be non-complete graph.  Then
T C V(G + H) is a connected outer-hop independent hop dominating set in G + H if
and only if T = V(G) U Ty, where Ty is an outer-clique pointwise non-dominating set of
H.

Proof. Suppose that T = V(G) U Ty is a connected outer-hop independent hop dom-
inating set in G + H. Since G is complete, it follows that T = V(G) U Ty, where
Ty # @. Since T is a hop dominating, Ty must be a pointwise non-dominating set
in H. If V(H) \ T is not clique in H, then there exist a,b € V(H)\ Ty CV(G+ H)\T
such that dg(a,b) > 2. It follows that dg4m(a,b) = 2, a contradiction to the fact that
V(G + H)\ T is a hop independent in G + H. Thus, Ty is an outer-clique pointwise
non-dominating set of H.

Conversely, assume that T = V(G) U Ty, where T is an outer-clique pointwise non-
dominating set of H. Then T is connected outer-hop independent hop dominating set in
G + H by Theorem 6. O

Corollary 5. Let G be a complete graph and H be any non-complete graph. Then
(G + H) = |V(G)| + ocpnd(H).

Proof. Suppose T C V(G + H) is a 'yg,’lw—set of G+ H. Then by Theorem 7,
T = V(G)U Ty, where Ty is an outer-clique pointwise non-dominating set of H. Thus,

V' (G + H) = |T| = |V(G)| + |Tu| > |V(G)| + ocpnd(H).

On the other hand, let 7' = V(G) U Ty, where Ty is an ocpnd-set of H. Then by
Theorem 7, T'= V(G) U Ty is a connected outer-hop independent hop dominating set of
G + H. Hence,

V(G)| + ocpnd(H) = [V(G)| + |Tu| = |T| > 7" (G + H).

Consequently, ‘
MG+ H) = |V(G)| + ocpnd(H).
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Theorem 8. Let G be a non-trivial connected graph and H be any non-complete graph.
A set C C V(G o H) is a connected outer-hop independent hop dominating set of G o H
if and only if C = V(G) U (Usev (g) Ca), where Co CV(H?) and V(H®)\ Cy is clique in
H?® for each a € V(G).

Proof. Suppose C C V(G o H) is a connected outer-hop independent hop dominating
set of Go H and let C, = V(H®*) N C for each a € V(G). Since (C) is connected, it
follows that C' = V(G) U (U,ey (g) Ca)- Since V(G o H) \ C = U,ey () (V(H?) \ Co) is
a hop independent set of G o H, it follows that V(H®) \ C, is a hop independent set of
H?® for each a € V(G). Suppose V(H?®) \ C, is not a clique in H? for some a € V(G).
Then there exists u,v € V(H*)\ Cy, C V(Go H)\ C such that dga(u,v) = dgop (u,v) = 2
for some a € V(G), a contradiction to the fact that C is a connected outer-hop indepen-
dent hop dominating set of GoH. Therefore, V(H*)\C,, is clique in H* for every a € V(G).

Conversely, suppose C' = V(G) U (U,ev () Ca), where Cq € V(H®) and V(H?) \ Cq is
clique in H® for each a € V(G). Clearly, C' is a connected hop dominating set of G o H.
Since V(H?) \ C, is clique in H* for each a € V(G), it follows that

V(GoeH)\C= |J (V(H")\Ca)
acV(Q)

is a hop independent set of G o H. Therefore, C' is a connected outer-hop independent
hop dominating set of G o H. O

Corollary 6. Let G be a non-trivial connected graph with |V (G)| = n and H be any non-
complete graph with |V (H)| = m. Then v2/(G o H) = n + n(m — w(H)). In particular,
we have

(¢

) ohi(

(ii) v (G o H) =n+n(m —2) if H= Cy, for all m > 4,
) van'(
) e (

VG (GoH)=n+n(m—2) if H= Py, Ki,, for allm >3,

ohi
Yeh

ohi
Yen

(731 G oWy,) =n+n(m—3) for allm > 4,

(1v Go Fy) =n+n(m—3) for allm > 3,

Proof. Let C be ay%-set of GoH. Then C = V(G)U(Uyev () Cv), where C, € V(H?)
and V(H") \ C, is clique in HY for each v € V(G) by Theorem 8. Hence,

W (GoH)=|Cl= V(@) +]| | Cl=V@)+ > |G
veV(G) veV(G)
= (V@) + Y (IVH)] = V(H)\C)
veV(G)
= V(@) + [V(G)|(m — w(H))
=n+n(m—w(H)).
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Therefore, Y20 (G o H) > n + n(m — w(H)).

On the other hand, for each v € V(G), let C, C V(H") such that V(H") \ C, is a
maximum clique of H". Then by Theorem 8, C' = V(G) U (Uyey(g) Cv) is a connected
outer-hop independent hop dominating set of G o H. Thus,

Y GoH)<|Cl = V(@) +] | Cl=V(G)+ > |G
vEV(G) vEV(G)

=[V(@|+ Y (VH) = [V(H)\C)
veV(G)

= [V(G) + [V@)I([V(H")] - w(H))

=n+n(m—w(H)).

Consequently, Y2(G o H) = n+ n(m — w(H)).

Since w(Pp,) = w(Kq,m) = 2 for all m > 3 and w(C,,) = 2 for all m > 4, statements
(¢) and (i7) hold. Also, since w(W,,) = 3 for all m > 4 and w(F,,) = 3 for all m > 3,
statements (i47) and (7v) hold. O

4. Conclusion

This study has initiated the study of the concept called connected outer-hop indepen-
dent hop domination in a graph. It was shown that the connected outer-hop independent
hop domination number is at least equal to the connected hop domination number of a
graph. This study gave some lower or upper bounds on the parameter of some graphs.
In addition, exact values of the parameter have been obtained for some special graphs
and graphs under some binary operations. Realization results involving connected outer-
hop independent hop domination were presented. Interested researchers may consider
and investigate this newly defined parameter for some products of graphs which were
not considered in this study. They may also consider and study the complexity of this
parameter.
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