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1. Introduction

In topology, there has been recently significant interest in characterizing and inves-
tigating the characterizations of some weak forms of continuity for functions and multi-
functions. As weak forms of continuity in topological spaces, weak continuity [12], quasi-
continuity [14], semi-continuity [13] and almost continuity in the sense of Husain [9] are
well-known. It is shown in [15] that quasicontinuity is equivalent to semi-continuity. It
will be shown that weak continuity, semi-continuity and almost continuity are respectively
independent. Popa and Stan [23] introduced weak quasi-continuity which is implied by
both weak continuity and quasicontinuity. Jankovié [10] introduced almost weak continu-
ity as a generalization of both weak continuity and almost continuity. Noiri [16] obtained
some characterizations of almost weak continuity and some relations between almost weak
continuity and weak continuity. Popa [20] and Smithson [24] independently introduced the
notion of weakly continuous multifunctions. The present authors introduced and studied
other weak forms of continuous multifunctions: weakly quasicontinuous multifunctions
[17], almost weakly continuous multifunctions [18], weakly a-continuous multifunctions
[22], weakly [-continuous multifunctions [21]. These multifunctions have similar charac-
terizations. The analogy in their definitions and results suggests the need of formulating a
unified theory. Noiri and Popa [19] introduced and studied the notions of upper and lower
weakly m-continuous multifunctions as a multifunction from a set satisfying certain min-
imal condition into a topological space. In [2], the present author introduced and studied
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the concepts of upper and lower x-continuous multifunctions in ideal topological spaces.
Moreover, several characterizations of upper and lower x-continuous multifunctions were
investigated in [3]. The purpose of the present paper is to introduce the notions of upper
and lower weakly sf(*)-continuous multifunctions. Furthermore, some characterizations
of upper and lower weakly s3(*)-continuous multifunctions are discussed.

2. Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y) always
mean topological spaces on which no separation axioms are assumed unless explicitly
stated. Let A be a subset of a topological space (X, 7). The closure of A and the interior
of A are denoted by Cl(A) and Int(A), respectively. An ideal .# on a topological space
(X,7) is a nonempty collection of subsets of X satisfying the following properties: (1)
A€ #and BC Aimply Be .#;(2) A€ . and B € . imply AUB € .#. A topological
space (X, 7) with an ideal .# on X is called an ideal topological space and is denoted by
(X, 7,.#). For an ideal topological space (X, 7,.#) and a subset A of X, A*(.¥) is defined
as follows: A*(F) ={z € X : UNA ¢ .7 for every open neighbourhood U of z}. In case
there is no chance for confusion, A*(.#) is simply written as A*. In [11], A* is called the
local function of A with respect to .# and 7 and CI*(A) = A* U A defines a Kuratowski
closure operator for a topology 7*(.#) finer than 7. A subset A is said to be *-closed [10]
if A* C A. The interior of a subset A in (X, 7*(.#)) is denoted by Int*(A).

Lemma 1. For a subset A of an ideal topological space (X, T,.7), the following properties
hold:

(1) If Ve 1, then VN CI'(A) C CI*(VNA) 8.
(2) If F is closed in X, then Int*(AU F) C Int*(A) U F.

A subset A of an ideal topological space (X, 7,.#) is called semi-.#-open [7] (resp.
pre‘ -open [5], strong - -open [7]) if A C CI*(Int(A)) (resp. A C Int*(Cl(A)), A C
CI*(Int(CI*(A)))). The complement of a semi--#-open (resp. pre’,-open, strong j3-.7-
open) set is called semi--# -closed [7] (vesp. preX,-closed [5], strong -7 -closed [7]).

Lemma 2. For a subset A of an ideal topological space (X, T, %), the following properties
hold:

(1) sCly(A) = AU Int*(CI(A)) [6].
(2) sBClLy(A) = AU Int*(Cl(Int*(A))) [6].
(3) sBInts(A) = AN CP(Int(CI(A))).
Lemma 3. [4] Let (X,7,.%) be an ideal topological space. If V is x-open, then

sCLy (V) = Int*(CIV)).
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Lemma 4. [4] For a subset A of an ideal topological space (X,7,.7), v € sfClLy(A) if
and only if UN A # O for every strong B--%-open set U containing x.

Lemma 5. [4] For a subset A of an ideal topological space (X, T,.%), the following prop-
erties are hold:

(1) X —spCly(A) = sBInty (X — A).
(2) X —spInty(A) =sBCly (X — A).

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X into
Y, and we always assume that F(z) # ) for all z € X. For a multifunction F : X — Y,

following [1] we shall denote the upper and lower inverse of a set B of Y by F*(B) and
F~(B), respectively, that is, FT(B) = {x € X | F(z) C B} and

F~(B)={z e X |F(z)NB %0}

In particular, F~(y) = {x € X | y € F(z)} for each point y € Y. For each A C X,
F(A) = UgeaF(x). Then F is said to be surjection if FI(X) =Y, or equivalent, if for each
y € Y there exists x € X such that y € F(z) and F is called injection if x # y implies
F(x)NF(y) =0.

3. Upper and lower weakly sf3(x)-continuous multifunctions

In this section, we introduce the notions of upper and lower weakly s3(*)-continuous
multifunctions. Moreover, several characterizations of upper and lower weakly sf3(*)-
continuous multifunctions are discussed.

Definition 1. A multifunction F': (X, 7, %) = (Y,0, 7) is said to be:

(1) upper weakly sB(x)-continuous at a point x € X if for each x-open set V of Y
containing F(x), there exists a strong B-.%-open set U of X containing x such that
F(U) C Crr(V);

(2) lower weakly sfp(x)-continuous at a point x € X if for each x-open set V of Y such
that F(z) NV # 0, there exists a strong 5-% -open set U of X containing x such
that F(z) N CI*(V') # 0 for every z € U;

(8) upper (resp. lower) weakly sfB(*)-continuous if F' has this property at each point of
X.

Theorem 1. For a multifunction F : (X, 1,%) — (Y,0, 7 ), the following properties are
equivalent:

(1) F is upper weakly sB(*)-continuous at a point x € X;

(2) x € CI'(Int(CI*(FT(CI*(V))))) for every x-open set V of Y containing F(z);
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(3) x € sBIntys(FT(CI*(V))) for every x-open set V of Y containing F(x).

Proof. (1) = (2): Let V be any x-open set of Y containing F'(z). By (1), there
exists a strong (-#-open set U of X containing x such that F(U) C CI*(V). Then,
x €U C FT(CI*(V)). Since U is strong 3-.#-open, we have

z € U C CI*(Int(CI*(U))) C CI*(Int(CI*(FH(CI*(V))))).

(2) = (3): Let V be any x-open set of Y containing F'(z). Thus, by (2), we have
x € CI*(Int(CI*(F*(C1*(V))))). Since z € F(CI*(V)) and by Lemma 2, we obtain
xz € FH(CI*(V)) N CI*(Int(CI*(FT(CI*(V))))) = sBInt # (F+(CI*(V))).

(3) = (1): Let V be any *-open set of Y containing F'(x). By (3), we have

x € sBInt #(FT(CI*(V)))

and so there exists a strong 3-.#-open set U of X containing x such that U C F*(CI*(V));
hence F(U) C CI*(V). This shows that F' is upper weakly sf3(%)-continuous at z.

Theorem 2. For a multifunction F : (X,7,.%) = (Y,0, #), the following properties are
equivalent:

(1) F is lower weakly sf(x)-continuous at a point x € X;
(2) x € CI'(Int(CIF(F~(CI*(V))))) for every x-open set V of Y such that F(x) NV # 0;
(3) x € sBInty(F~(CI*(V))) for every x-open set V of Y such that F(x) NV # (.
Proof. The proof is similar to that of Theorem 1.
Definition 2. A function f: (X,7,.%) = (Y,0, ) is said to be weakly sf(x)-continuous

at a point x € X if for each *-open set V. of Y containing f(x), there exists a strong
B- -open set U of X containing x such that f(U) C CI'(V). A function

f-(X,1,9)—= Y,0, 7)
is said to be weakly sp(*)-continuous if f has this property at each point of X.

Corollary 1. For a function f : (X,7,.9) — (Y,0, ¢), the following properties are
equivalent:

(1) f is weakly sp(x)-continuous at a point x € X ;
(2) x € CI'(Int(ClI(f~1(CI*(V))))) for every x-open set V of Y containing f(x);
(3) x € sBInty (f~1(CI(V))) for every x-open set V of Y containing f(z).

Theorem 3. For a multifunction F : (X,7,.%) = (Y,0, #), the following properties are
equivalent:
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(1) F is upper weakly sB(x)-continuous;
(2) F+(V)) C CF(Int(CI(F*(CF(V))))) for every -open set V of Y;
(3) Int(CUInt*(F~(V)))) € F~(CI*(V)) for every x-open set V of Y';
(4) Int(ClInt*(F~ (Int*(K))))) C F~(K) for every x-closed set K of Y';
(5) sBCL(F~(Int*(K))) € F~(K) for every x-closed set K of Y;
(6) sBCLy(F~(Int*(CI(B)))) C F~(Cl*(B)) for every subset B of Y';
(7) F*(Int“(B)) C sBInty(F*(CI(Int*(B)))) for every subset B of Y ;
(8) F*(V) C sBInty(F*(CIF(V))) for every x-open set V of Y';
(9) sBCLy(F~(V)) C F~(CI(V)) for every x-open set V of V.

Proof. (1) = (2): Let V be any %-open set of Y and x € F™ (V). Then, F(x) CV and
by Theorem 1, z € sfInt »(F+(CI*(V))) and hence F* (V) C CI*(Int(CI*(FT(CI*(V)))))
by Lemma 2.

(2) = (3): Let V be any x-open set of Y. Thus, by (2), we have

(V)
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and hence Int*(Cl(Int*(F'~(V)))) € F~(CI*(V)).
(3) = (4): Let K be any -closed set of Y. Then, Int*(K) is x-open in Y and so

Int*(Cl(Int* (F~ (Int*(K))))) € F~ (CI*(Int*(K))) C F~ (CI"(K)) = F~ (K).
(4) = (5): Let K be any *-closed set of Y. Then, we have
Int*(Cl(Int*(F~ (Int*(K))))) C F (K)

and F~(Int*(K)) € F~(K). Thus, by Lemma 2, s8,Cl(F~ (Int*(K))) C F~(K).

(5) = (6): Let B be any subset of Y. Then, CI*(B) is x-closed in Y and by (5),
sBCly (F~ (Int*(C1*(B)))) € F~(CI*(B)).

(6) = (7): Let B be any subset of Y. By (6),

FH(Int*(B)) = X — F~(CI*(Y — B))
C X — spCLy (F~ (Int*(CI*(Y — B))))
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= sfBInt 4 (FT (CI*(Int*(B)))).

(7) = (8): The proof is obvious.
(8) = (9): Let V be any x-open set of Y. Thus, by (8), we have

sBCLy (F(V)) C sBCLys (F™ (Int*(CI*(V))))
= 58Cly(X — F(Y — Int*(CI*(V))))
= X — spInt »(FT (Y — Int*(CI*(V))))
= X — spInt s (FT(CI*(Y — CI*(V))))
CX-—FT (Y -CI*V))
= F~(CI*(V)).

(9) = (1): Let x € X and V be any x-open set of Y containing F(z). By (9),

x € FT(V) C FT(Int*(CI*(V)))
= X — F~(CI*(Y — CI*(V)))
C X —sBCLy (F~ (Y — CI*(V)))
— gt (FH(CI*(V)))

and hence F' is upper weakly s3(x)-continuous by Theorem 1.

Theorem 4. For a multifunction F : (X,7,.%) = (Y,0, #), the following properties are
equivalent:

(1) F is lower weakly sB(x)-continuous;

(2) F~(V) C CI*(Int(CIF(F~(CI*(V))))) for every x-open set V of Y;
(3) Int*(Cl(Int*(F(V)))) C F+H(CIF(V)) for every x-open set V of Y ;
(4) Int*(Cl(Int*(F+(Int*(K))))) C FT(K) for every x-closed set K of Y ;
(5) sBCLy (F*(Int"(K))) C FH(K) for every +-closed set K of Y ;

(6) sBCLy (F*(Int*(CI*(B)))) C F+(CI(B)) for every subset B of Y';
(7) F~(Int"(B)) C sBInty(F~(CI*(Int*(B)))) for every subset B of Y;
(8) F~(V) C sBInty(F~(CI(V))) for every x-open set V of Y;

(9) sBCLy(FH(V)) C FH(CI(V)) for every x-open set V of Y.

Proof. The proof is similar to that of Theorem 3.

Corollary 2. For a function f : (X,7,9) — (Y,0, #), the following properties are
equivalent:
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(1) f is weakly sB(x)-continuous;
(2) f~1(V) C CP(Int(CF(f~1(CF(V))))) for every x-open set V of Y;
(3) Int*(Cl(Int*(f~1(V)))) C f~H(CIF(V)) for every x-open set V of Y;
(4) Int*(Cl(Int*(f~*(Int*(K))))) C f~(K) for every -closed set K of Y ;
(5) sBCLy (f~H(Int*(K))) C f~(K) for every -closed set K of Y ;
(6) sBCLy (f~'(Int*(CI"(B)))) C f~H(CI(B)) for every subset B of Y ;
(7) f~Y(Int*(B)) C sBInt,(f~L(CI(Int*(B)))) for every subset B of Y;
(8) f~H(V) C sBInty(f~1(CI*(V))) for every x-open set V of Y;
(9) sBCLy(f~X(V)) C f~L(CI(V)) for every x-open set V of Y.

Recall that a subset A of an ideal topological space (X, 7,.#) is called R-#*-open [2]
(resp. #*-preopen [2], I*-semi-open [3]) if A = Int*(CI*(A)) (resp. A C Int*(CI*(A)),
A C CI*(Int*(A))). The complement of a R-.#*-open (resp. .#*-preopen, .#*-semi-open )
set is called R-.*-closed [2] (resp. #*-preclosed (2], #*-semi-closed [3]). Let A be a
subset of an ideal topological space (X,7,.#). A point x in an ideal topological space
(X,7,.7) is called a xg-cluster point of A [3] if CI*(U)N A # () for every x-open set U of X
containing x. The set of all xg-cluster points of A is called the xg-closure [3] of A and is
denoted by x¢Cl(A). A subset B of an ideal topological space (X, 7, .#) is called xg-closed
[3] if x9Cl(B) = B. The complement of a xp-closed set is called xg-open [3].

Lemma 6. [3] For a subset A of an ideal topological space (X, T,.7), the following prop-
erties hold:

(1) If A is x-open in X, then CI*(A) = x¢Cl(A).
(2) xgCl(A) is x-closed in X.

Theorem 5. For a multifunction F : (X, 7,.7) — (Y,0, #), the following properties are
equivalent:

(1) F is upper weakly sf(x)-continuous;
(2) sBClLy(F~
(3) sBCly(F~

Int" (%9 CI(B)))) C F~(xgCU(B)) for every subset B of Y;
F~(xCI(B)) for every subset B of Y;

C F~(CI(V)) for every x-open set V of Y;
(5) sBClLy(F~ CF~

(6) s8CLy(F~

(Int"(

(Int"( )
(4) sBClLy (F~(Int"(CI(V))

(Int*( ) (C(V)) for every #*-preopen set V of Y';

(Int"(

(
(
(
(

Int"(K))) € F~(K) for every R-_#*-closed set K of Y;
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(7) sBCLy (F~(Int*(CI*(V')))) C F~(CI(V)) for every strong - _# -open set V of Y ;
(8) sBClLy (F~(Int*(Cl*(V)))) C F~(CI(V)) for every #*-semi-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. Thus, by Lemma 6, xgCl(B) is *-closed
in Y and by Theorem 3, sSCl s (F~ (Int*(x¢Cl(B)))) € F~ (x¢Cl(B)).

(2) = (3): This is obvious since C1*(B) C x¢Cl(B) for every subset B of Y.

(3) = (4): This is obvious since CI*(V') = x¢Cl(V) for every x-open set V of Y.

(4) = (5): Let V be any _#*-preopen set of Y. Then, we have V' C Int*(CI*(V)) and
so CI*(V) = CI*(Int*(CI*(V))). Now, put G = Int*(CI*(V)), then G is *-open in Y and

CI*(G) = CI*(V). Thus, by (4), we have sBCl s (F~ (Int*(CI*(V)))) C F~ (CI*(V)).
(5) = (6): Let K be any R-_¢*-closed set of Y. Then, Int*(K) is _#*-preopen in Y,
by (5),

$BClLy (F~ (Int*(K))) = s8ClLz(F~ (Int*(CI*(Int*(K)))))
F~(CI*(Int*(K)))
= F (K).

(6) = (7): Let V be any strong (- _#-open set of Y. Then, V' C CI*(Int(CI*(V))).
Since CI*(V') is R-_#*-closed in Y. Thus, by (6), s8Cl#(F~ (Int*(CI*(V)))) € F~(CI*(V)).

(7) = (8): This is obvious since every _#*-semi-open set is strong 8- _#-open.

(8) = (1): Let V be any x-open set of Y. Then, since V' is _#*-semi-open set in Y, by
(8), we have s5Cl,(F~(V)) C sBClLs(F~ (Int*(C1*(V)))) € F~(CI*(V)). By Theorem 3,
F' is upper weakly s(3(*)-continuous.

Theorem 6. For a multifunction F : (X,7,.7) = (Y,0, #), the following properties are

equivalent:
(1) F is lower weakly sf(x)-continuous;
(2) sBCLy (F*(Int*(x¢Cl(B)))) C F*+(%¢CU(B)) for every subset B of Y ;
(3) sBClLy(F+(Int*(Cl ) C Ft(x¢Cl(B)) for every subset B of Y ;
(4) sBCly(F*(Int*(Cl ) C FH(CI(V)) for every x-open set V of Y;
( ) C FH(CI(V)) for every #*-preopen set V of Y;
(
(

(7) sBCly (F*(Int*(Cl

(Int*(
(Int*(
(Int*(
(5) sBClLy (F* (Int*(CI*
(Int*(
(Int*(CI(V)))) € F(CP(V)) for every strongly 8- 7 -open set V of Y';
(Int*(

(

(

(

(6) sBCL(F*(Int*(K))) C F*(K) for every R-_#*-closed set K of Y;

(

(8) sBCLy (F*(Int*(CI(V)))) € F*(CI(V)) for every #*-semi-open set V of Y.

Proof. The proof is similar to that of Theorem 5.
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Corollary 3. For a function f : (X,7,.9) — (Y,0, ¢), the following properties are
equivalent:

(1) f is weakly sp(x)-continuous;
(2) sBClLs(f~L(Int*(xgCU(B)))) C f~ (%9 CI(B)) for every subset B of Y;

)

(3) sBCLs(f~1(Int*(CI*(B)))) C f~ (¢ CU(B)) for every subset B of Y ;

(4) sBClLy(f~L(Int*(CI*(V)))) C f~H(CI*(V)) for every x-open set V of Y ;
) € fHer

(6) sBClLy (f~HInt*(K))) C f~1(K) for every R-_#*-closed set K of Y ;

(V) for every #*-preopen set'V of Y ;

(f 7 (dnt*(

(f = (Int=(CT(

(f (It (CT(
(5) sBCLy(f~(Int*(C*(V)

(f 7 (Int"(K))
(7) sBCLy(f~ (Int*(C*(V)))) C f~1(CI(V)) for every strongly B- 7 -open set V of Y ;

(f 7 (Int(C

(8) sBCLy (f~HInt*(CI*(V)))) C fH(CI(V)) for every #*-semi-open set V of Y.

Theorem 7. For a multifunction F : (X, 1,7) — (Y,0, _7), the following properties are
equivalent:

(1) F is upper weakly sf(x)-continuous;
(2) sBCLy(F~(V)) C F~(CI*(V)) for every #*-preopen setV of Y;
(3) FH(V) C sBInty(E+(CI(V))) for every #*-preopen set V of Y.

Proof. (1) = (2): Let V be any _#*-preopen set of Y. Since F' is upper weakly s3(x)-
continuous, by Theorem 3, s3Cl s (F~(V)) C sBCly(F~ (Int*(CI*(V)))) € F~(CI*(V)).

(2) = (3): Let V be any _#*-preopen set of Y. Then, we have V' C Int*(CI*(V)) and
Y —V O CI*(Int*(Y — V)). Thus, by (3),

X — F+(V) F (Y -V)
F~(CI*(Int*(Y — V)))
o) sﬁCl 7(F~(Int*(Y = V)))
= sBCly(F (Y — CI*(V)))
= 58ClLy (X — FT(CI*(V)))
= X — sPlnt, (F+(CI(V)))

and hence F* (V) C sfInt »(F*(CI*(V))).

(3) = (1): Let V be any x-open set of Y. Then, V is #*-preopen in Y, by (4),
FH(V) C sBInt y(FT(C1*(V))). Thus, F is upper weakly s3(*)-continuous by Theorem
3.

Theorem 8. For a multifunction F : (X,7,.7) = (Y,0, #), the following properties are
equivalent:
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(1) F is lower weakly sB(*)-continuous;
(2) sBClLy (F*(V)) C FH(CI(V)) for every #*-preopen set V of Y;
(3) F~(V) C spInty(F~(CI*(V))) for every #*-preopen setV of Y.

Proof. The proof is similar to that of Theorem 7.

Corollary 4. For a function f : (X,7,.9) — (Y,0, #), the following properties are
equivalent:

(1) f is weakly sB(x)-continuous;

(2) sBClLy(f~HV)) C f=YHCI(V)) for every #*-preopen set V of Y;

(3) 7Y V) C sBInty(f~1(CIF(V))) for every #*-preopen set V of Y.
Definition 3. [4] A multifunction F : (X,1,.%) — (Y,0, _#) is said to be:

(1) upper almost sf(x)-continuous at a point v € X if for each *-open set V. of Y
containing F(x), there exists a strong B-% -open set U of X containing x such that

F(U) C Int"(CUV));

(2) lower almost sf3(x)-continuous at a point x € X if for each x-open set V' of Y such
that F(x) NV # 0, there exists a strong -%-open set U of X containing x such
that F(z) N Int*(CV)) # O for every z € U;

(8) upper (resp. lower) almost B(x)-continuous if F' has this property at each point of
X.

Remark 1. For a multifunction F : (X,7,.%) — (Y,0,_7), the following implication
holds:

upper almost sf(x)-continuity = upper weak sf(*)-continuity.

The converse of the implication is not true in general. We give an example for the
implication as follows.

Example 1. Let X = {1,2,3} with a topology 7 = {0,{1},{2},{1,2}, X} and an ideal
S ={0,{1}}. Let Y = {a,b, c} with a topology o = {0,{a},{a,b},Y} and an ideal ¢ =
{0,{c}}. A maultifunction F : (X,7,7) — (Y,0, #) is defined as follows: F(1) = {c}
and F(2) = F(3) = {a,b}. Then, F is upper weakly sp(x)-continuous but F is not upper
almost sf(x)-continuous, since {a,b} is x-open in' Y but F*({a,b}) is not strong 3-.% -open
n X.

Lemma 7. [2] For an ideal topological space (X, T,.%), the following properties are equiv-
alent:

(1) (X,7,.9) is -7 -normal.
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(2) For each x-closed set F' and each x-open set V' containing F', there exists a x-open
set U such that F CU C CT"(U) C V.

Theorem 9. For a multifunction F : (X,7,.7) — (Y,0, _#) such that F(x) is x-closed
inY for each x € X and (Y,0, 7) is a x-_# -normal space, the following properties are
equivalent:

(1) F is upper sf(x)-continuous;
(2) F is upper almost sf3(x)-continuous;
(3) F is upper weakly sf(x)-continuous.

Proof. We show only the implication (3) = (1) since the others are obvious. Suppose
that F' is upper weakly sf3(*)-continuous. Let z € X and V' be any x-open set of Y such
that F'(z) C V. Since F(x) is x-closed in Y and Y is x-_#-normal, there exists a x-open
set G of Y such that F(z) C G C CI*(G) C V. Since F is upper weakly s3(*)-continuous,
there exists a strong (-.#-open set U of X containing x such that F(U) C CI*(G); hence
F(U) C V. This shows that F' is upper sf(%)-continuous.

Theorem 10. For a multifunction F : (X, 7,.%) — (Y,0, #) such that F(x) is x-open in
Y for each x € X, the following properties are equivalent:

(1) F is lower sf(x)-continuous;
(2) F is lower almost sp(x)-continuous;

(8) F is lower weakly sp(*)-continuous.

Proof. (1) = (2) and (2) = (3): The proofs of these implications are obvious.

(3) = (1): Suppose that F' is lower weakly sf(x)-continuous. Let z € X and V be
any x-open set such that F(x) NV # (). Then, there exists a strong $-.#-open set U of X
containing x such that F(z) N CI*(V) # 0 for each z € U. Since F(z) is x-open, we have
F(2) NV #£ () for each z € U and so F is lower sf3(x)-continuous.

Definition 4. [4] A function f : (X, 1,.%) — (Y,0, 7) is called almost sf3(x)-continuous
at a point x € X if for each x-open set V of Y containing f(x), there erists a strong
B-F -open set U of X containing x such that f(U) C Int*(CI(V)). A function

f: (X77-7j)% (Y70-7 /)
is called almost B(x)-continuous if f has this property at each point of X.

Corollary 5. For a function f : (X, 7, %) — (Y,0, _#) such that f(x) is x-open in'Y" for
each x € X, the following properties are equivalent:

(1) f is sB(x)-continuous;
(2) f is almost sf(x)-continuous;

(3) [ is weakly sB(*)-continuous.
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