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1. Introduction

There are numerous well-known special functions, numbers, and polynomials, such the
Bernoulli, Tangent, and Genocchi numbers and polynomials, and derivative polynomials,
that are well studied in the current literature due to their broad applications ranging
from number theory and combinatorics to other fields of applied mathematics[5, 6, 13].
In the literature, other variants and extensions of these functions, numbers, and polyno-
mials have appeared. Some versions have been created by combining two or three special
functions, integers, or polynomials. Poly-Bernoulli numbers and polynomials, for exam-
ple, were created by combining the notions of polylogarithm and Bernoulli numbers and
polynomials[9, 14].
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The principles of Apostol, Frobenius, Genocchi, and Euler polynomials were combined
to create the Apostol-Genocchi polynomials, Frobenius-Euler polynomials, Frobenius-
Genocchi polynomials, and Apostol-Frobenius-type poly-Genocchi polynomials in the pa-
per of Ryoo et.al.[10-12]. Another intriguing combination of special polynomials may be
created by combining the principles of Apostol and Frobenius polynomials with Tangent,
Bernoulli, and Genocchi polynomials, which will be the topic direction of this paper. This
will be carried out using the Fourier series expansion method[7]. Currently, there was
no literature or related works that mentioned the Fourier series expansion of Apostol-
Frobenius: Tangent, Bernoulli, and Genocchi polynomials that were accessible at the time
of the research.

Fourier series is widely known as an expansion of a periodic function f(x) in terms of
an infinite sum of sine and cosine functions. It makes use of the orthogonality relationships
of the sine and cosine functions. Fourier series is expressed as[1]

() = 2+ i {an cos <2::na:> + by sin <2,lfm:>] (1)

n=1

where T is the function’s period. The above expression can also be cast into its exponential

form as follows: -

S(l‘) _ Z Cr - 6i27rnac/T (2)

n=—oo

where the coefficients ¢,, are computed as

_ l r —i2mnx /T |
Cn = e s(t)dt (3)
T Jo

The Fourier expansion of several well-known polynomials has recently piqued the curiosity
of mathematicians. The Fourier expansions for the Apostol-Bernoulli and Apostol-Euler
polynomials are given by Lou (2009). Using the Lipschitz summation formula, Lou derives
the Fourier expansions and integral representation for Genocchi polynomials the same
year. Araci-Acikgoz (2018) made a significant finding about the Fourier expansion of
the Apostol Frobenius-Euler and Genocchi polynomials. With this motivation, we are
interested in determining the Fourier series expansions of higher order Apostol-Frobenius-
type Tangent and Genocchi polynomials using the Cauchy residue theorem and a complex
integral over a contour[2], which they found to be particularly useful.

2. Main Results

In this section, we use the Cauchy Residue theorem and Bayad’s method[2] in evalu-
ating the complex integral over a circle C' to obtain the Fourier series expansion for the
Frobenius type of Apostol-Tangent and Apostol-Genocchi polynomials.
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2.1. Fourier expansion and Integral representation of Apostol-Frobenius-
Tangent Polynomials:

The Tangent polynomials with complex argument x are defined as coefficients of the
following generating function|8]

ng(w)Z = <62t2+1> et (4)

where T,,(0) = T,,. The Apostol-Frobenius-type Tangent polynomials, which are another
variation of the Tangent polynomials, are defined as follows:

—u X
ZT a:u)\n! —— g (5)

)\e2t u

where u, A € C with v # 1, A # 1 and u # A. By Cauchy Integral formula, we have

To(wsu,\) 1 l—u , dt
n! N 271'2/0 N2t —qC g (6)

Consider now the function inside the integral

1—u et

f(t) = NeZl — g il (7)

which has a pole at ¢t = 0 of order n + 1. We then find the other poles of the function
fn(t) as follows:

Ae?t —u=0

)\Qt:E
SN

2t:10g§+2km'
1/2
i —t—log()\) tkri, forkeZ

By Cauchy Residue Theorem, we have

L | Ja()dt = Res(£(0),£ = 0) + >_(/( (8)

211
keZ

In Eq. (8), we integrate f,,(t) around the circle with radius (N + €)m where ¢ € R. That

is, emi + log (%)1/2 # 0 (mod 27i). This radius guarantees that the circle Cy does not
pass through any of the poles t;. The following lemma contains the limit of the integral
in Eq. (8) as N — oo
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Lemma 1. Let u,\ € C{0,1} with |A| # |u|. For0 <z <1

1—u dt
li = at =
N On falt)dt /CN heZt — il 0

where Cy = {t : || = (N + €)m and ¢ € R, (emi & log(u/A)/?) # 0}

Proof. We first take the modulus of the integral given as

l—u , dt 11 — ul|e®] e
2 € | S 2t nt1 < 2 |dt|
oy A€t —u oy |Ae2t —u|[tnt||dt| oy |Ae?t —ul

Consider the function in the last integral

‘6zt’ B ’ext‘
AT ] =l 4 1
eRe(t)
ST where o« = ——
|allulle* + 3| u
1
<
> _)\|
So that,
/ l—u gy dt | _ 1 |dt| 2+l
(& =
o 3 —u® | = TN Jo 0] T [ AN + gm)rt

As N s ooforn>1

/ 1—u oot dt 50
oy A2 —u gttt
Using Lemma 1, Eq. (8) becomes
Res(fa(t),t =0) = =Y Res(fu(t),t = tx)
keZ

We then compute the Res(f.(t),t = 0,) and ), . Res(fn(t),t = tx) to obtain the Fourier
series expansion of Apostol-Frobenius-Tangent polynomials. The following theorem ex-
plicitly shows the Fourier series representation of the said polynomials

Theorem 1. Let u, A € C{0, 1} with |A| # |u|. For0 <z <1

lu—1 /uy\ 32 ik
To(z;u, ) = n <)’ p 9)
5 B gzw [log ()% + k] ™
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Proof. We compute Res(f,(t),t =0) and ), ,Res(fn(t),t = t}) as follows:

— d" n+1 1 - A m
Res(fn(t),t—O) _%L}Oﬁ%(t_o) tn+1 ;Tm(wﬁu,)\)m'
1 d" &
t—>0n'dt” ZT Ty U, \)
1 > 2fm—n
= m o T;)Tm(x’ wA) (m —n)!
Tin(z;u,A)
B n! (10)
and
l—uw . 1
Res(fn(t),t =tx) = lggc( —tg ))\e%_ue prs
= (1 _ U) extk 1 i
¢t t=t, Ae?t — u
—_ 1 —u :Etk . 1
t:"'l c tggc 2)\e2t
(1 —u)el@=2t un1/2 .
=% Wherety =1 f) k
2)\t2+1 where vy = log ()\ + ke
~ (I—u)exp {(z-2) [log(u/)\)l/2 + kmi] }
- n+1
2 [log (§)/% + k]
(1 —wu)e” log(u/A)'/? gkmiz ,—2log(u/N)/? o —2kmi
- n+1
2\ [log (%)1/2 + km’]
1 .
(1= u) /)7 i
( n+1 (11)

- 2\ [log (%)1/2 + km}

Combining the results of the residues equations (10) and (11) and substitute it to Eq. (8),
we get

Tn(x;u,)\)__ 1_u()x1kmm
nt keZ 2\ [log (%) 12 + km} e

Simplifying the above expression we then have

itkx

lu—1 7uy\ 32 e
To(z;u,\) = v — —
2w ()\> gz [log (%)1/2 + /-cm} o
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When u = —1, the above expression will then be T, (x; —1,\) = T'(z; A). That is

1
n! /=1 2T ikﬂrx . 2n+1
To(rz;u=—-1,)) = — ()
A ke%[log( 1) + 2kmi] "
—imkZ ezﬂkx X 2n+1

- [(2k — 1)7 — log |71

eiﬂ'k‘$ —iny on+1

e3 (2k 1w on+1

n:
2 ()30 2 [(2k — 1)mi — log A]" ™

Note that, the above expression is the known Apostol-Tangent polynomial as shown in
the paper of Corcino et al.[3]
Now, consider an integral formulation of the polynomials Apostol-Frobenius-Tangent.

Theorem 2. Forn € N (set of natural numbers), 0 < x <1, £ < %, ¢ e R, we have

Ty (:L‘; u; —ue%m) = <u — 1) gn-le—tmiz

% M (n; z;v) cosh(26mv) + iN (n; z; v) sinh(2§mv)
{ cosh(2mvs.) + cos(mx)

”dv] (12)

where

1 1
M(n;x;v) = €™ cos <—72Tx + (n+2)77> —e ™ cos <7rl“ + W) (13)

1
N(nn;z;v) = e™ sin (—gx + (n+2)77> — e ™gin (;Tx I 27r> (14)

Proof. From Eq.(9), we let A = —ue?™ and k — —k

ot u—1 ) 2 e~ imkz
T(z;u; —ue?™) = ——on <— - 5’”) n! Z , |
U keZ —2kmi + log(e=™ - e~ 271)]
u—1 —imkx
— on ( —Ti— 2£7rz) n!
u Z —2kmi — i — 2&mi|" Tl
u—1 1 ) e~ Tk
= on ( —(§+f)m> !
u o \° " é (—mi)»t1(2k + 26 + 1)ntl
u—1 e ( +&)mix e—imka

_ on nl
u (—mi)ntl = (2k + 26 + 1)n+t
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u—1 ne—(%-‘rf)mz | 0 e~ Tk N io: etk
= .
u (—mi)ntl — (2k + 2¢ + 1)ntL Pt (—2k + 2 4+ 1)1

u—1 ne_(%+5)”ix

oo —mkx o0 irtkx
e e
= 2 ! —1)ntt
w o (—miyntt " LZ:O @k 26+ )l - ; (2k —2¢ — 1)”“]

= u= 12n 67(%+§)ﬂiz [ = —imkx n!

u - (i)t (2k + 26 + 1)n 1

e kzlemx 2k — 22! 1)”“]
where
(2k+264+1)>0if €| < %,ﬁeRandeO,
(2k —2£ —1) > 0 if |¢] <%,£€Randk20.

We then apply the integral formula given as

& n!
/0 t"he " dt = T (n=0,1,..;R(a) > 0)

So that,

; u—1 o o0
T(z;u; —ue®™) = ” 2" (Cry [Ze‘”k”"/o e~ (2R gy
k=0

e 00
+ (_l)n—i-l Z eiﬂ'k:r; / tne—(2k—2§—l)tdt]
k=1 0

w—1_ e GHOmiz [ oo >

/ (26411 Z o~ limz 20k gy

0 k=0

+ (_1)n+1 /oo 6(2€+1)t Z e(iwx—?t)ktndt]
0

k=1

—(1 i
_ U — 12n6 (3t+&miz [/oo tne—(2§+l)t 1 "
0

1 — e—(imz+2t)
imxr—2t

+ (=1 x 26t yngy
1 — etmz—2t
0

C(iie)mi -
_u— 12n6 (3+Emiz [/OO e (26+1)t el it
0

eiwz _ e—2t

e2t—eim®

+ (_1)n+1 /OO e(2§+1)t£tndt
0
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_&mi 1_:
- 12” eZfme > ﬂef(zsﬂ)ttndt
U (—mi)nt1 | Jy  emie — =2
41 oo e%m’m (2611)t
n n
+ (_1) /O m@ t"dt
u—1 e—&mix 00 e—(26+1)t
P / — S—
u (—7‘{'2)” 0 e2T _ €—2t—§ﬂ—m
0 e(26+1)t
s [
0 6275—§7T%I _ 657r1$
. ' -
u—1 e*émm o0 @*(2£+1)t e?t _ eTiT) o5 TiT
2 'n+1/ 1. 14'( T )1, t"dt
Uu <—7TZ) 0 e2™T _ 672tf§7rzx e2t7§ﬂ-zx _ bz
. 1.
o €(2£+1)t eTiT _ o—2t) o—5TiT
+(_]‘)n+1/ 1_. 1_. ( 1_. ) 1. tndt
0 €2t—57rw: _ exTi® ea™T _ e—2t—§mx
u—1_, , e 00 o= (26HE (2 _ gmiz)o—zmiz
2 : tdt
u (=mi)» 1 Jo cosh(2t) — cos(mx)

oo L(264+1)t(  wiz _ L2\, —smix
T R
0 cosh(2t) — cos(mx)

We then make the substitution t = v, (—=1/i)"T! = e(**D7/2 apnd (—1)*+! = = (n+D7i,
we find that

T (z;u;

_ue2§7ri) _

1

2n71 e—fﬂim /oo 6—(2§+1)7rv(627rv _ em'a:)efimlx (ﬂ,v)nﬂ_dv
u (—mi)ntl | Jo cosh(2mvs.) — cos(mx)
0o (2§+1)7rv(e7rix o e27rv)ef%7rix
-1 n+1/ € N d
+(=1) 0 cosh(2mvs) — cos(mz) () mdv
° — 12n71 e—¢mix /oo 6('rz—&—1)7ri/2(€27rv _ emm)e—(2§+1)7rvef%7rix g,
u a1 Jo cosh(2mvs) — cos(mx)
N (_1)n+1 /oo 6—(n+1)7ri/2(67rx _ 627rv)e(2§+1)7rvef%7riz g
0 cosh(27mvs.) — cos(mz)
u—1

u

. T (n+1)m - (n+1)7
oo mu | TRt | 26w —mu b 2Tt g | —2€m
2n—1€—§m[/ el Je2mo _ o] -2
0

v"dv

cosh(2mvs.) — cos(mx)

|, (ntD)m . (ntl)m

0

cosh(2mvs) — cos(mx)
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Let A=—-Zz+ (nH) and B = Jx + (”gl)w. So that,

u—1
U

T(z;u; —ue®™) = gn—le—tmiz v"dv

/ em;eer 26mv e—m)eiBe—2§7rv
0

cosh(27mvs.) — cos(mz)

00 em;e—iAe2§7rv _ e—wve—iBe2§7rv "
+ v"dv
0 cosh(2mvs.) — cos(mz)

— L_12n—1€_§7rioc /Oo (e™cos A — e ™ cos B)(e_%ﬁv + €2£7rv) v dv
w 0 cosh(2mvs.) — cos(mz)

4 /°° (e™sin A — e sin B) (e — e%m)v”dv
0 cosh(2mvs.) — cos(mx)

ot [ ol
u 0 cosh(2mvs.) — cos(mx)

+i/ (e™sin A — e~ S1nB)(31nh(2§7rv))vndv
0 cosh(2mvs.) — cos(mx)

Simplifying the above equation gives us the integral representation of the Apostol-Frobenius-
Tangent polynomials

26miy _ u— 12n_1€_§m-x /OO M (n; x;v) cosh(26mv) 4+ iN (n; z; v) sinh(267v) e
u cosh(2mvs.) — cos(mz)

T(x;u; —ue
(15)

where

2 2 2
1 1
N(nn;z;v) =e 51n<—3¢_|_(n—; )W>—e "sm<7rm+(n+2) )

2.2. Fourier expansion of Apostol-Frobenius-Tangent Polynomials of Higher-
order

The Apostol-Frobenius-Tangent polynomials of higher order, denoted by TV(LT) (z;u, N,
are defined as coefficients of the following generating function

t" 1—u \"
where r > 1, u,A € C with u # 1, A\ # 1 and u # .

In this section, we derive the Fourier expansion for Apostol-Frobenius-Tangent poly-
nomials of higher order as shown in the following theorem.
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Theorem 3. For 0 < x <1,

. rr—1 A A Y () (z u 5 xkmi
10y = a3 (1) T (T ) A B ()e

2 11— T 1
wez N Y7550 " J J [10g (%)% + ki

where Bff) (%) is the Bernoulli polynomials of order r defined by

3 " xt - T tn
(757) =X B

Proof. By Cauchy Residue Theorem,

L pydt = Res(f(),t = 0) + 3 Res(F(t), ¢ = 1)

21 Cn

where

1—u \" e*
Ft) = ()\62t - u> tnt+l
Consider the left-hand side of the equation in the Cauchy Residue Theorem as N — oo,
we have

1—u \" dt
li t)dt = li ot =
Nvoo On 1) Novoo Oy </\th — u) T 0
We use the same proof as in the case when r = 1 as shown in Lemma 1. We shall evaluate
the first term of the right-hand side of the equation in the Cauchy Residue Theorem as

t = 0, we have
1 « tm
(= 0" D T (5w, A)

m=0

.1 dr
Res(f(t),t =0) = lim — -2

1
— () (o
= n!Tn (z;u, N).

Now we will evaluate the second term of the right-hand side of the equation of the Cauchy
Residue theorem as ¢t = t;. That is, for r > 2

1 dr—l

. . 1—u \" %t
Res(f(t),t = ty) = (r—1)! tlgfslk =) {5 prs]

Consider the function

1— T _xt 1— r 1 xt
(t—tk)r< u) e ; (I-w)" 1 e

_ o r
\e2t —q ) ol (¢ —t) (Ae% _ 1)r u” !
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(I—w)"u™ ot (1)
= (t—t) 5 ™t
(Ge* —1)
(I—w)u™" 4
= (t—tp) et (nt)
( k) (%6% _ 1)7"
=(t—tx)" 0 —u)fu™ et (n+l) since —e~ 2 =1

Get-mg -1y
L (—w R(—t)) e
(2u)" (ez(t—tk) - 1)r g+l

1 — U‘ Z B ] (n-i-l)ext

where

w \"_xpm”
<e“’—1) ZB” n!

n=0

To get the derivative, we employ the Leibniz Rule which gives us
drfl (t ; )r 1—u T ezt
dir—1 k \e2t —q ) L
1—u\" dr! > [2(t — t;,)]"
T (r) LT T TR)L | ity —(nt1)
2u ) dtr—1 {(t ) nzg)Bn n! et

- _
(12uu>r 5; 11 {QBT(LT) 2(¢ ;!tk)]”] ext) t—(n+1)}
< - ,

H
[\
I~
@
N———
g
:
M
N
ﬁ
o,
—_
N————
QL
S
- —
<. .
A
3
+
>—A
a
m
l\D
3
\'S

Consider now,

; J
i Z

So that, the derivative becomes

dr—1 1—u \" et 1—u\" 2/ — dr—1-J
& 4\ & T —(ntl)
dir—1 {(t tr) (}\62t _ u) g+l } < > Z ( > dir—1- jt
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tj -1 t_tk)nl
‘e §<l>x Z e

Thus,

1 ‘ dr_l . 1—u Tt
Res(f(t) ¢ =) = (r—1)! thiﬁ dtr—1 (t=1t) ()\ezt - U> ¢t

r—1 ;
1 1—u\" r—1\ d"—1-J
by ~(nt1)
i () ]Z< )t

n—l

zt .7 j—l — B(r)2n(t_tk)
o3 (S m

Note that B(r) (t( tk)) — 0 as t — t; except when n = [. So that

Res(f(t),t = ty) = — (12;“)”21(’”‘.1)( D (= 1= eyt )

(’r‘ - 1)' =0 J
J N
x erth Z <‘Z>x312131(7“)
=0
— 1 (1—w)r -« (r—1)! r—1—j . —(n+r—j)
S (r=1)! (2w Zj'(r —1 —j)!(_l) Tnr =1 =)t

We use the identity that BI(T) = §:o (g) Bl(r) (%)j_l. Thus,

rT—l . (7’) x xt
u—1 n+r—1-— .. B 5) e*%*
Res(/ (0, = 1) = (5.1 ) 3 ( ) BE
§=0 k

r—1—j J!

1
Substituting t; = log (%) 2 + ki, we get

1
— r z( log(%)?2
u—l)” l (n+r_1_j>(—1)113z()(§) e (og(A

Res(f(t),t =tx) = ( r1o g

=0

.
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T (250, \) = —n'z ( 1
r—1—j

This gives
)Z i1 <n tro1- j) BY(5) (3 et
keZ j= J' [log (%)% + kmi

where

2.3. Fourier expansion of Apostol-Frobenius-Genocchi Polynomials of Higher

Order

The Genocchi polynomials can be defined as [4]

> o 2t ot
2 Gnle)y = <+1) e (18)

The Apostol-Frobenius-Genocchi polynomials which are certain variation of the Genocchi
polynomials are defined by Araci and Acikgoz [1] as coefficients of the following generating
function:

tact
ZG mu)\ i _ 4= )e (19)

et —u
where u, A € C with u # 1, A ;é 1 and u # A. By Cauchy Integral formula, we observe that

Gn(ziu,A) 1/ (1—u)t ,, dt
n! 2w Jo det —u ot

If we consider the function ( ) .

1—u)e*
t) = —

FO) =g

then it has a pole at ¢ = 0 of order n. The other poles are found to be at

el —u=0
el =u
t_ U
Y

ti —tflog<)\>+2km

By Cauchy Residue Theorem, we have

L [ (et = Res(7a(0), £ = 0) + 3 Res(fult). = 1) (20)

27
keZ

In Eq. (20), we take the limit of the integral, fCN fn(t)dt as N — oo as explicitly shown
in the following lemma
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Lemma 2. Let u,\ € C{0,1} with |A| # |u|. For0 <z <1

(1 — u)te®
————dt =0
/CN (et — w)tntl

/ |1 — ulle™||dt|
< JLE A L
~Joy et —ullt]

/ 11— ul|e®]||dt| A
= 1 , Where a = ——
Cy ]au!‘et—i—aﬂt”] u

/ 1 — uldt|
on | = AllE]

/ (1 —u)te®™ dt <]1—u\ |dt| 1
oy Aet—u LT =Nl o [t ~ ((2N + e)m)n

1— xt
/ ( t“)te fjl dt — 0
cy Aet—wuot

Proof. Consider

/ (1 —u)te* dt
oy Aet—u  trtl

So that

As N = o0

Using Lemma 2, Eq. (20) becomes

Res(fn(t),t =0) = =Y Res(fo(t),t = t;)

kEZ

With these, Araci and Acikgoz [1] obtained the following Fourier series expansion by
calculating the residues of the function f,(¢) at t = 0 and t = ¢y, respectively:

Gn(z;u,\) = n! L-u (%)x E PR (log(u/\) + 2kmi] ™" (21)
u
keZ

where u, A € C{0,1} with |A| # |u] and 0 < = < 1. Note that, when we take u = —1, we
have

11 /-1\" A -1 -
s = —1 —pnl 2kmix 1 9 .
G(ryu=—-1,\)=n — ()\ > kgeze [og ()\ > + km]

=2n ' Z ki log(—1) — log X + 2kmi] "
keZ
= 2n' Z 2% i — log X + 2kmi] "
kEZ
o) e(2k+1)miz

Gz \) = (22)

AT é [—log A + (2k + 1)mi]"
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Note that Eq.(22) is the Apostol-Genocchi polynomials obtained in the paper of Corcino,
et.al.[2]. That is, G(z;u = —1,\) = G(x; \).

The Apostol-Frobenius-Genocchi polynomials of higher order, denoted by Gy, (r )(1‘ u, ),
are defined as coefficients of the following generating function:

ZG (3 0) (S@jﬁ‘f)rewt (23)

where 7 > 1, u,A € C with u # 1, A\ # 1 and u # .
The following theorem contains the Fourier expansion of these polynomials.

Theorem 4. For 0 <z <1

S Sy (no i) e

keZ j=0 [10% (

)x €2ka’

G (z;u,\) = —n! (u

> >

) + 2kmi]"
(24)
where B,(Lr) (x) is the Bernoulli polynomials of order r.

Proof. Using the Cauchy Residue Theorem (CRT),

1 f( )dt = Res(f( )+ Z Res(f tr)

2T

where

tk—log<>\>+2km keZ
(A —uw)t\" e
s = ()
[ 1-u "ot
T\ et —u n+l—r
Consider the left-hand side of the equation in the CRT as N — oo, we have

1—u)\" , dt
et —u e’ n+l-r = 0’

lim f(t)dt = lim (

N—oo Cxn N—oo Cx
which can easily be shown using the same proof as in the case when » = 1 as shown in
Lemma 2. We shall evaluate the first term of the right-hand side of the equation in the
Cauchy Residue Theorem as t = 0, we have

. 1dr w1 1= tm
Res(f(t),t=0) :}g%den(t*O) thﬁ Zng)(l‘;U,)\)H
m=0

[e.e]

1anG azu/\

t%O n! dtn
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.1 (M)
}gr(l) n! m_OGm (z5,2) m! !
1 & m—n
— lim — E (r) S
%1—{% nl e G (w5, 1) (m —n)!
200 (4
TGy (w50, A)

Now we will evaluate the second term of the right-hand side of the equation of the Cauchy
Residue theorem as ¢t = t;. That is, for r > 2

1 . dt L 1—u \" ek
Res(f(1), =tx) = (r—1)! tlg]tak dir—1 (8= th) <)\et - u> gn—r+tl
Consider now the function
o T—u \" et (I—w)" [ t—t et
(t B tk) et — u tn—r+1 - u’ get 1 tn—r+1
u
T
(I —u)" t— tg et . U g

= o Npi—tnn 1 P since Xe k=1
u A

(1 —u\" =t \T e

- U el=te — 1 tn—r+1

xty

t —t)" e
< u ) ZB nl tn77‘+1
n=0

where

w " > w™
- B 2
(ew - 1) Z " nl

n=0

Using the Leibniz Rule, the derivative part for our residue at ¢t =, we get

[eS)
t n xtp
> ]
tn7r+1

d?”—]. t — tk‘ r extk
dtrfl <ettk _ 1> tnfrJrl = dtr 1
n=

e 1{ ZB ]extk}t(nrJrl)

Performing the Leibniz derivative rule on the above equation, we get

dr—l
dtr‘fl

o0

n — r—1—j
Z By)w R (n—r+1) Z r _ 1\ d _ j'tf(nfr+1)
n! J dtr—1-J

n=0
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-~

H(t)

Now, consider the derivative

ﬁ( xtkH(t))_i J j—l xtkiBgn)( )(t—t)n_l
v A UA nl VURET

l n=0
= ezth( > - lZB l
1=0 (n—
So that
r—1 ;
1 1—wu " . r—1 drili] —(n—r+1) xt
Res(f(t)7t:tk): (T—l)'( u > tligi 0< j >dtr—1—jt ( )6 *
]:

Note that B(T) (t( t‘“)) — 0 as t — t; except when n = [

1021

i=o N/

J .
etk Z (?)xj—zBl(r)

=0

r—1
1—u\" —1T—1J i

Recall that Bl(r) (x) = {:0 ({) Bl(T) (z)7~t. Thus,

rr—1 . (r) ot

1—u n—1—7 By etk

Res(f(t)vt:tk):< U ) E:(le)(_l) o ;l tn—i
J= ’
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Substituting tx = log § + 2k7i, we get

_ rr—1 1 s (r) z(log ¥ +2kmi)
1 1 ., B &
Res(f(t),t = t) :< “) 3 <" 7)(—1)*1 [ —

u ) g \r=1-j 3t [log ¥ + 2kmi]" ™
This gives,
rr—1 () u\T 2kxmi
1— —1- B u
SUCTREE S C D ol () [ Br e
= par A Jt [log % + 2kmi]™ ™

3. Conclusion

The researchers were able to obtain the Fourier series expansion of the Apostol-
Frobenius type of: Tangent and Genocchi polynomials of higher order. Taking into con-
sideration all of the generating function’s residues, together with the Cauchy Residue the-
orem, proved to be a useful strategy for deriving the Fourier series of these polynomials of
higher order. For future study, it will be interesting to derive the integral representations
of these higher order polynomials.
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