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Abstract. In this paper, we introduce and do an initial investigation of a variant of Grundy hop
domination in a graph called the connected Grundy hop domination. We show that the connected
Grundy hop domination number lies between the connected hop domination and Grundy hop
domination number of a graph. In particular, we give realization results involving connected hop
domination, connected Grundy hop domination, and Grundy hop domination numbers. Moreover,
we determine the connected Grundy hop domination numbers of some graphs.
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1. Introduction

In 2014, Bresar et al. [6] introduced Grundy domination in a graph and made an initial
study of the concept. Subsequent studies on this newly defined parameter can be found in
(3], [4], [5], [7], and [12]. The study in [5] specifically gave exact formulas for the Grundy
domination numbers of Sierpinski graphs where the authors provided a linear algorithm
for determining these numbers in arbitrary interval graphs.

It is without a doubt that the concept of hop domination, just like domination, has
ably attracted a lot of researchers to study it. Some of these researchers have actually
introduced some variants of the concept by imposing additional properties on the standard
definition (see [1], [2], [9], [10], [11], [13]).
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Following the definition of Grundy domination (as a variant of the standard domination
concept), Hassan et al. in [8] introduced and studied Grundy hop domination as a variation
of hop domination. It was shown that difference of the Grundy hop domination number
and the hop domination number can be made arbitrarily large. Values of the Grundy
hop domination numbers had also been determined for some graphs under some binary
operations.

In this study, the concept of connected Grundy hop domination in a graph will be
introduced. Realization results involving connected hop domination, Grundy hop domi-
nation, and connected Grundy hop domination numbers are given. Moreover, graphs that
attain some specific values for the parameter are characterized.

2. Terminology and Notation

Let G be a simple undirected graph. Two vertices a and b of G are adjacent, or
neighbors, if ab is an edge of G. The set of neighbors of a vertex u in G, denoted by
Ng(u), is called the open neighborhood of u in G. The closed neighborhood of u in G is
the set Nglu| = Ng(u) U {u}. If X C V(G), the open neighborhood of X in G is the set
Ng(X) = U N¢g(u). The closed neighborhood of X in G is the set Ng[X] = Ng(X)UX.

ueX
A set D C V(G) is a dominating of G if for every v € V(G) \ D, there exists u € D

such that wv € E(G), that is, Ng[D] = V(G). The domination number of G, denoted by
v(G), is the minimum cardinality of a dominating set of G.

Let S = (v1,va,-- ,vx) be a sequence of distinct vertices of a graph G, and let S =
{v1,v2,- -+ ,vk}. Then S is a legal closed neighborhood sequence if N¢[v;] \U;;ll Nglvj] # @
for every i € {2,---,k}. If, in addition, S is a dominating set of G, then S is called a
Grundy dominating sequence. The maximum length of a Grundy dominating sequence in
a graph G is called the Grundy domination number of G, and is denoted by 74, (G). We
say that vertex v; footprints the vertices from Ng[v;i] \ Uéleg[Uj], and that v; is their

footprinter. Any Grundy dominating sequence S with |§ | = Y4r(G) is called a maximum
Grundy dominating sequence or a vyg--sequence of G. In this case, we call S a Ygr-set of
G.

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set NZ(u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of u in G is given by NA[u] = NZ(u) U {u}. The open hop neighborhood of
X CV(G) is the set NZ(X) = U N&(u). The closed hop neighborhood of X in G is the

ueX

set NA[X] = NA(X)UX.

A set D C V(G) is a hop dominating set of G if N4[D] = V(G), that is, for every
v € V(G)\D, there exists u € D such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by 4 (G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v, (G) is called a ~p-set.

A hop dominating set D is called a connected hop dominating set if (D) is connected.
The minimum cardinality among all connected hop dominating sets of G, denoted by
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Yer(G), is called the connected hop domination number of G. Any connected hop domi-
nating set with cardinality equal to 7., (G) is called a ~y.p-set.

Let S = (v1,v2,- -+ ,vx) be asequence of distinct vertices of G and let S = {vq,- -+, vy}
Then S is a legal closed hop neighborhood sequence of G if NZ[v] \ U};llNé[vj] # @ for

each i € {2,---,k}. If, in addition, S is a hop dominating set of G, then § is called
a Grundy hop dominating sequence. The maximum length of a Grundy hop dominating
sequence in a graph G, denoted by VQT(G), is called the Grundy hop domination number
of G. We say that vertex v; hop-footprints the vertices from NZ[v;] \U;ZlNé [vj], and that
v; is their hop-footprinter. Any Grundy hop dominating sequence S with |S] = fygr(G) is
called a maximum Grundy hop dominating sequence or a 'ygr—sequence of G. In this case,
we call S a vgr—set of G.

A Grundy hop dominating sequence S is called a connected Grundy hop dominating
sequence if <.§ ) is connected. The maximum length of a connected Grundy hop dominating
sequence in a graph G, denoted by ’ygf(G), is called the connected Grundy hop domination
number of G. We say that vertex v; hop-footprints the vertices from NZ[v;]\ Uéleé [v5],
and that v; is their hop-footprinter. Any connected Grundy hop dominating sequence S
with |S| = vgﬁ(G) is called a maximum connected Grundy hop dominating sequence or a

’yg,}f—sequence of G. In this case, we call S a ’y;ff—set of G.

A sequence S = (v1,v9,--- ,vg) of distinct vertices of a graph G is a co-legal closed
neighborhood sequence in G if [V(G) \ Ng(vi)] \ Uj;ll[V(G) \ Ng(vj)] # @ for each
i € {2,...,k}, ie., S is legal closed neighborhood sequence in G. A co-legal closed
neighborhood sequence S = (v1,v2,...,vx) is a co-Grundy dominating sequence if V(G) =
U, [V(G) \ Ng(vi)], i.e., S is Grundy dominating sequence in G. The maximum length
of a co-Grundy dominating sequence in a graph G is called the co-Grundy domination
number of G, and is denoted by Yeogr(G). Clearly, Yeogr(G) = vgr(G).

The shadow graph S(G) of a graph G is constructed by taking two copies of G, say G
and (o, and then joining each vertex u € (G1 to the neighbors of its corresponding vertex
= Go.

Let G and H be two graphs. The join of G and H, denoted by G + H is the graph
with vertex set V(G+ H) =V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{uv :
ueV(G),ve V(H)}.

3. Results

Remark 1. Let G be a connected graph. Then each of the following is true.
(i) The vertex set V(G) may not form a connected Grundy hop dominating sequence.

(1) A proper connected hop dominating set may not form a connected Grundy hop dom-
mnating sequence.

(7it) A Grundy hop dominating sequence need not be a connected Grundy hop dominating
sequence.
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To see (i), consider the graph G in Figure 1. Let S = (vy, v2, v3, 04, 5, v6). Then S is a
connected hop dominating set of G. Observe that N&[vs] = {v3,v6} C Ng[vs]. It follows
that N2 [vg] \U?:1 NZ[vj] = @. Hence, S is not a legal closed hop neighborhood sequence
of G. Consequently, S is not connected Grundy hop dominating sequence of G. In fact
(as to be shown later), ’y‘g:ﬁ(G) # 6.

U3

U1 U5

Ve

Figure 1: A graph G where vertex set does not form a connected Grundy hop dominating sequence

For (ii), consider the graph G = C5 = [z, z,y,w,v,x]. Clearly, S = {z,y,z,w} is a
connected hop dominating set of G. Observe that NZ[w] C NZ[z] U N&[y] U N&[z]. It
follows that NZ[w] \ [N&[z] U N2&[y] U N3[z]] = @. Thus, S is not a legal closed hop
neighborhood sequence of G. Therefore, S is not a connected Grundy hop dominating
sequence of G.

Finally, for (iii), consider G = P5 = [v1, v2, V3,04, v5] and let S’ = (v1,v3,v4). Clearly,
S’ is a hop dominating set of G. Observe that vs € N2[v3] \ NZ[v1] and va, vy € Ne[va] \
(N&[v1] U N&[vs)). It follows that S’ is a legal closed hop neighborhood sequence of G.
Thus, S’ is a Grundy hop dominating sequence of G. However, <5’> is not connected.
Hence, S’ is not a connected Grundy hop dominating sequence of G.

Remark 2. Let G be a connected graph. Then 7., (G) < 'ygﬁ(G) < ’ygr(G) and these
bounds are tight. Moreover, both strict inequalities are attainable.

Note that the first inequality follows from the fact that every connected Grundy hop
dominating sequence induces a connected hop dominating set (by definition). Moreover,
since every connected Grundy hop dominating sequence is a Grundy hop dominating
sequence, the second inequality follows.

To see that the bounds are tight, consider G = K4. Then ., (G) = vgff(G) = 'ygT (G) =
4. For strict inequalities, consider first the graph G in Figure 2. Let S; = {s3, s4, 5, S }
and So = (s1, 2, S3, S4, S5,56). Then it can be verified that S; and Sy are v.,- and vgf}—
sequences of G, respectively. Hence, ., (G) =4 < 6 = 757}}(6’) = 6.
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Figure 2: A graph G with v, (G) <752 (G)

Lastly, consider the graph G’ in Figure 3. Let S" = (ug, ug, us) and S” = (uy, ug, ug, uz).
Then S’ and S” are vgf-sequence and ng—sequence of G’, respectively.  Hence,

YeM(G') = 3 and 4 (G') = 4, that is, 71 (G') =3 <4 =~ (G).

Uq Uy uy

us us us Ug

Figure 3: A graph G’ with yS1(G') < v1.(G")

Proposition 1. Let G be a connected graph. Then S = (s, 892, ,Sk) is a legal closed
hop neighborhood sequence of G with mazimum length and (S) connected if and only if S
is a connected Grundy hop dominating sequence of G with vgﬁ(G) =k.

Proof. Let S = (s1,s2,---,sk) be a legal closed hop neighborhood sequence of G with
maximum length k£ and <§ ) connected. Suppose S is not a connected hop dominating set of
G. Then there exists v € V(G)\ NZ[S]. This implies that v ¢ NZ[u] for every u € S. Pick
uy = s; € S such that da(v, ug) < dg(v,s;) for all j € {1,2,...,k}. Let [q1,q2,-..,Gm],
where 1 = ugp and ¢,,, = v, be a up-v geodesic. Then m > 4 and ¢4 ¢ Né [u] for every u € S.
Let S* = (81,82, " ,8k,q2). Then <§*> is connected and q4 € NZ[g2] \ UleNé[si] #+ O.
It follows that S* is a legal closed hop neighborhood sequence of GG, a contradiction to the
maximality of S. Thus, S is a connected dominating set of G. Therefore, by assumption,
S is a connected Grundy hop dominating sequence of G and 'ygﬁ(G) =k.

The converse is clear. O

The next result follows from Proposition 1
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Corollary 1. Let G be a connected graph and let S =(s1,82,.- y Sm) be a legal closed hop
neighborhood sequence of G such that (S) is connected. Then |S| =m < 'yg,}}(G).

Theorem 1. [8] Let G be any graph on n (n > 2) vertices. Then ’ygr(G) =n if and only
if every component C' of G is complete.

Theorem 2. Let G be a connected graph on n vertices. Then 1 < vgf(G) < n. Moreover,
each of the following statements holds.

(7) yglﬁ(G) =1 if and only if G is trivial.

(44) vgﬁ(G) = 2 if and only if G a non-trivial graph, has no induced cycles Cs and Cs,
and {a,b} is a (connected) hop dominating set for each pair of adjacent vertices
a,be V(G).

(731) fygff(G) =n if and only if G is complete.

Proof. Clearly, 1 < ygf(G) <n.

(7) Assume that WSr(G) = 1. Suppose on the contrary that G is non-trivial. Then
Yeh(G) > 2. By Proposition 2, ’ygf}(G) > 2, a contradiction. Therefore, G is trivial.

The converse is clear.
(7i) Suppose 'yg?(G) = 2. Then G is non-trivial by (z). Suppose G has a triangle, say C5 =
[€,y,2z,x]. Then ({x,y,z}) is connected and (z,y, z) is a legal closed hop neighborhood
sequence of GG. By Corollary 1, 7;7}}(6’) > 3, a contradiction. Hence, G is triangle-free.
Next, suppose that G has an induced cycle C5 = [p1,p2,...,p5,p1]. Then (p1,ps,p2)
is a legal closed hop neighborhood sequence and ({p1,ps,p2}) is connected. Again, by
Corollary 1, this implies that 'ygff(G) > 3, a contradiction. Thus, G does not have an
induced cycle of order 5. Now let u and v be adjacent vertices. Then (u,v) is a legal
closed hop neighborhood sequence of G. By assumption and Proposition 1, {a,b} is a hop
dominating set of G.

For the converse, suppose that G satisfies the given conditions. Let (v1,ve,...,vx) be
a 'ygff—sequence of G. Suppose further that k > 2. Let i € {1,2,...,k — 1}. Since (S) is
connected, there exists 1 < j < k, where j # 14, such that v;v; € E(G). If j < k, then
NE[vk] € NA[vi] U NZ[v;] because {v;,v;} is a hop dominating set of G' by assumption.
Thus, N2 [vk] \Uf;%Né[UT] = @, a contradiction. Therefore, j = k and v;v;, € E(G) for all
i€{1,2,...,k—1}. Moreover, since (¥ is triangle-free, (S) is a star. Now let w € NE[vo).
Suppose w ¢ NZ[v1]. Let [va, z,w] be a vo-w geodesic. Since {v1,vx} is a hop dominating
set of G and w € NZ[v], it follows that w ¢ NZ[vg]. Let [vg,y,w] be a v-w geodesic.
Since vov, € E(G) and G is tringle-free, zvx, ¢ E(G); hence, y # z. This implies that
[k, V2, 2, w, y,vx] is an induced cycle of G of order 5, a contradiction to an assumption.
Thus, w € NZ[v1], implying that NZ[va] € NZ[v1]. This contradicts the legality property
of S. Therefore, k = 2, i.e., fygf(G) =2
(i7) Suppose vgﬁ(G) = n. Then by Remark 2, 7§r(G) = n. Since G is connected, it follows
that G is complete by Theorem 1.
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Conversely, suppose that G is complete. Then NZ[u] = {u} for each u € V(G). Let
V(G) ={a1,as,...,a,}. Then

NEJai) \ U;;llNg;[aj] ={a;} \{a; : j #i} ={a;} # @ for each i € {2,3,...,n}.

It follows that (aj,as2,---,a,) is a Grundy hop dominating sequence of G. Since G is
connected, it follows that 'ygff(G) =n. O

The next results are immediate from Theorem 2.

Corollary 2. Let T be a non-trivial tree. Then ’ygff(G) = 2 if and only if {a,b} is a
(connected) hop dominating set for each pair of adjacent vertices a,b € V(T).

Corollary 3. Let G be a connected graph on n vertices. Then ’ygﬁ(G) <n-—1if and only
if G is non-complete.

Proposition 2. Let n be any positive integer. Then each of the following holds.
(i) There exists a connected graph G such that 'yg,}f(G) —Yen(G) = n.
(19) There exists a connected graph H such that 'y;LT(H) - ’yg,}}(H) =n.

Proof. For (i), consider the graph G given in Figure 4. Let S; = {u,v,42} and
Sy = (v1,v2,+++ ,Upy2). Then Sy and Sy are 7.p,-set and 'ygff—sequence of G, respectively.
Hence, v.,(G) = 2 and vgﬁ(G) = n + 2. Consequently, 'ygﬁ(G) —Yn(G)=n+2-2=n.

G:
Figure 4: A graph G with ng(G) —vn(G)=n
For (ii), consider the graph H given in Figure 5. Let S’ = (vj,u,w) and
S” = (v1,v2, ..., Upt2,u). Then S” and S” are vgf— and ygT—sequenceS of H, respectively.

Therefore, y:"(H) = 3 and 4% (H) = n+3. Consequently, v/ (H)—~i(H) = n+3—3 = n.
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H:
U1
O
Figure 5: A graph H with v* (H) — v¢h(H) =n
This proves the assertion. O

Corollary 4. Let G be a connected graph. Then Y5 (G) — Yen(G) and A% (G) — v2H(G)
can be made arbitrarily large.

Next, we give a more general result (than Proposition 2) involving the connected hop
domination, connected Grundy hop domination and Grundy hop domination parameters.

Theorem 3. Let a and b be positive integers such that 3 < a < b. Then each of the
following holds.

(i) There exists a connected graph G such that v.,(G) = a and 'y;}r‘(G) =b.

(ii) There exists a connected graph G' such that v5(G') = a and v'.(G') = b.

Proof. For a = b, consider G = K,. Then v.4(G) = a = 'ygﬁ(G) = ’y;‘T(G). Suppose
now that a < b.

For (i), let m = b — a and consider the following cases:
Case 1: a is odd.

Consider the graph G given in Figure 6, where ({y1,vy2, - ,Ym—1,w}) is complete.
One can verify that S; = (vi,v9,...,v,} and So = (Y1,Y2, "+, Ym—1, W, Vg, Vg—1 " ,V1)
are Y- and yoi-sequences of G, respectively. Hence, y¢,(G) = a and ¥52(G) = m+a = b.
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U1 UQT V3
G O O

Figure 6: A graph G with 7., (G) < 7$H(G)

Case 2: q is even.

Consider the graph G’ given in Figure 7, where ({y1,y2," - ,ym—1,w}) is complete.
One can verify that S’ = {vy,v9,...,v,} and S” = (y1,v2, -+ -, Ym—1, W, Vg, Vg—1 - .., V1) are
Yen- and 'ygf}—sequences of G, respectively. Thus, 7.,(G') = a and ygh(G’) =m+a=>.

r

G/ U1 ’UQI V3 o Vg—2 Vg—1 Iva

Figure 7: A graph G’ with v, (G') < ng?(G')

For (ii), let m = b — a + 1. Consider the graph H given in Figure 8. One can verify
that C" = {x1,29, - ,2,) and C” = (x1,22,  + ,Ta—1,Y1,Y2, " * ,Ym) are ygﬁ—sequence
and ’yg,,—sequence of H, respectively. Therefore, ’ygff (H) = a and ’ygT(H )=m+a—1=0.
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Figure 8: A graph H with v¢h(H) < ~vl.(H)
This proves the assertion. ]
Proposition 3. [8] For any positive integer n > 2,

2 ifn=2,3

h
P, =
Wgr( ) {n—2 if n>4.

Proposition 4. For any positive integer n > 2,

pafo, e
n—2 if n>4.

Proof. Let P, = [v1,v2,- - ,vy,]. Clearly, 'ygf}(Pn) = 2 for n = 2,3. Next, suppose that

n > 4. Let 8" = (v1,va-++ ,v,-2). Clearly, S’ is a connected Grundy hop dominating

sequence of P,. Thus, yi*(P,) > n — 2. Since v/.(P,) = n — 2 for all n > 4, it follows

that fygff(Pn) < mn —2 for all n > 4 by Remark 2. Consequently, ’yg,}l’(Pn) =n — 2 for all

n > 4. ]

Proposition 5. Let G be a connected graph of ordern. If [N&[v]| > m for everyv € V(G),
then ’ygff(G) <n-—(m-1).

Proof. Let V(G) = {v1,v2,...,vn}. Suppose ¥i4(G) =k, say S = (s1,82,-- ,55) is a
connected Grundy hop dominating sequence of G. Assume s; = v; for some i € {1,...,n}.
Then |N&[s1]| = |N&[vi]] > m by assumption. It follows that there are at most n —m
remaining vertices of G that could be hop footprinted by the next terms of S. Therefore,
VG =k <n—m+ v} =n—-m+1=n—(m-1). O

The next result follows immediately form Proposition 5.

Corollary 5. Let G be a connected graph on n vertices. If [N [u]| = 3 for everyu € V(G),
then v (G) <n — 2.
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Proposition 6. [8] For any positive integer n > 3,

3 ifn=3
n—4 if n>6 and even
n—2 if n>5 and odd.

Proposition 7. For any positive integer n > 3,

2 ifn=4
ch _ 3 if n=3,5
n—4 if n>6 and even

n—3 if n>7 and odd

Proof. Let G = Cp = [v1,v9,-+ ,vn,v1]. Clearly, 75#(C3) = 3 = 45(C5) and
75?(04) = 2. Suppose that n > 6 and is even. Let S = (v1,v2, - ,vp—4). Then NZ[va] \
NE[v1] = {va,va, v} # @ and vj49 € Né[vi]\ué;lll\fé[vj] foralli € {3,4,--- ,n—4}. It fol-
lows that S is a connected Grundy hop dominating sequence. Hence, 'ygff(Cn) > 15| = n—4.
Now, since ’ygr(Cn) = n — 4 for even integers n > 6, it follows that 'ygf}(Cn) <n-—4by
Proposition 2. Consequently, ’yg,}f (Cn) = n — 4 for all even integers n > 6.

Next, suppose that n > 7 and is odd. Let S = (v1,v3, -, Up—4, Un—3, Un—5," - ,V2).
Then S is a maximum connected Grundy hop dominating sequence of C,. Hence,
ygﬁ(G) =mn — 3 for all n > 7 and odd. O

Lemma 1. [11] Let G be a non-trivial connected graph and let G1 and G be two copies
of G in the graph S(G). If w € V(G1) and w' € V(Gs) is the corresponding vertex of w,
then

In what follows, if G; and G9 are copies of G in the shadow graph S(G), and
D C V(G1), and Q C V(G3), then the sets D' and Q' are given by D' = {v' € V(G2) :
veD}and Q' ={weV(Gy) :w e Q}.

Theorem 4. Let G be a non-trivial connected graph and let G and Ga be copies of G in
the shadow graph S(G). Then C is a connected hop dominating set of S(G) if and only if
one of the following conditions holds:

(i) C is a connected hop dominating set in G.
(13) C is a connected hop dominating set in Gs.

148 = Cqg G, such that Cg an G, are connected hop dominating
ii) C = Cg, UCg, such that Cg, U Cq, and Cg, U Cg, ted hop dominati
sets of G1 and Ga, respectively.
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Proof. Let Cq, = CNV(Gy) and Cg, = CNV(Gs). If Cq, = @, then C = Cg, is
a connected hop dominating set of G;. If Cg, = &, then C = Cg, is a connected hop
dominating set of Ga. Hence, (i) or (i7) holds. Next, suppose Cg, # @ and Cg, # 9.
Let z € V(G1) \ (Cg, UCG,). Then z € V(S(G)) \ C. Since C is a hop dominating of
S(G), there exists y € C' such that dg(y(7,y) = 2. If y € Cg,, then we are done. Suppose
y € Cg,, say y = 2', where z € V(G1). Then z € C, and dgq)(z,y) = dg, (v, 2) = 2 by
Lemma 1. Therefore, Cg, U C”G2 is a hop dominating set of G;. Clearly, (Cq, U C’G2> is
connected. Consequently, Cq, U C&Q is a connected hop dominating set of G1. Similarly,
Cg, U Cg, is a connected hop dominating set of G2. Hence, (44i) holds.

Conversely, suppose (i) holds. Let a € V(S(G)) \ C. If a € V(G1), then there exists
b € C such that dg,(a,b) = dg)(a,b) = 2. Suppose a € V(G2), say a = u’, where
u € V(G1). If u € C, then dg, (a,u) = dg(ay(a,u) = 2. If u ¢ C, then there exists v € C
such that dg, (u,v) = 2. It follows that dg()(a,u) = dg(e)(u',v) = 2. Therefore, C is a
hop dominating set of S(G). Clearly, (C) is connected. Consequently, C' is a connected
hop dominating set of S(G). Similarly, if (i7) holds, then C' is a connected hop dominating
set of S(G). Next, suppose that (iii) holds. Let z € V(S(G)) \ C. Then = ¢ Cg, U Cg,.
Suppose x € V(Ga) \ Cg,, say © =y, where y € V(G1). Then y ¢ Cg,,. If y € Cg,, then
dsey(z,y) = ds(@)(y';y) = 2. Suppose y ¢ Cg,. Since Cg, Uy, is a hop dominating
set of G, there exists w € Cg, U Cg, such that dg, (w,y) = 2 = dgq)(w,y). If w € Cg,,
then w € C and dg(g)(w,y’) = 2 by Lemma 1. If w € Cf, ), then v’ € Cg, € C and
da,(w',y') = dgq)(w',y') = 2 by Lemma 1. Therefore, C'is a hop dominating set of
S(G). Clearly, (C) is connected. Consequently, C' is a connected hop dominating set of
S(G). O

The next result follows from Theorem 4.

Corollary 6. Let G be a non-trivial connected graph and let G1 and Go be copies of G in
the shadow graph S(G). Then ven(S(G)) = Yen(G).

Theorem 5. Let G be a non-trivial connected graph and let Gy and Gy be copies of G
in the shadow graph S(G). If S is a connected Grundy hop dominating sequence of Gy
or Ga, then S is a connected Grundy hop dominating sequence of S(G). In particular,

Tor(G) < 1gH(S(Q)).

Proof. Suppose S = (v1, v, ...,vE) is a connected Grundy hop dominating sequence of
G1. Then S is a connected hop dominating set of ;1. Hence, S is a connected hop domi-
nating set of S(G) by Theorem 4. Let i € {2,3,...,k}. Since N& [v;]N (U;-;llNéz [vi]) =@
and Ng_[v]] N (Ué;llN(z;l [v;]) = @, Lemma 1 implies that

Ny lvil \UZi N3 gy lvj] = (NG, [oi] \ (U2 NE, [o]) U (NG, [vf] \ (U521 NG, [)).
By the legality property of S,

@ # N&, [vi] \ UZ1 NG, [vj] © N3y loi] \ Vs NG [vg)-



J. Hassan, S. Canoy Jr. / Eur. J. Pure Appl. Math, 16 (2) (2023), 1212-1227 1224

Thus, S is a legal closed hop neighborhood sequence in S(G), showing that S is a con-
nected Grundy hop dominating sequence in S(G). Similarly, S is a connected Grundy hop
dominating sequence in S(G) if S is a connected Grundy hop dominating sequence in Gs.
Therefore, ’ygff(G) < ’ygﬁ(S(G)). O]

Lemma 2. Let G be a connected graph of order n. If |Ng[v]| > k for every v € V(G),
then v4r(G) <n — (k—1).

Proof. Let V(G) = {v1,v2,...,vn}. Suppose v4-(G) = t, say S = (s1,52,---,5¢) is
a Grundy dominating sequence of G. Then |Ng[s1]| > k by assumption. It follows that
there are at most n — k remaining vertices of G that could be footprinted by the next
terms of 5. Therefore, vy, (G) =t <n—k+ 1. O

Proposition 8. Let n be a positive integer. Then

1, n=1,
’YQT(F”) = 2> n= 27 3
3, n>4.

Proof. Clearly, for n =1 and n = 2,3, 74-(Py) = 1 and 7, (P,,) = 2, respectively. Let
{v1,v2, - ,v,} be a vertex set of G = P,. Let = {vg,v4,v3}. Notice that S is a Grundy
dominating sequence of G. Hence, 74.(G) > 3.

Now, notice that |Ng[v;]| = n — 2 for every i, where i # 1,n. Fix i. If we let v; to be
the first element of a Grundy dominating sequence S’, then there are only two remaining
vertices which are not in Ng[v;]. Thus, 4,(G) < 3. Therefore, 7/ (G) = 3. O

Proposition 9. Let n be a positve integer. Then

3, n=23,
"Ygr(én) =42, n=4
3, n>5.

Proof. Clearly, for n = 3 and n = 4, v4.(Cy) = 3 and 74,.(C,) = 2, respectively. Let
{v1,v2, - ,v,} be a vertex set of G = C,,. Let = {v1,v3,v2}. Notice that S is a Grundy
dominating sequence of G. Hence, 74-(G) > 3.

Now, notice that |[Ng[vi]| = n—2 for every i € {1,--- ,n}. Fix i. If we let v; to be the first
element of a Grundy dominating sequence S’, then there are only two remaining vertices
which are not in Ng[v;]. Thus, v4,(G) < 3. Therefore, v4.(G) = 3. O

The next result is the correction of a result found in an earlier paper of the authors in
[8].

Theorem 6. Let G and H be two graphs and let C be a sequence of distinct vertices of
G+ H. Then C is a legal closed hop neighborhood sequence in G + H if and only if one
of the following holds:

(1) C is a co-legal closed neighborhood sequence in G.
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(1) C is a co-legal closed neighborhood sequence in H.

(tit) The subsequences Cg and Cy of C, where C=CquU C’H, are co-legal closed neigh-
borhood sequences of G and H, respectively.

Proof. Assume that C' = (a1,a2,- -+ ,an)is alegal closed hop neighborhood sequence of
G+H. If C C V(G), then NZ[a;] = N&, ylas) = V(G)\ Ng(a;) for each i € {1,2,...,m}.
Thus, by the legality condition property of C,

[V(G)\ Ng(ai)] \ U;;ll [V(G)\ Ng(a;)] # @ for each i€{2,3,...,m}.

It follows that C is a co-legal closed neighborhood sequence in G. Hence, (i) holds.
Similarly, if C' C V(H), then (i) holds. Next, suppose that CNV (G) # @ and CNV (H) #
@. Let Cg and Cp be subsequences of C such that Co = CNV(G) and Cyr = CNV (H).
Let Cg = (an, Qny, - - -+ an,) and C = (Gmy, Gy, - - - 5 Gm, ). Note that N2, ylan,] € V(G)
for all j € {1,2,...,t} and N ylam,] C V(H) for all s € {1,2,...,7}. Since C is a
connected legal closed hop neighborhood sequence in G + H, it follows that

[V(G)\ Ne(an )]\ UZ1[V(G) \ No(an,)] = N glan,] \ UZI NG plan,] # @

for all i € {2,3,...,t}. Hence, Cg is a co-legal closed neighborhood sequence in G. Simi-
larly, C' is a co-legal closed neighborhood sequence in H. Therefore, (iii) holds.

For the converse, suppose (i) or (ii) holds. Then C is a legal closed hop neigh-
borhood sequence in G + H. Suppose (iii) holds. Let C = (ai,a2, - ,an) and let
Ca = (anyyGnys - yap,) and Cg = (GQmyy Gmg, - -+, Gm,.). Let i € {2,3,...,m}. Suppose
a; € C. Then a; = an, for some k € {1,2,...,t}. Since Cg is a co-legal closed neighbor-
hood sequence in G,

. .
NCQ-?-i-H[ai] \ U;'zllNgJ-i-H[aj] = N%-i—H[a’nk] \ Up:%Né"!‘H[a’np]

= [V(G)\ Ne(an, )]\ U~ [V(G) \ No(an,)] # 2.

If a; € Cy, then a; = am, for some ¢ € {1,2,...,m}. Since Cx is a co-legal closed
neighborhood sequence in H,

- -1
Néymla \UZ1NG mlas] = N&yglam,) \ UIZ1NE ylam,]

= [V(H)\ Nu(am,)] \UIZ1[V (H) \ Nu(am, )] # 2.
This shows that C is a legal closed hop neighborhood sequence in G + H. O

Theorem 7. Let G and H be two graphs and let C be a sequence of distinct vertices of
G+ H. Then C is a connected Grundy hop dominating sequence in G + H if and only
if the subsequences Ce and Cg of C, where C = Cg U Cy, are co-Grundy dominating
sequences in G and H, respectively.

Proof. Suppose C is a connected Grundy hop dominating sequence in G + H. Since
C is a legal closed hop neighborhood sequence and C' is a connected hop dominating set
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in G+ H, it follows that C satisfies (ii7) of Theorem 6. Hence, the subsequences Cg and
Cy of C, where C = Cg U Ch, are co- legal closed neighborhood sequences in G and H,
respectively. Since C' is a hop dominating set in G + H, V(G) = Uyec,,[V(G) \ Na(v)]
and V(H) = Uyecy [V(H) \ Ng(w)]. Thus, Cg and and Cy are co-Grundy dominating
sets in G and H, respectively.

Conversely, suppose that the subsequences Cg and Cg of C, where C =CaUCy, are
co-Grundy dominating sequences in G and H, respectively. By Theorem 6, C' is a legal
closed hop neighborhood sequence in G + H. Since Cg and Cpg co-Grundy dominating
sequences in G and H, respectively, Cisa hop dominating set. Moreover, because <C’> is
connected, C is a connected Grundy hop dominating sequence in G + H. O

The following result follows from Theorem 7, Proposition 8, and Proposition 9.

Corollary 7. Let G and H be graphs. Then
797« (G +H) = 'YcogT(G) + 7cogT(H)'

In particular, each of the following holds.
( ) ’Ygr (Kl + G) =1 +70097“(67)

(ii) Yo (Kmn) =2 for m,n > 1.

(idi) AH(W,) =4 for all n > 5.

(iv) AR (F,) =4 for alln > 4.

(v) V(P + Pr) = 6 for all n,m > 4.

(vi) YR (Cp + Ci) = 6 for all n,m > 5.
) Ygn

(vii P, +Cyp) =6 for alln >4 and m > 5.

4. Conclusion

In this study, connected Grundy hop domination numbers of some graphs are deter-
mined. Realization results involving connected hop domination, Grundy hop domination,
and connected Grundy hop domination numbers are given. For the shadow graph S(G)
of a non-trivial graph G, it is conjectured that 'ygf(S (G)) = vgﬁ(G). Connected Grundy
hop domination can still be studied further.
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