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Abstract. One of the more exciting polynomials among the newly presented graph algebraic poly-
nomials is the M —Polynomial, which is a standard method for calculating degree—based topological
indices. In this paper, we define the M,.—polynomials based on vertex—edge degree and derive
various vertex—edge degree based topological indices from them. Thus, for any graph, we provide
some relationships between vertex—edge degree topological indices. Also, we discuss the general
M,.—polynomial of r—regular simple graph. Finally, we computed the M,.—polynomial of the
2—ary tree graph.
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1. Introduction

Let G be a connected simple graph and let w be a weight given to its vertices. That
is, for each v € V(G) "V = V(G) be the vertex set”, w(v) is a positive integer. A
Wye—polynomial of G is defined by:

er(G; Z, y) = EquE(G):L'w(u)yw(v)7 w(u) S ’LU(U), (11)

where ”E = E(G) be the edge set”. Collecting all similar terms 'y’ we can rewrite this
polynomial as:

Woe(G: 2,y) = Syercynia'y’ i < j, (1.2)

*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v16i2.4698

Email addresses: kavi.rasool@uoz.edu.krd (K. Rasool), payman.rashed@su.edu.krd (P. Rashed),
ahmedgraph@uomosul.edu.iq (A. Ali)

https://www.ejpam.com 773 © 2023 EJPAM All rights reserved.



K. Rasool, P. Rashed, A. Ali / Eur. J. Pure Appl. Math, 16 (2) (2023), 773-783 774

where n;; is the number of all edges uv such that w(u) =i and w(v) = j.

The degree of a vertex u € V is the number of edges incident on u, denoted as
dy. The neighborhood of a vertex u € V,Ng(u) is a set of all neighbors of u, i.e.,
Ng(u) = {vjuv € E(G)} and its called open neighborhood. The closed neighborhood
of a vertex u, denoted by Ng[u], is obtained by adding a vertex u to Ng(u), that is,
N¢lu] = Ng(u) U {u}. The §, denotes the degrees sum of neighbors of u in G.

It is clear that (1.1) is a general W, —polynomial. If w(u) = d,, for all u € V(G), then
(1.1) is M —polynomial of G, which may simplified as:

M(G;2,y) = Suypencymia'y’ i < j, (1.3)

where m;; is the number of edges uv € F(G) such that {d,,d,} = {i,j}. This polynomial
was first introduced by Deutsch and Klavzar [6].

And, if w(u) = §, for all u € V(G), then from (1.1), we get N M —polynomial of G:
NM(Ga €z, y) = ZUUEE(G)m;jxiij <7 (14)

where m;; is the total number of edges uv € E(G) such that {d,,d,} = {i,j}. Mondal
and others [13] developed a M —polynomial into a N M —polynomial of a graph G.

Now, for each u € V(G), 7, is defined as the number of all edges in G incident to a
vertex of Ng[u]. From (1.1), substituting w(u) = 7, we get M,.—polynomial:

MUS(G) = ZuveE(G)xTuyTva Tu S Tvy (15)

Simplifying (1.5) by collecting similar terms, we get
Mye(G) = YweB(@) Cig® ™ Y™, Tu < Ty,

in which ¢;; is the number of all edges uv € E(G) such that {r,,7,} = {4, j}.

The terms vertex—edge degree of the graphs, 7, were first introduced by Chellali and
others [4]. The authors defined these novel degree concepts in relation to the vertex—edge
domination parameters [4, 10]. The vertex—edge degree (ve—degree) concepts of the graphs
were extensively used in chemical graph theory [3, 7, 8] and [19].

The M —polynomial is the most general polynomial that may generate a wide range
of degree—based topological indices [5, 6, 9, 11-13, 15, 17] and [18§].
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From the above three definitions, we get some properties:
(1) Bicjmija'y lomy=1 = Bi<jnijz'y’ lo=y=1 = Di<jcija"y lz=y=1 = ¢.
(ii) For any vertex u in a graph G, we have: d,, < 7, < dy.

(iii) Let f(hy,hy) be the index function, where h, € {d.,7,,0.}. Then f(dy,d,) <
f(Tus ) < f(Ou,0y), where f € [first and second Zagreb, reduced first and second
Zagreb, hyper Zagreb index, forgotten index, albertson index, sigma index].

Finally, there are many polynomials that have been found over the current century
that have chemical applications; see [1, 2] and [14]

2. Some Relations Between Vertex — Edge Degree Topological Indices

In this section, we give some relations between vertex—edge degree topological indices
for any graph G. Also, the lower and upper bounds for vertex—edge degree topological
indices via Wy —polynomial are determined; some of them are shown in Table 1. for any
graph G.

Table 1: Some vertex—edge—degree based topological indices for W,.—polynomial.

Topological index Symbol Index Formula f(w(u), w(v)) Derivation from Wy(G; z,y)
First Zagreb WL(G) Yuver@)(wu) +w(v)) (Dy + Dy)Wee(G; 2, y)|z=y=1
Second Zagrel WE(G) Euveic) (w(0)uw(v)) (D:D) Woe G 9) sy
Reduced First Zagreb RWL(G) Suwer@) (wu) +w(v) —2) (Dg + Dy — 2)Woe(G; 2, Y) | a=y=1
Reduced Second Zagreb RWEQ(G) Swep@ (W) = D(w®)) = 1) | (Dz = 1)(Dy = HWoe(G5 2, y)|a=y=1

Hyper Zagreb index | HypW.,e(G) Swer@) (w(w) + w(v))? D2IWoe(Gs 2, y)o=y=1

Forgotten index | FWoel@) | Supepio (@)’ + w(@)?) | (D2+ D)Woel G oyt
Albertson index AlbW,e (G) Yuer@)|wu) —w(v)| Do IWye (G 2, Y) | a=y=1
Sigma index o We(G) Suver@) (w(u) — w(v))? D2IWye(G; 3, Y) | o—y=1

Where the operator D, and D, on W,.(G;z,y) are defined as:

DoWae (G 2,y) = $W, DyWoe(Gs2,7) = yw

and IW,e(G;z,y) = Wee(G; 2, 271).

7<]W’U6(G;x7 y) = WUE(G;QZ,:U)

Theorem 2.1: Let G be any graph with order p = |V (G)| and size ¢ = |E(G)|. Then

RWL(G) = WL(G) — 2q.
RW2 (@) = W2(G) = WL(G) +q.
ve(G) = HprUe(G) ZWUQe(G)

Hprve(G) - 4W1)2€(G>
QFWUE(G) - Hprve(G)'

.U‘P.W!\"t‘

oWoe(G)
Jer(G)
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Proof:

1. From the definition of the reduced first Zagreb, we have:
RW,(G) = Syen(e)(w(u) + w(v) — 2)
= Yer@) (w(u) + wv)) — Xypep@)2
= W (G) — 2¢.
2. From the definition of the reduced second Zagreb, we have:
RW;(G) = Supen(e)(w(u) — 1)(w(v) — 1)
= Yuwene)W(Ww) = Bypepe)(w(v) + wv)) + Zyepc)l
= R}.(G) = Ry (G) +q.
3. From the definition of the Forgotten index, we have:
FWye(G) = Suver(e)(w(w)® +w(v)?)
= Suer@)(w(u) + wv))? = 28ye peyw(u)w(v)
= HypWye(G) — 2W5(G).
4. From the definition of the sigma index, we have:
oWee(G) = Epvena) (w(u) —w(v))?
= Suen@ (W) + @0)?) ~ 2 yen@wlu)u(v)
= FWoe(G) = 2We.(G)
— HypW,o (@) — AWE(G).
5. From 3 and 4, we have:

oWee(G) = 2FWye(G) — HypW,e (G).

In the next theorem, the upper and lower boundaries will be found using the vertex—degree—based
topological indices 7,, u € V (G).

Theorem 2.2: Let G be any graph with order p and size q. Then

2q < M&e(G) < 242

q < M. (G) < ¢°

0 < RM,(G) < 2q(q—1).
0 < RM2(G) <q(q—1)~%
4q < HypM,(G) < 4¢°.

Al ol
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6. 2¢ < FM,(G) < 2¢°.

Proof:

Since 1 < 7, < ¢, for all u in G, then

1. 2 <7y + 7, <2¢q, this implies that

ZquE(G)2 < EquE‘(G) (Tu + Tv) < EuveE‘(G)2Q7 then
2q < M;.(G) < 2¢°.

2. 1 < 77 < ¢, this implies that

Suwer@)] < Buer@) (Tu™) < Suwep(c)d®s then
q < M3 (G) < ¢

3. 0< 7y +7,—2<2(q—1), this implies that

Z]uveE(G)O < EquE(G) (Tu + Ty — 2) < EuveE(G’)Q(q - 1)7 then
0 < RML(G) <2q(q—1).

4. 0 < (14 —1)(7y — 1) < (¢ — 1)?, this implies that

Suer@)0 < Suer@) (Tu — 1) (1o — 1) < Syepe) (¢ — 1)?, then
0 < RM2(G) < q(q—1)>%

5. 4 < (14 + 7p)? < 4¢?, this implies that

EuUEE(G)4 < EuUGE(G) (TU + TU)Q < 211,11€E(C¥)4qz7 then
4g < HypM,¢(G) < 4¢>.

6. 2 < (1,)% + (1,)? < 242, this implies that

2quE‘(G)2 < EuveE(G)((Tu) (T )2) <X weE(G )2q then
2q < FM,(G) < 2¢°.

Remark: We note that equality exists for all topological indices in Theorem 2.2, if G =
K.

3. M,.—Polynomials of r—Regular Graphs

In the next theorems, we discuss the general M,.—polynomial of r—regular simple
graph of size q.

Theorem 3.1: Let G is an r—regular simple graph G of size ¢, then
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1. M(Giz,y) =qz"y".
NM(G;x,y) = qu2yT2.
If the graph G without triangle cycles, then M, (G;z,y) = q:U”QyTQ.

N

Proof:

1. Let G is r—regular graph with ¢ edges, then every edge in G is an incident on two
vertices which have r degree. Hence, M (G;x,y) = qz"y".

2. Since every vertex u in r—regular graph G is adjacent r vertices, then 6, = r2. Hence,
NM(G;z,y) = qz""y".

3. If G is an r—regular simple graph without triangle cycles, then 7, = 7, = r2, for every
edge e = uv where u,v € V(G). Hence Mye(G;z,y) = qa:’”Qy’”z.

Example 3.2: Let H; be 3—regular graph for all i = 1,2,3. See Figure 1.

Hy H, Hy

Figure 1: 3—regular graphs.

We note that:

M (Hy;z,y) = 923y3, NM (Hy; 2, y) = 92%° and My (Hy;x,y) = 92895,
M (Hy; z,y) = 1203y3 and NM (Ha;x,y) = Mye(Ha; z,y) = 122%°.

M (Hs;z,y) = 1523y3, NM (Hg; x,y) = 152%y° and

Mye(Hz; 2, y) = Ta8y8 + 4289 + 4290,

It is very difficult to find a general formula for M,.—polynomial of a regular graph, so
some conditions were given on the regular graphs in order to obtain M,.—polynomial.

Theorem 3.3: Let G is an r—regular simple graph such that every vertex in G lies on
only one triangle cycle, then
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Mye(G;z,y) = gz 'y~ where ¢ = |E(G)|.
Proof:

Let e = uv be any edge in G where u,v € V(G), then the two vertices u and v are
2-1,7r2-1

adjacent with third vertex, then 7, = 7, = r2 — 1. Hence M,.(G;x,y) = qz" 'y )
where ¢ = |E(G)|.

Theorem 3.4: Let G is a r—regular simple graph such that any vertex in G lies at most
on one triangular cycle. If h be the number of edges lies between any two vertices belong
to triangular cycle (or cycles) and k be the number of edges which one of whose ends, but
not both lies on a triangular cycle. Then

Mye(Gyz,y) = ha™ Yy L4 ka™ "y + (g — h— k)2 y",
where ¢ = |E(G)].

Proof: Obvious.
Definition 3.5: Let G be a simple graph and a vertex u € V(G), we can rewrite J,, as:

Oy = EzGN(u)dZ =dy + 2e1 + &9,

where €1 be the number of edges of which both its ends belong to a triangular cycle and
€2 be the number of edges which lies on the vertices are neighbors of a vertex wu.

Theorem 3.6: Let G be a any graph without triangular cycle, then,
NM(G;z,y) = Mye(G; 2,y).
Proof:

xdu +2e14e2,,dv+2e1+e2
)

For edge e = uv where u,v € V(G), then mguévx‘s“y‘sv =my ;. Y
by Definition 3.5. Since G is a graph without triangular cycles, then €1 = 0. Hence
mgu &Jx‘s"yé” = mgu 5 gluteagdotes — 5,5,y , by definition vertex — edge degree of the
graph. Hence,

NM(G7 xz, y) = M’UE(G; z, y)
4. M,.—Polynomials of 2—Ary Tree Graph

Definition 4.1: [16] A rooted tree G is an acyclic connected graph with a special node
that is called the root of the tree and every edge directly or indirectly originates from the



K. Rasool, P. Rashed, A. Ali / Eur. J. Pure Appl. Math, 16 (2) (2023), 773-783 780

root. An ordered rooted tree is a rooted tree where the children of each internal vertex
is ordered. If every internal vertex of a rooted tree has not more than m children, it is
called an m—ary tree. In this section, we determine the M,.—polynomial of special case
of m—ary tree is 2—ary tree of n levels denoted by R,, and as shown in Figure 2.

. .

AAKA  AAKA

Figure 2: 2—Ary Tree graph N,,.

Some Properties of a 2—Ary Tree Graph R,,:
e At each level of 4, the number of vertices are 2¢, for 0 < i < n.
e The order and the size are p(R,) = 2" — 1 and ¢(R,,) = 2! — 2, respectively.

e The rooted vertex of degree 2, the degrees of vertices at each level of 7, 1 <i <n-—1
are 3 which represent the maximum degree ” A (X,,) = 3”7 and the degrees of the
last level are 1 which represent the minimum degree ”"§(X,,) = 1.

e The maximum and minimum ve—degree are A, (X)) = 9 and 0,¢(N,,) = 3, respec-
tively.

Theorem 4.2: Let N,, be the 2—ary tree graph of order ontl — 1, n > 4. Then,
Mye(Ry;m, ) = 22098 + 428 + 2na3y® + 2712599 + (271 — 8)a%y°.
Proof:

From the Definition 4.1 and Figure 2 of 2—ary tree graph R,,, we can observe that the
vertices are divided into five partitions:

Vil =1lv e V(R,): 1, =3| =2,

Va| = v € V(R,) : 7, = 5| = 2771,
Va| = v e V(Ry) : 7y = 6] = 27,
Vil = v e V(R,) : 7, = 8| = 21,

Vsl = v e V(R,) 7, =9 =271 — 4,

n

n
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The edges set of 2 — ary tree graph X,, can be partitioned as |E3 5| = |uv € E(X,,) :
7o =3 and 7, = 5| = 27, |Esg| = luv € E(R,) : 7 = 5 and 7, = 9] = 2" 1, | B8] = |uv €
EN,):7, =6and 7, = 8] = 2,|Eso| = |uv € E(N,) : 7, = 8 and 7, = 9| = 22| Ego| =
luv € ERy) : 7y =7y = 9] = [E(Ry)| — [E35] — |Es9| — |Ess| — [Egol = 2" = 8.

Thus, the M,.—polynomial of 2—ary tree graph N,, is
Mye(Rn; 2,y) = Sicjcija’y’
= N3<50352°Y° + Bs<ocs0r’y? + Le<scesz’y® + Vs<ocsor®y? + Lo<gcgr’y’
= SuveBs 5C355°Y° + Suve 5 o 59Ty + Buve Bg 5 C68T0Y° + Luve By o C892°Y )+ Buve By o Cooz”y”
= |E35|2%y° + | E5 9|2y + | Ee8|2%® + | Es o|l2®y” + | Eo o|2”y°
— ongdys 4 on—lBy9 4 968 L 4aBy9 4 (901 _ 8)90.

Corollary 4.3: Let X,, be the 2 — ary tree graph of order 2"*' —1 | n > 4. Then

) =8(2"+ + 27 —6).

M2,(R,,) = 3(42 x 271 4+ 5 x 2" — 88).

n) — (2n+4 4 2n+3 _ 2n+2 _ 44)‘

n) = 2(2772 448 x 2771 — 109).
N,) = 4(27F + 130 x 2771 — 261).

FMye(R,) = 2(17 x 2™ + 134 x 2"~ — 258).

AIbM,e(R,) = 4(2™ + 2).

o Mye(Ry,) = 4(27FL 427 4 3).

© NS oW
&
i
=
[

Remark 4.4: From Theorem 3.5, we get
Mye(Rp; @, y) = NM Ry 2, y) = 22%9° + 40y + 272y® 4+ 277 %y + (2071 = 8)a%y”.

5. Conclusion:

In this paper, we have given a new polynomial based on the terms of a vertex—edge degree
of a graph G. From this polynomial we proved many properties and proved that it’s equal
to the neighbor polynomial when G there is a graph without a triangular cycle. We also
discover a vertex—edge degree polynomial for an r—regular graph under certain conditions.
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