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Abstract. The paper in discusses conjugate gradient methods, which are often used for uncon-
strained optimization and are the subject of this discussion. In the process of studying and imple-
menting conjugate gradient algorithms, it is standard practice to assume that the descent condition
is true. Despite the fact that this sort of approach very seldom results in search routes that slope
in a downward direction, this assumption is made routinely. As a result of this research, we pro-
pose a revised method known as the improved hybrid conjugate gradient technique. This method
is a convex combination of the Dai-Yuan and Hestenes-Stiefel methodologies. The descending
property and global convergence are both exhibited by the Wolfe line search. The numerical data
demonstrates that the strategy that was presented is an efficient one.
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1. Introduction

The following unconstrained optimization problems are dealt with in this paper:
minf(z),z € R" (1)

Where f: R™ — R is a continuously differentiable function that is bounded from below.
From an initial guess, a non linear conjugate gradient (C'G) algorithm generates a sequence
of points {xy}, according to the formula for recurrence [6, 7]

Tha1 = Tk + ogdg (2)
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where d € R™ search direction and oy € R is a step length that is normally obtained
using the Wolfe method. [16, 19] and, the standard Wofle condition (SWC)

f (@ + ady) — f (z1) < paggf dy (3)

Gi1dy > ogl dy, (4)

with 0 < p < o < 1, or by strong Wolfe condition(STWC)
Flag + ardy) — f(z1) < pargi di (5)

gt di| < —oglds, (6)

and compute the search direction from the following equation

dk+1 = —gk+1 + BrSk,do = —go (7)

Here i the conjugate gradient parameter which is a scalar known as g = V f(zy)
and sy = xpy1 — xi. Different conjugate gradient algorithms corresponding to various
parameter choices (i see [3, 11, 13, 17, 18, 20, 23]. As a consequence, every conjugate
gradient algorithm formula definition would be the same is crucial 8; The formulas are
well-known. (), are as follows;

T 2 T
FrR _ o191 opy  lgeill” Lop | Gks19k+1
— 7/Bk: - 75]{; -

k
gt gk yl sk —dl gy,

PR _ Yi I IS _ Yt Gkt LS _ YL Gkt

; gtae " yidy " —dlgy
FR denotes Fletcher and Reeves [10] , HS denotes Hestenes and Steifel [13], PR denotes
Polak and Ribiere [19] , DY denotes Dai and Yuan [8] and LS denotes Liu and Storey.
It’s worth noting that these formulas for 5i they are similar when the objective function
is a strictly convex quadratic function, and oy is an exact one-dimensional minimizer [9].
The following is the outline of the document. Section 2 introduces and demonstrates our

proposed method (HKYE) for generating descent directions. Its convergence analysis is
seen in section 3. In section 4, you'll find some numerical experiments.

2. Hybrid conjugate gradient method

The traditional numerator conjugate gradient methods | gr.1||* in relation to the up-
date parameter f; (FR, DY, CD) Although they have good convergence properties, their
functional performance is limited. While the methods with numerator ggﬂyksuch as (PR,
HS, LS)often have better computation performance, but they may not generally be con-
vergent. In this section we try to introduce a new hybrid conjugate gradient method as
follows: Consider the following search direction defined by

A1 = — gep1 + [(1— 0) BE5 + 087 |5k (8)



H. M. Khudhur et al. / Eur. J. Pure Appl. Math, 16 (2) (2023), 1059-1067 1061

By using the conjugacy condition (Dai-Liao)

df 1 uk = —tglask
and let . )
P (s g 11)

(i 1)
We get the equation (9)

(3K 9r+1)°

0, = k 9k+1 9)
(vi sx)?

Note that 8, < 1, since s;‘ggkﬂ < ykTsk, but it may be 6, < 0, to avoid this situation we
take @ = 0. Therefor, equation (8) becomes

der1 = — gry1 + [BE )]sk (10)

We call the method defined by equation (8)(HKYE) method.

2.1. New Algorithms
Step 1. Given z; € R™",e >0, dy = —g;.
Step 2. If ||gk”2 < ¢ then stop. else go to Step3.
Step 3. Compute an «y > Osatisfying (5)and (6)
Step 4. Let xx11 = xx + agdy. If Hgk+1\|2 < ¢ then stop, else go to Stepd
Step 5 Compute fand Si. If 8 > lor § < Othen compute di+1 = —gr+1 + B,fssk else
dir1 = —ger1 + { (1= 085 +68PY } sy,
2.2. Descent property and global convergence analysis

Next we will show that our CG method (8) satisfies the descent property and global
converges.

Theorem 1. Let {0} and {dxi1} be the sequences generated by Fq. (8) and (9) with
strong wolfe conditions and assume that ggﬂgk >0ando < % Then the search directions
iy satisfies sufficient descent condition gii, dy, < —c/||gr|| Where ¢ is constant.

Proof. The prove is by in induction that is if K = 0 then d = —g; and g¥'d; = — ||g1]|
Assume that gl'd;, < —c||gx|| to prove for k = k + 1 we have yls, = ggﬂsk — glsp >
(0 —1) ggdk > 0 and 0, = %<1, if 8, < 0. We set 0, = 0 therefor we assume
0 <0, <1. Then
YE Gk+1 __ekg%;lgk+1

dit1 = —gk+1+ | (1 —6k)
YL sk YL sk
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Multiply both sides by ggﬂ

T T
(1—06,) Ye Jk+1 9k9k+19k+1] T

T T
Git19k+1 = —G19k+1 + oF s
: ' ylzsk ygsk +1%k
4
< —ghagei + |(1—6) Yk 9k 19k 415K (9F15%)"  Giligk+1
= " Jk+1 - _
(U B 1) ggdk (ygsk * ygsk) ygsk

Since the last term is positive

i k1] 92155

(1—0k)

\YE grs1| (—ogf di)

O < —ghiigkst (1= 6y)

(0 —1)gfdy

T
] S —Gkp19k+1T

T 1T
Yi, Gk+1| (—0) O Y 9k+1
o Gb it < —gh 1 ge+ [ (1= 6k) —| b (o _‘1) ] = —gii1gks1+ | (1 — 0k) ‘(1k_ ) |]
Since gi, gk > 0 and |y} ge1| = 9711 (19641 — 9&))| < lgnsr|?
T
0951 19k+1 o(1—6)
S ghder < —ghgre + | (1—6) 7(;_ o) ] = <—1 + [(1 ~) Ghy19k+1
o(1-0)

di, gk < —c | grst||* where ¢ = (1 — =) ), the prove is complete.
The following assumptions are used to demonstrate the proposed algorithm’s global

convergence.

Assumption 1. 1. In the level set, the objective function f(x) is bounded below
Q={z e R": f(z) < f(x1)};

2. In some parts of town N ofQ2,f There exists a constant that is constantly differentiable
and has a Lipschitz continuous gradient L > 0 such that:

lg(z) =gl < Lflz —yll,vx,y €N (11)

It’s worth noting that these assumptions suggest the existence of a constant I', implying
that [|gx|| < T, for any x in the level set Q, and ||z|| < B,Vz € Q

Lemma 1. [1, 2, 12, 14, 15] Assume that dyis a descent direction and gy satisfies the
Lipschitz condition||g(z) — g(y)|| < L ||lx — y||for all xon the linking section of a line xy,
and xx11 L is the constant in this equation. If Wolfe’s condition is met, the line quest is
successful then
1= o|gld]

Lo |dgl®

Qg >

(0 —1)gldy

|
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Lemma 2. [/, 5, 8, 15, 21, 22] Assume the Assumption is right. The descent condition
1s satisfied if the conjugate gradient method is used.
— (g7 di)?
2
[l d |

< +o0 (12)
k=1

Theorem 2. Assume the Assumption 2.3. is true. Let {gr}and {di} be the sequence
generated by the algorithm (HKYE) when subjected to a strong Wolfe line search condition.
Then liminf ||gx|| = 0

k—o00

Proof. It follows from Assumption 2.3. that there is a positive constant I' >0 Such

that [|g(z)|] < T forallx € Q, and Theorem 2.1. ay > (120) (ﬁjﬁf = A If the theorem

is incorrect, then a positive constant must exist >0 such that is true for all k sufficiently
large

lgwll = (13)
By the Eq(6)and Theorem 2.1., it results that

Yk 5k = Ghy15k — G sk > —(1—0)gi sk > e(1 — o) gi” (14)
Lipschitz continuity of the gradient, gives
Yk = 9i+1 — 9k < L g1 —ap < LR (15)
Where R =max{|z — y||;z,y € Q } is diameter of the level. Now

1Bl = |(1 = 6,) 85 + 08PY |
< |8+ (8]

owgtue| | |orgliigr]
e |V s
o [lgrall lwell o llgkall
¢llgel c(1—0) llgxll
a,TLR al®
“c(l—-0) c(1—-o)u?
Therefor
ldrs1ll = llgr+1ll + |Bel |zks1 — zi
= ol + 2l < v = 1o
Which gives .
Z Tl =00 (17)
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Theorem 2.1. and Eq(13) and the Zoutendijk condition, on the other hand, result from
adequate descent

1 02||9k”4 (9 dk)2

274 k

1 E — < E < E =0
”dkH Hdk||2 Hdk||2

k>0 k>0 k>0
As a result of the inconsistency with (17), (13) does not hold, and as a result

liminf ||gg|| =0

k—o00

The prove is complete.

3. Comparisons and numerical results

The computational output of a Fortran implementation of the latest suggested (HKYE)
algorithm on a set of 400 unconstrained optimization test problems is presented in this
section. The unconstrained optimization problems are the test problems in [6]. We chose
40 test problems that were either extended or generalized. Each problem is evaluated ten
times, with the number of variables increasingly increasing n=100,200,. ..,1000. The code
for Fortran from We compare our results to those of the HS and DY algorithms, as well
as the Dolan and More performance profiles [23]. The strong Wolfe line search conditions
are used in all algorithms withp = 0.000lando = 0.4. The same criteria for stopping
llgklls < 107%is used. Algorithm comparisons are presented in the following context. Let
fiALGland fiAI G2 to be the best value found by ALG1 andALG?2 for problem i=1,..,400,
respectively. If the performance of ALG1 was better than the performance of ALG2 in
the specific problem I we can assume that the performance of ALG1 was better than the

performance of ALG2.
‘fiALGl _ flAIG2‘ <1073

The number of iterations (#ite), function-gradient evaluations (#£g), or CPU time corre-
sponding to ALG1 was less than the number of (#ite), (#fg), or CPU time corresponding
to ALG2, respectively. To compare the performance of (HKYE) to that of HS and DY, we
consider the number of iterations (#ite) in fig.1. Figure 2 shows how these algorithms per-
form when evaluating the number of function gradients (#fg), while Figure 3 shows how
they perform when evaluating CPU time. We can see that (HKYE) is the best performer.
These codes vary in their search path since they use the same strong Wolfe line search and
stopping criteria. As a result, it appears that (HKYE) generates the best search direction
among these methods.



H. M. Khudhur et al. / Eur. J. Pure Appl. Math, 16 (2) (2023), 1059-1067 1065

1
B e re Ik -
05| FT 4
/
0.9 i S
085 ¢ e
:
08 § -
H
0.75 i -
0.7 K o
&
0.65 ;!: Total number of iterations to the 40 test problems for i=100,...,1000 =)
i dimensions.
ey HKHEY = 74135 E——
i HS = 77573 B
085 £ o H
DY = 75823 DY
05l : . h . :
10"
Figure 1: Iteration-based efficiency
1 T T T T
i
us }',' Total number of function gradient evaluations to the 40 test problems for 7
i i=100,...,1000 dimensions.
i | HKHEY = 877167 — =
U5 1Hs = 970887 __:___HMS:HE“ i
DY = 923837
—sm DY
04l . . . :
10"
Figure 2: Performance by function
1
095 S
0.9 -
0851 e
”,’ Total number of cpu time to the 40 test problems for i=100,...1000
ir dimensions.
UEH HKHEY = 4116 -~ HKHEY ||
3 HS = 4229 JR—
DY = 4382 —m—- DY
075 - ' : L E
10"

Figure 3: Time-Based Performance
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4. Conclusion

We presented in this research a new type of conjugate gradient technique for solving

unconstrained optimization problems, and the proposed algorithm has shown high effi-
ciency in solving these problems with the least number of iterations and higher accuracy
in reaching the approximate solution of the function.
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