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Characterizations of some topological spaces
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Abstract. This paper is concerned with the concepts of some topological spaces. Firstly, we
introduce the notions of ds(A, p)-open sets. Some properties concerning ds(A, p)-open sets are
discussed. Secondly, the concept of s(A,p)-connected spaces is introduced. Moreover, we give
several characterizations of s(A, p)-connected spaces by utilizing ds(A, p)-open sets. Thirdly, we
apply the notion of s(A, p)-open sets to present and study new classes of spaces called s(A, p)-regular
spaces and s(A, p)-normal spaces. Especially, some characterizations of s(A, p)-regular spaces and
s(A, p)-normal spaces are established. Fourthly, we introduce and investigate the concepts of
s(A, p)-T» spaces and s(A, p)-Urysohn spaces. Finally, the notion of S(A, p)-closed spaces is studied.
Basic properties and characterizations of S(A, p)-closed spaces are considered.
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1. Introduction

In 1968, Velicko [14] introduced d-open sets, which are stronger than open sets. In 1982,
Mashhour et al. [9] introduced and investigated the notion of preopen sets which is weaker
than the notion of open sets in topological spaces. In 1993, Raychaudhuri and Mukherjee
[11] introduced and studied the notions of d-preopen sets and d-closures. The class of
d-preopen sets is larger than that of preopen sets. In 1996, Raychaudhuri and Mukherjee
[12] introduced and investigated the concept of §,-closed spaces. In 2005, Caldas et al.
[4] introduced some weak separation axioms by utilizing the notions of §-preopen sets and
the d-preclosure operator. Caldas et al. [4] showed that (4, p)-T1 spaces, (4, p)-Rp spaces
and (d, p)-symmetric spaces are all equivalent. Moreover, Caldas et al. [6] investigated
some weak separation axioms by utilizing J-semiopen sets and the J-semiclosure operator.
Caldas et al. [5] investigated the notion of §-As-semiclosed sets which is defined as the
intersection of a d-As-set and a J-semiclosed set. In 2011, Buadong et al. [1] introduced
and investigated some separation axioms in generalized topology and minimal structure
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spaces. Dungthaisong et al. [7] studied some properties of pairwise u-T1-spaces. Torton
2

et al. [13] introduced and investigated the notions of P(m,n)-regular spaces and fi(y, n)-
normal spaces. In [3], the present authors introduced the notions of (A,p)-open sets
and (A, p)-closed sets which are defined by utilizing the notions of Ap-sets and preclosed
sets. This paper is organized as follows: in Section 2 is devoted to basic definitions and
preliminaries. In Section 3, we introduce the notions of ds(A, p)-open sets and ds(A, p)-
closed sets in topological spaces. Moreover, some characterizations of ds(A, p)-T spaces,
ds(A, p)-Ty spaces and ds(A, p)-symmetric spaces are investigated. In Section 4, the notion
of s(A, p)-connected spaces is introduced. Several characterizations of s(A, p)-connected
spaces are obtained. In Section 5, we introduce the concepts of s(A,p)-regular spaces
and s(A, p)-normal spaces. Furthermore, we give some characterizations of s(A, p)-regular
spaces and s(A,p)-normal spaces by utilizing ds(A, p)-open sets. Basic properties and
characterizations of s(A, p)-T% spaces and s(A, p)-Urysohn spaces are discussed in Section
6. In the last Section 7, we define the notion of S(A, p)-closed spaces. Characterizations
and properties concerning S(A, p)-closed spaces are considered.

2. Preliminaries

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y') always
mean topological spaces on which no separation axioms are assumed unless explicitly
stated. Let A be a subset of a topological space (X, 7). The closure of A and the interior
of A are denoted by Cl(A) and Int(A), respectively. A subset A of a topological space
(X, 7) is said to be preopen [9] if A C Int(Cl(A)). The complement of a preopen set is
called preclosed. The family of all preopen sets of a topological space (X, 7) is denoted by
PO(X, ). A subset Ap(A) [8] is defined as follows: A,(A) =nN{U | A CU,U € PO(X,1)}.
A subset A of a topological space (X, 7) is called a Aj-set [3] (pre-A-set [8]) if A = A,y(A).
A subset A of a topological space (X, 7) is called (A,p)-closed [3] if A =T N C, where
T is a Ap-set and C' is a preclosed set. The complement of a (A, p)-closed set is called
(A, p)-open. The family of all (A, p)-open (resp. (A,p)-closed) sets in a topological space
(X,7) is denoted by A,O(X,T) (resp. A,C(X,7)). Let A be a subset of a topological
space (X, 7). A point x € X is called a (A, p)-cluster point [3] of Aif ANU # () for every
(A, p)-open set U of X containing x. The set of all (A, p)-cluster points of A is called the
(A, p)-closure [3] of A and is denoted by AP). The union of all (A, p)-open sets of X
contained in A is called the (A, p)-interior [3] of A and is denoted by Ay ). A subset
A of a topological space (X, 7) is said to be «a(A,p)-open (resp. p(A,p)-open, s(A,p)-
open, B(A,p)-open, r(A,p)-open [3]) if A C [[A(Ayp)](A’p)](Ap) (resp. A C [A(A’p)](A,p),
AC [AppAP), A C [[AAP)\ JJAP) A = [AAP)] ). The family of all a(A, p)-open
(resp. p(A,p)-open, s(A,p)-open, B(A,p)-open, r(A,p)-open) sets in a topological space
(X, 7) is denoted by a(A, p)O(X, ) (resp. p(A,p)O(X, 7), s(A,p)O(X,7), B(A,p)O(X, T),
r(A,p)O(X,7)). The complement of a p(A,p)-open (resp. s(A,p)-open, a(A,p)-open,
B(A, p)-open, (A, p)-open) set is said to be p(A, p)-closed (resp. s(A,p)-closed, a(A,p)-
closed, B(A,p)-closed, r(A,p)-closed). Let A be a subset of a topological space (X, 7).
The intersection of all s(A,p)-closed sets of X containing A is called the s(A, p)-closure
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of A and is denoted by A*AP). A point = of X is called a §(A,p)-cluster point [2] of
Aif An [V(A’p)](Am) # () for every (A,p)-open set V of X containing z. The set of all
§(A, p)-cluster points of A is called the §(A, p)-closure [2] of A and is denoted by AYA-P),
If A= A%AP) then A is said to be 8(A, p)-closed [2]. The complement of a §(A, p)-closed
set is said to be 0(A,p)-open. The union of all 6(A, p)-open sets of X contained in A is
called the 0(A, p)-interior [2] of A and is denoted by Asa p)-

3. 0s(A,p)-open sets

In this section, we introduce the notion of ds(A, p)-open sets. Moreover, some char-
acterizations of ds(A, p)-Ty spaces, ds(A, p)-T1 spaces and ds(A, p)-symmetric spaces are
discussed.

Definition 1. A subset A of a topological space (X, T) is said to be ds(A,p)-open if A C
[A(AJ,)]&(A’TJ). The complement of a 0s(A,p)-open set is said to be ds(A,p)-closed.

The family of all §s(A, p)-open (resp. ds(A, p)-closed) sets in a topological space (X, 7)
is denoted by ds(A, p)O(X, 7) (resp. ds(A,p)C(X,1)).

Definition 2. Let A be a subset of a topological space (X, 7). A point x of X is called a
ds(A, p)-cluster point of A if ANU # 0 for every ds(A, s)-open set U of X containing x.
The set of all ds(A, p)-cluster points of A is called the ds(A, p)-closure of A and is denoted
by A%s(Ap),

Lemma 1. The intersection of arbitrary collection of ds(A,s)-closed sets in (X,T) is
ds(A, p)-closed.

Corollary 1. Let A be a subset of a topological space (X, 7). Then,
AP — N € §s(A, p)C(X,7) | AC F}.

Lemma 2. For the ds(A,p)-closure of subsets A, B in a topological space (X,T), the
following properties hold:

(1) A is §s(A,p)-closed in (X, ) if and only if A = A%NP),
(2) If A C B, then A%Ap) C Bos(Ap),
(3) A%s(Ap) g ds(A, p)-closed, that is, A%s(Ap) — [A‘;S(A,P)]lss(/\,p).

Lemma 3. For a family {A | v € V} of a topological space (X, T), the following properties
hold:

(1) [N{A, |y € V})P») € n{af™) | 5 e v},

(2) [U{A, |y € V}5O») 5 u{af ™) | 5 e v},
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Definition 3. A subset A of a topological space (X, T) is called s(A,p)-reqular if A is
s(A, p)-open and s(A, p)-closed.

The family of all s(A,p)-regular sets in a topological space (X,7) is denoted by
s(A, p)r(X, 7).

Lemma 4. For a subset A of a topological space (X, T), the following properties hold:
(1) If A is a s(A, p)-regular set, then A is ds(A, p)-open.
(2) If A is a ds(A,p)-open set, then A is s(A,p)-open.
(3) If A is a s(A,p)-open set, then ASAP) s s(A, p)-reqular.

Definition 4. Let A be a subset of a topological space (X, 7). A point x of X is called a
s(A, p)-cluster point of A if ANU*MP) £ () for every s(A, p)-open set U of X containing
x. The set of all Os(A,p)-cluster points of A is called the 0s(A,p)-closure of A, denoted
by AAP) A subset A of a topological space (X, 1) is said to be 0s(A,p)-closed if A =
A95AP) - The complement of a 8s(A, p)-closed set is said to be s(A,p)-open.

Lemma 5. Let (X, 7) be a topological space. Then, VO5Ap) = yosthp) — ys(Ap) for each
Ve s(Ap)O(X,T).

Definition 5. A topological space (X, 1) is called 6s(A,p)-Ty if, for any distinct pair of
points in X, there exists a ds(A, p)-open set containing one of the points but not the other.

Theorem 1. A topological space (X, 1) is 0s(A,p)-Ty if and only if for each point of
distinct points x, y of X, {x}05(AP) £ {3195(Ap)

Proof. Suppose that z,y € X, z # y and {z}9AP) £ [5}95(AP) " Let 2 be a point
of X such that z € {2}%MP) but 2 ¢ {y}?*AP). We claim that = ¢ {y}*(*P). For, if
z € {y}o5(AP) then {2}95(AP) C {y}9(AP) and this contradicts the fact that z ¢ {y}os(A»),
Thus, = belongs to the ds(A, p)-open set X — {y}?3(A?) to which y does not belong.

Conversely, let (X, 7) be a ds(A, p)-Tp space and x, y be any two distinct points of X.
Then, there exists a ds(A, p)-open set U containing x or y, say « but not y. Then, X — U
is a ds(A, p)-closed set which does not contain  but contains y. Thus, {y}®*(AP) C X —U
and hence = ¢ {y}?*(*P). This shows that {z}5(AP) o£ {319s(Ap)

Definition 6. A topological space (X, T) is called ds(A,p)-T1 if, for any distinct pair of
points x and y in X, there exist a 6s(A,p)-open set U of X containing x but noty and a
ds(A,p)-open set V' of X containing y but not x.

Theorem 2. A topological space (X,7) is ds(A,p)-T1 if and only if the singletons are
ds(A, p)-closed sets.
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Proof. Suppose that (X, 7) is ds(A, p)-T1 and x be any point of X. Let y € X — {x}.
Then, z # y and so there exists a ds(A, p)-open set V, such that y € V, but ¢ V.
Therefore, y € V, € X — {z}. Thus, X — {z} = U{V,, | y € (X — {})} which is
ds(A, p)-open.

Conversely, suppose that {z} is ds(A,p)-closed for each z € X. Let z,y € X with
x #y. Now x # y implies y € X — {z}. Thus, X — {z} is a ds(A, p)-open set containing
y but not containing x. Similarly, X — {y} is a ds(A,p)-open set containing = but not
containing y. This shows that (X, 7) is a ds(A, p)-T1 space.

Definition 7. A topological space (X, T) is called ds(A, p)-symmetric if, for each x and y
in X, x € {y}**“r) implies y € {y}**).

Lemma 6. Let (X, 7) be a topological space. For each point x € X, {x} is s(A,p)-open
or s(A, p)-closed.

Theorem 3. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is ds(A, p)-symmetric.
(2) For each x € X, {x} is 0s(A, p)-closed.
(3) (X,71) is ds(A,p)-T7.

Proof. (1) = (2): Suppose that (X, 7) is ds(A, p)-symmetric. Let z be any point of X
and y be any distinct point from x. By Lemma 6, {y} is s(A, p)-open or s(A, p)-closed in
(X, 7). (4) In case {y} is s(A,p)-open, put V,, = {y}, then V,, € ds(A,p)O(X, 7). (ii) In
case {y} is s(A,p)-closed, = ¢ {y} = {y}"#) and = & {y}#Or). By (1), y & ()20,
Now put V, = X — {£}9AP) Then, z ¢ V,, y € V, and V,, € ds(A,p)O(X,7). Thus,

X —{z} = XU{ }Vy € 0s(A,p)O(X, 1) and hence {z} is ds(A, p)-closed.
yeX —1x

(2) = (3): Suppose that {z} is ds(A,p)-closed for each z € X. Let z,y € X with
x #y. Now z # y implies y € X — {z}. Thus, X —{z} is a s(A, p)-open set containing y
but not containing z. Similarly, we have X — {y} is a ds(A, p)-open set containing x but
not containing y. This shows that (X, 7) is ds(A, p)-T1.

(3) = (1): Suppose that y ¢ {2}°*(AP). Then, since z # y, by (3) there exists a
ds(A, p)-open set U containing z such that y ¢ U and hence z ¢ {y}%(P). This shows
that = € {y}°(4P) implies y € {x}%MP). Thus, (X, 1) is 6s(A, p)-symmetric.

Definition 8. A subset A of a topological space (X, T) is called generalized ds(A, p)-closed
(briefly g-6s(A, p)-closed) if A%MP) C U whenever A C U and U is ds(A, p)-open in
(X, 7).

Theorem 4. A subset A of a topological space (X,T) is g-ds(A,p)-closed if and only if
A%AP) — A contains no nonempty 5s(A, p)-closed set.
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Proof. Let F be a 6s(A, p)-closed subset of A%(AP) — A, Since A C X — F and A is
g-0s(A, p)-closed, A%AP) C X — F and hence F C X — A%({P) Thus,

FC AEs(A,p) N [X _ Aés(A,p)] =10

and F' is empty.
Conversely, suppose that A C U and U is §s(A, p)-open. If Ads(A,p) ¢ U, then

ABP) (X — 1)
is a nonempty ds(A, p)-closed subset of A%(AP) — A

Theorem 5. A subset A of a topological space (X, T) is g-ds(A,p)-closed if and only if
F N AP = () whenever ANF = () and F is §s(A, p)-closed.

Proof. Suppose that A is a ds(A,p)-closed set. Let F' be a ds(A,p)-closed set and
ANF ={. Then, AC X — F € 6s(A,p)O(X,7) and A%*AP) C X — F. Thus,

FnA%sAe) —yg,

Conversely, let A C U and U € ds(A,p)O(X, 7). Then, AN(X —U) =0 and X —U is
6s(A, p)-closed. By the hypothesis, (X — U) N A%MP) = () and hence A%*AP) C U. Thus,
A is g-0s(A, p)-closed.

Theorem 6. A subset A of a topological space (X, T) is g-0s(A,p)-closed if and only if
AN {ﬁ}és(A’p) # 0 for every x € Ads(Ap)

Proof. Let A be a g-0s(A, p)-closed set and suppose that there exists z € A%(AP) such
that A N {z}%AP) = (. Thus, A € X — {x}%*"P) and hence A%AP) C X — {g}95(Ap),
Therefore, z ¢ A%(AP)  which is a contradiction.

Conversely, suppose that the condition of the theorem holds and let U be any ds(A, p)-
open set containing A. Let z € A%AP) By the hypothesis, A N A%AP) £ () so there
exists y € AN {x}?*AP) and hence y € A C U. Thus, {x} N U # (. Therefore, z € U,
which implies that A%(AP) C U. This shows that A is g-ds(A, p)-closed.

Theorem 7. A topological space (X, T) is ds(A,p)-symmetric if and only if {x} is g-
ds(A, p)-closed for each x € X.

Proof. Suppose that z € {y}%*AP) but y € {£}9*AP), This means that the complement
of {x}95(AP) contains y. Thus, the set {y} is a subset of the complement of {z}9(A»), This
implies that {y}5(AP) is a subset of the complement of {z}%*A?). Now the complement
of {}9(AP) contains = which is a contradiction.

Conversely, suppose that {z} C U € ds(A, p)O(X, 1), but {z}9AP) is not a subset of
U. This means that {x}‘sS(A’p) and the complement of U are not disjoint. Let y belongs
to their intersection. Now we have x € {y}9*"P) which is a subset of the complement of
U and x ¢ U. This is a contradiction.
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4. Characterizations of s(A, p)-connected spaces

We begin this section by introducing the concept of s(A, p)-connected spaces.

Definition 9. A topological space (X,T) is called s(A,p)-connected if X cannot be ex-
pressed by the disjoint union of two nonempty s(A, p)-open sets.

Theorem 8. For a topological space (X, T), the following properties are equivalent:
(1) VAP) = X for every nonempty (A, p)-open set V of X;
(2) (X,7) is s(A, p)-connected;
(8) X cannot be expressed by the disjoint union of two nonempty ds(A, p)-open sets;
(4) VOsAP) = X for every nonempty ds(A, p)-open set V of X.

Proof. (1) < (2): The proof follows from Theorem 4.3 of [10].

(2) = (3): Suppose that there exist two nonempty ds(A, p)-open sets Vi, Vo such that
VinVa =0 and V1 UV, = X. Since ds(A,p)O(X,7) C s(A,p)O(X, 1), this shows that
(X, 1) is not s(A, p)-connected.

(3) = (4): Suppose that V(AP) £ X for some nonempty ds(A, p)-open set V of X.
Then, X — V3AP) £ () and X = (X — VOhr)) y Vos(Ap) Since

3s(A,p)O(X,7) C s(A, p)r(X, ),

by Lemma 4 and 5, V(A») = V/s(Ap) ¢ 5(A, p)r(X, 7). Moreover, since s(A, p)r(X, ) C
§s(A,p)O(X,7), (X — VO5(AP)) and VIs(AP) are §s(A, p)-open.

(4) = (1): Let V be any nonempty (A, p)-open set of X. Then, VAP) is (A, p)-closed
and hence s(A, p)-regular. Thus, V(*P) is §s(A, p)-open and

X = [V(A,p)]58(/\7p) _ [V(Am)]S(A,p) — Ap),

Theorem 9. For a topological space (X, 1), the following properties are equivalent:
(1) (X, ) is s(A, p)-connected;
(2) VOsWAr) = X for every nonempty V € B(A,p)O(X,7);

);

);

(5) VOsAP) = X for every nonempty V € a(A,p)O(X,7);

(3) VIsWAP) = X for every nonempty V € s(A, p)O
)

( (
(4) VOsAP) = X for every nonempty V € p(A, p)O(

%

X
X

\]

(6) VOsAP) = X for every nonempty V € A O(X, 7).
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Proof. (1) = (2): Let V be any nonempty (A, p)-open set and U be any nonempty
ds(A, p)-open set. Then, [V(A’p)](mp) # 0 and Uy ) # 0. Thus, by Theorem 8,

0# Uy NIV PNy CUN VA
CUNVuUVA), )y =UnVhn cynyista),

Since U € ds(A, p)O(X,7), UNV # §. This shows that V5(Ar) = X
(6) = (1): Let U,V be any nonempty ds(A, p)-open sets. Since

ds(A,p)O(X, 1) C s(A,p)O(X, 1)

and Vip p) # 0, we have ) # U N V(5 ) € U NV. This shows that Vos(hp) = X for every
nonempty V' € ds(A,p)O(X, 7). Thus, by Theorem 8, (X, 7) is s(A, p)-connected.
Other implications are obvious since

A O(X,7) C a(A,p)O(X,T) C s(A,p)O(X, 7) Np(A, p)O(X, T)

and s(A,p)O(X,7) Up(A,p)O(X,7) C B(A,p)O(X, 7).

Corollary 2. For a topological space (X, T), the following properties are equivalent:
(1) (X,7) is s(A,p)-connected;

(2) UNV #0 for every nonempty sets U € (A, p)O(X,7) and
Ve ds(A,p)O(X,T1);

(8) UNV #£0 for every nonempty sets U € p(A,p)O(X,7) and
V e ds(A,p)O(X,T);

(4) UNV #£0 for every nonempty sets U € s(A,p)O(X,7) and
Ve ds(A,p)O(X,T1);

(5) UNV #0 for every nonempty sets U € a(A, p)O(X, ) and
V e ds(A,p)O(X,T);

(6) UNV #0 for every nonempty sets U € A,O(X, 1) and
V e ds(A,p)O(X,7);

(7) UNV #£0 for every nonempty sets U € ds(A,p)O(X, 1) and
V e ds(A,p)O(X,T).

Proof. This is immediate consequence of Theorem 8 and 9.
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5. Characterizations of s(A, p)-regular spaces and s(A, p)-normal spaces

In this section, we introduce the notions of s(A, p)-regular spaces and s(A, p)-normal
spaces. Moreover, several characterizations of s(A, p)-regular spaces and s(A, p)-normal
spaces are discussed.

Definition 10. A topological space (X, T) is said to be s(A,p)-regular if, for each s(A,p)-
closed set F' of X and each point x & F, there exist U,V € s(A,p)O(X,T) such that x € U,
FCVandUNV =0.

Theorem 10. For a topological space (X, 1), the following properties are equivalent:
(1) (X,7) is s(A, p)-regular.

(2) For each s(A,p)-closed set F' and each point © ¢ F, there exist
U,V €ds(A,p)O(X,7) such that z e U, FCV and UNV = 0.

(8) For each point x € X and each s(A,p)-open set V' containing x, there exists
U € ds(A,p)O(X, 1)
such that x € U C UMD C V.

Proof. (1) = (2): Let F be a s(A,p)-closed set and = ¢ F. Then, there exist
G,H € s(A,p)O(X,7) such that z € G, F C H and G N H = (). By Lemma 4, G5(AP) is
s(A, p)-regular and G*AP) N H = (). Thus, G*(AP) 0 H5(AP) = (). Now, we put U = G5(A»p)
and V = H*AP) then U and V are 0s(A, p)-open sets such that x € U, FF C V and
unv =49.

(2) = (3): Let x € X and V be any s(A, p)-open set containing x. Since x ¢ X —V,
there exist U, G € ds(A,p)O(X,7) such that x € U, X —V C G and UNG = (). Since
X —Gisds(A,p)-closedand U C X — G,z €U C Ussihr) c x —GCV.

(3) = (1): Let F be a s(A,p)-closed set and x ¢ F. Then, X — F is s(A, p)-open set
containing z. By (3), there exists U € ds(A, p)O(X,7) such that z € U C U*(AP) C X —F.
Thus, z € U, F C X — U%WP) and U N (X — UAP)) = ). Since

ds(A,p)O(X, 1) C s(A,p)O(X,T),

(X, 7) is s(A, p)-regular.

Definition 11. A topological space (X, 1) is said to be s(A,p)-normal if, for each disjoint
s(A,p)-closed sets F' and K of X, there exist U,V € s(A,p)O(X,T) such that F C U,
KCVandUNV =0.

Theorem 11. For a topological space (X, T), the following properties are equivalent:

(1) (X,7) is s(A, p)-normal.
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(2) For each disjoint s(A,p)-closed sets F' and K of X, there exist
UV € 6s(A,p)O(X,7) such that FCU, K CV and UNV = 0.

(8) For each s(\,p)-closed set F' and each s(A,p)-open set V' containing F, there exists
U € ds(A,p)O(X, 1) such that F C U C Usshp) C V.

Proof. The proof is analogous to that of Theorem 10 and is omitted.

6. Characterizations of s(A,p)-T; spaces and s(A, p)-Urysohn spaces

In this section, we introduce the notions of s(A,p)-T» spaces and s(A,p)-Urysohn
spaces. Furthermore, some characterizations of s(A,p)-Ty spaces and s(A,p)-Urysohn
spaces are investigated.

Definition 12. A topological space (X,T) is said to be s(A,p)-To if, for each pair of
distinct points x,y € X, there exist U,V € s(A,p)O(X,7) such that x € U, y € V and
unv =40.

Theorem 12. For a topological space (X, T), the following properties are equivalent:
(‘Z) (Xa T) is 8(A7p)_T2-

(2) For each pair of distinct points x,y € X, there exist U,V € s(A,p)r(X,T) such that
relU,yeVandUNV =0.

(8) For each pair of distinct points x,y € X, there exist U,V € ds(A,p)O(X,T) such
that z € U, y € V and UMP) A yos(hp) — ¢,

(4) For each pair of distinct points x,y € X, there exist U,V € ds(A,p)O(X,T) such
that x € U, y € V and UsMP) 0 s(hp) = ¢,

(5) For each pair of distinct points x,y € X, there exist U,V € ds(A,p)O(X,T) such
thatx e U,y €V and UNV = 0.

Proof. (1) = (2): Suppose that (X, 7) is s(A,p)-T5. Then, for each pair of distinct
points z,y € X, there exist G, H € s(A,p)O(X, 1) such that z € G, y € H and GNH = {).
Thus, G**P) N H = (). By Lemma 4, we have G*™P) € s(A,p)r(X,7) and

GsAp) A gs(hp) — .

Now set U = G*AP) and V = H5AP), Then, U and V are s(A, p)-regular sets such that
relU,yeVandUNV = 0.

(2) = (3): This is follows from the facts that s(A,p)r(X,7) C ds(A,p)O(X, 1) and
Uoshr) = 7s(hp) = U for every U € s(A, p)r(X, 7).

(3) = (4): This follows from the fact that U%*(A2) = 7s(AP) for every

U e ds(A,p)O(X,T).



C. Boonpok, M. Thongmoon / Eur. J. Pure Appl. Math, 16 (3) (2023), 1434-1447 1444

(4) = (5): This is obvious.
(5) = (1): This is obvious since ds(A, p)O(X,7) C s(A,p)O(X, 7).

Definition 13. A topological space (X, T) is said to be s(A,p)-Urysohn if, for each pair
of distinct points x,y € X, there exist U,V € s(A,p)O(X,T) such that x € U, y € V and
U(Avp) | V(Azp) = @

Theorem 13. A topological space (X, 7) is s(A, p)-Urysohn if and only if for each pair of
distinct points x,y of X, there exist U,V € ds(A,p)O(X,T) such that x € U, y € V and
UWp) Ay Ap) — .

Proof. Suppose that (X, 7) is s(A, p)-Urysohn. Then, for each pair of distinct points
x,y of X, there exist U,V € s(A,p)O(X, ) such that z € U,y € V and

U(Arp) m V(Avp) — @
Since U € s(A,p)O(X, 1), UMP) = [U(Avp)](A’p) and UMW) is (A, p)-closed. Thus,
(](A,p)7 V(Ayp) c s(A,p)T(X, 7') - (SS(A,]))O(X, 7').

It is obvious that 2 € UMP) y € VAP) and [UAP]AP) [y (A (Ap) — [7(Ar) Y/ (Ap) = ¢,
Conversely, the proof is obvious since ds(A,p)O(X, 1) C s(A,p)O(X, 7).

7. Characterizations of S(A, p)-closed spaces

In this section, we introduce the notion of S(A, p)-closed spaces. In particular, several
characterizations of S(A, p)-closed spaces are discussed.

Definition 14. A topological space (X, T) is said to be S(A,p)-closed if, for every cover
{Vy | v €V} of X by s(A,p)-open sets of X, there exists a finite subset Vo of V such that

X= u vt
7€Vo 7
Theorem 14. For a topological space (X, T), the following properties are equivalent:

(1) (X, 1) is S(A, p)-closed.

(2) For every ds(A,p)-open cover {V,, | v € V} of X, there exists a finite subset Vo of
V such that X = U Vi(A’p).
YEVo
(3) For every 0s(A,p)-open cover {V, | v € V} of X, there exists a finite subset Vo of

V such that X = U st(A’p).
v€Vo
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Proof. (1) = (2): Suppose that (X,7) is S(A,p)-closed. Let {V, | v € V} be a
ds(A, p)-open cover of X. By Lemma 4, ds(A,p)O(X,7) C s(A,p)O(X, 7) and there exists

a finite subset Vg of V such that X = U VWS(A’p).
YEVo

(2) = (3): Let {V, | v € V} be a ds(A, p)-open cover of X. By Lemma 4,

ds(A,p)O(X, 1) C s(A,p)O(X, 1)

and it follows from Lemma 5 that VW(S sthp) Vy AP) for each v € V.
(3) = (1): Let {V; | v € V} be a s(A, p)-open cover of X. Then, X = U Vi(A’p)_ By

YEVo
Lemma 4, VVS(A’p) € s(A,p)r(X,7) C ds(A,p)O(X, 7) and there exists a finite subset Vy
of V such that X = UV [Vf(A’p)]‘;S(A’p). By Lemma 5,
YEVo

s(A,p)10s(A,p) __ s(A,p)1s(A,p) _ 1/7s(A,
[Vw( P))os p)_[VV( P)s( p)_Vv( p)

and hence X = LJV VWS(AJD). Thus, (X, 7) is S(A, p)-closed.
YEVoO

Theorem 15. A topological space (X, T) is S(A,p)-closed if and only if for every 0s(A, p)-
open cover {V,, | v € V} of X, there exists a finite subset Vo of V such that X = UV V.
YEVoO
Proof. Let {V, | v € V} be a 6s(A,p)-open cover of X. For each € X, there exists
v(z) € V such that = € V(). Since V) is 0s(A, p)-open, there exists

Gy(z) € (A, p)O(X,T)

v(z
A, .

such that z € G ;) C ny((x)p) C V,(s)- Since {G
n n

there exist finite points, say, x1, za, ..., T, such that X = .UlGS((A Z))). Thus, X = ,Ulv,y(m.).
1= 1=

).
Y (&

() | © € X} is a s(A, p)-open cover of X,

Conversely, let {V, | v € V} be a s(A, p)-open cover of X. By Lemma 4,
(V) |y e V)

is a s(A, p)-regular cover of X and hence a s(A, p)-open cover of X. Thus, there exists a

finite subset Vg of V such that X = UV Vf(A’p). This shows that (X, 7) is S(A, p)-closed.
YEVo
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