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Abstract. The main results of this paper are:

If A= @An is a graded duo-ring, Sy is a part formed of regulars homogeneous elements of A,
neZ
Sy is the homogeneous multiplicatively closed subset of A generated by Sy, then:

(i) The relation Cy(—) : Go(Sy A — Mod) — COMP(G,(Sy; A — Mod)) which that for all
graded left g;A—module g;M of G, (gl_{lA — Mod) we correspond the associate complex
sequence (FEIIM )« to a graded ?;IIA—module ?;M and for all graded morphism of graded
left ?I_ilAfmodules ?I_il f ?;M — ?;N of degree k we correspond the associate complex
chain (?;Il f)¥ to a morphism of graded left g;A—module ?I_{l f: ?;M — ?;N is
additively exact covariant functor.

(ii) The relation (Cp o g;ll)(—) : Gr(A— Mod) — COMP(GT(EE;A — Mod)) which that for
all graded left A—module M of G, (A — Mod) we correspond the associate complex sequence

(Cy o g;)(M) = (gl_{lM)* to a graded A—module M and for all graded morphism of
graded left A—modules f: M — N of degree k we correspond the associate complex chain
(Cu o?l_,l)(f) = (?;f)’,f to a morphism of graded left A—module f : M — N is additively
exact covariant functor.

(iii) For all n € Z fixed and for all M € G,(A — Mod) we have:

Si ((Hyn o C)(M)) = Hy(Cy 0 S )(M)).
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1. Introduction

In this article A is supposed unitary graded ring and all left A—module is a unitary.

In this article, we study the localization in the category COM P(G,(A — Mod)) of com-

plexes of graded left A—modules so for this gaol we used the localization in the cat-

egory G(A — Mod), of graded left A—modules, the functor S;' : G.(A — Mod) —

GT(S;IlA — Mod) with Sy is a multiplicatively closed subset satisfying the left con-

ditions of Ore formed of homogeneous elements of a graded ring A and the functor

H,: COMP(G,(A—Mod)) — G,(A— Mod).

This work finds its roots in particular as regards the functor S~ : A — Mod — S™1A —

Mod in [8], and as regards the graduation of graded module of fractions in [2] and [1].

This article is presented as follows:

In the second section we present a reminder containing the definitions and background

results of graded rings and modules and homological algebra extracted in [10], [11],[4] and

[9].

In section 3, the following results have been shown, among others:

IfA= @An is a graded duo-ring, Sy is a part formed of regular homogeneous elements
nez

of A, Sy is the homogeneous multiplicatively closed subset of A generated by Sy, then

we have:

(i)
SS(f): S5 M —SgN

T S =

S S S

is a graded morphism of degree k € Z of graded left gglA—module;

(ii) The relation ?;11 (—): Gr(A—Mod) — G, (?;IIA— Mod) which that for any graded
left A—module M we made to correspond ?;II(M ) and for all graded morphism of

degree k € Z of graded left A—modules f : M — N we correspond gf_{l( f) of
degree k € Z is a exact additively covariant functor;

(iii) Furthermore let P a prime ideal of A and Sy is a part formed of regular homogeneous
elements of A\P and Sp, is the homogeneous multiplicatively closed subset of A

generated by Sy, then the relation g;; (—=): Gr(A—Mod) — ?;;A — Mod which
that for any graded left A—module M we correspond g};(M ) and for all graded
morphism of degree k € Z of graded left A—modules f : M — N we correspond
3;:1( f) of degree k € Z is a exact additively covariant functor.

In the last section the following results among others have been shown: if A = @An
nez

is a graded duo-ring, Sy is a part formed of regular homogeneous elements of A, Sy is

the homogeneous multiplicatively closed subset of A generated by Sy, then we have the
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following results:

(i)

(iii)

(v)

(vi)

The following complex sequence :

(dn)

S M) o — S (1) ST 52 () ST 5 (1)) — -

with
dp: M(n) — M(n—1)

T=yYy+z—y
with (y,2) € My, x M(n + 1);

The following complex chain :

—=—1 = (dn P 1 Su (dnk—1

Sp (ML) - — Sy (M(n + 55205 ar () TGS (b — 1)) —— -
sﬁufni sH1<fk<n+1)>l - Su'(fF(n ))l ?g (¥ (n—1))
TN e T+ ) R (V) (N - 1)) e

The relation Cy (=) : G (S5 A — Mod) — COMP(G, (S5 A — Mod)) which that
for all graded left gf_{lA—module g;M of GA?;IIA — Mod) we correspond the
associate complex sequence (SI_JIM )« to a graded ?;A—module ?;M and for all
graded morphism of graded left ?;A—modules ?;11 f: ?;M — g}—le of degree
k we correspond the associate complex chain (?,}1 £)¥ to a morphism of graded left
g;A—module ?l}l f: g;llM — ?;N is additively exact covariant functor.

The relation (Cy o 5;)(—) : Gr(A— Mod) — COMP(GT(g;JlA — Mod)) which
that for all graded left A—module M of G,(A — Mod) we correspond the associate
complex sequence (Cy ogl_{l)(M ) = (gl_{lM )« to a graded A—module M and for all
graded morphism of graded left A—modules f : M — N of degree k we correspond
the associate complex chain (Cp o g;)( f) = (gf_{l f)¥ to a morphism of graded left
A—module f: M — N is additively exact covariant functor.

We have the composed functor H, = H, o C, Hp @ Gr(A — Mod) —
Gr(A — Mod). With C() : G,(A — Mod) — COMP(G,(A — Mod)) and H,
COMP(G,(A—Mod)) — G,(A— Mod).

For all n € Z fixed and for all M € G,.(A — Mod) we have:

54 (Hn 0 C)(M)) = Hy(Cpr o Sy )(M)).
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2. Reminder and preliminary results

Definition 1. Let A be a ring, then we say that A is a graded ring if there exists a suite
(Ap)nez of additive subgroups of A such that

(i) A=EP An;
neL
(ii) Ay - Am C Apgm, V0, m € Z.

Definition 2. Let A be a graded ring, and x be a non-zero element of A. then we say that
x 18 homogeneous of degree n, if there exist n such that x € A,, and we note deg(x) = n.

In all that follows, A and M are supposed unitary.

Definition 3. Let A = @An be a graded ring and M be a left A—module, we say that

ne”
M is a graded left A—module if there exists a suite (My)nez of sub-groups of M such that:

(i) M = @Mn;
nel
(ii) A, My C Mner, Vn, deZ.

Definition 4. Let A = @An be a graded ring, M = @Mn be a graded left A—module

neL nez
and N s a sub-module of M, then we say that N is a graded sub-module of M, if Vx € N

such that x =) _; Tp, then x, € N, Vn € Z.

Proposition 1. Let A = @An be a graded ring and M = @Mn is graded left A—module,

neL nez
then for all n € Z fixed, we have

M(n) = PM,
E>n

is a graded sub-module of M and we have the descendant sequence:

-M(n+2)Cc M(n+1)C M(n)C---

Proof. For all n € Z fixed, M(n) = @Mk is a sub-group of M and
k>n
As-M(n) = As - Mpyi C Mpypys = My (kys) = M(n)k+s-
In the other hand, it suffices to remark that
M(n) = @M, = M,PM(n+1).
k>n

Hence M(n +1) C M(n). Thus

M(n+2)CM(n+1)C M(n)C---
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Definition 5. Let A = @,,c; An be a graded ring, M = @Mn and N = @Nn two

neZ neZ
graded left A—modules and f : M — N is a morphism of left A—modules, then we say

that f is a graded morphism of degree k € Z if for any m € My then f(m) € Ngyk.
Theorem 1. Let A be a graded ring, then the following information:

(i) The class of objects are the graded left A—modules;

(i) The class of morphisms are the graded morphisms of degree k € Z.

constitute a category called the category of graded left A—module and it is denoted by
Gr(A — Mod).

Proof. See [3]
Definition 6. A complex sequence (C,d) : ... = Chi1 o1 Cn iy Ch_1 st isa
sequence of morphisms of A— modules satisfying dy o dpt1 =0, for alln € Z.

Definition 7. A complex chain f : (C,d) — (C',d’) is a sequence of homomorphisms
(fn:Ch — C;L)nEZ of A— modules making the following diagram commute:

dn n
fi fn+1l fnl fnll
o' dy: . C’ A ' dn C’
( ) ) - bYpr1——n— = bp1

i.e dpyyq © fuy1 = fnodnyr, for alln € Z.

Proposition 2. We called the category of complexes of A—modules and we denote COM P,
the category whose:

(i) The objects are the sequences complex;

(ii) The morphisms are the complex chains.

Proof. See [3]

Proposition 3. We called functor homology H,, the functor H, : COM P — Ab defined
by:

(i) For all objet (C,d) of COMP, Hy,((C,d)) = kerd,/Imd,1
(ii) For all chain f : (C,d) — (C',d') of COMP
Hy(f) - Ho((C,d)) — Ha((C",d))

Zn > fn(zn)
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Proof. See [3]

Theorem 2. Let
(0) — (M, d)) L+ (N,d)) L ((L,d")) — (0)

be a short exact complexr sequence, then for all n € Z there exist a morphism of left
A—module
6n: Hy((L,d) — Hp_1((M,d))

called connecting morphism such that the following long exact sequence is exact

oo Hy (0, d) T B () P HA(L,d ") 2 Hoa (01, 0) )
Hy_y(N,d) — -

Proof. See [3]

Definition 8. Let A be a ring, we say that A is duo ring if every left ideal of A is
two-sided, and any right ideal of A is two-sided.

Proposition 4. Let A be a ring, then A is a duo-ring if, and only if, Va € A,aA = Aa.
Proof. See [6].

Proposition 5. Let A be a duo-ring then, the set of all reqular elements of A is a multi-
plicatively closed subset of A verifies the conditions Ore.

Proof. See [6].

Proposition 6. Let A be a duo-ring and S be a nonempty subset formed of reqular el-
ements of A, then there exists a multiplicatively closed subset of A satisfying the left
conditions of Ore containing S.

Proof. It suffices to note that the set of all regular elements of A is a multiplicatively
closed subset satisfying the conditions Ore and containing S.

Definition 9. Let A be a duo-ring and S be a nonempty subset formed of regular elements
of A, then the smaller multiplicatively closed subset of A satisfying the conditions of Ore
containing S is called the multiplicatively closed subset of A satisfying the left conditions
of Ore generated by S and denoted by S.

Proposition 7. Let A = @An be a graded duo-ring and Sg be a nonempty subset formed

nez
of regular homogeneous elements of A, then there exists a homogeneous multiplicatively

closed subset of A satisfying the left conditions of Ore containing S, and denoted by Sy;.
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Proof. Put Sg the the smaller multiplicatively closed subset of A satisfying the condi-
tions Ore containing S, Sy exist because the set of regular elements of A is a multiplica-
tively closed subset of A satisfying the conditions Ore containing S. Then it is enough to
proof that Sy is homogeneous. We have the elements of S are of the form IL;si,si €8
which [], s; is homogeneous.

Corollary 1. Let A = EBA” be a graded duo-ring then the set of all reqular homogeneous

nez
of A is multiplicatively closed subset satisfying the left conditions of Ore.

Proof. Put S the set of all regular homogeneous of A then Sy = S.

Proposition 8. Let A = @An be a graded duo-ring, P is a prime ideal of A and Sp,
nez
is the set formed of homogeneous regular elements of A\P, then Sp,, C (A\P).

Proof. The set of regular elements of A\ P is a multiplicatively closed subset satisfying
the conditions of Ore, (see [5] and [7]) and containing Sp,,, then Sp, C (A\P).

Corollary 2. Let A = @An be a graded duo-ring and P is a prime ideal of A, then

nez
the set of regular homogeneous of A\P is a multiplicatively closed subset satisfying the

conditions of Ore.

Proof. Put S the set of all regular homogeneous of A\P, then Sp, = S.

3. Functor Graduation §;{1 and Functorization of graded modules

Theorem 3. Let A = @An be a graded ring, M = @Mn and N = @Nn be a two

neZ neZ neZ
graded left A—modules and S is a multiplicatively closed subset satisfying the left conditions

of Ore formed of homogeneous elements of a graded ring A.
Let f : M — N be graded morphism of degree k € Z of graded left A—modules, then:

S7Yf):S7IM — STIN

m s =

S S S

is a graded morphism of degree k € Z of graded left S~' A—module.

Proof. Since [1], S7!(f) is a morphism of left S~!A—module.
Show that S~!(f) is graded morphism of degree k € Z, let m € M homogeneous such that

M e 8 M is of degree d, then d = deg(m) = deg(m) — deg(s), on the other hand
s s

f(m)

deg(S(/)(7)) = deg(*7)



A. O. Chbih, M. B. Maaouia, M. Sanghare / Eur. J. Pure Appl. Math, 16 (3) (2023), 1913-1939 1920

deg(f(m)) — deg(s)
= deg(f(m)) — deg(s)
= (deg(m) + k) — deg(s)

= d+k

because f is graded of degree k € Z, thus S~!(f) has degree k, hence S~!(f) is graded
morphism of degree k of graded left S~'A—module.

Proposition 9. Let A = @An be a graded duo-ring, M = @Mn and N = @Nn be a

nez nel neZ
two graded left A—modules and Sy be a part formed of regulars homogeneous elements of

A.
Let f : M — N be graded morphism of degree k € Z of graded left A—modules, then:

S () : Sy M —SgN

T 5™ =

S S S

s a graded morphism of degree k € Z of graded left ?;A—module.

Proof. Since the proposition 6, Sy is a multiplicatively closed subset satisfying the
left conditions of Ore formed of homogeneous elements of A and from 9, g;fl( f) is graded
morphism of degree k of graded left gl_{lA—module.

Proposition 10. Let A = @An be a graded ring, M = @Mn, N = @Nn and L =
nez nel nez
@Ln be three graded left A—modules and S be a multiplicatively closed subset satisfying

nez
the left conditions of Ore formed of homogeneous elements of A, then for every short exact

sequences of a graded morphisms of degree k € Z of a graded left A—module

0-—MIZN-2 1L o,

we have the following short exact sequences of a graded morphisms of degree k € Z of a
graded left S™' A—modules:

-1 1
0— 5 ¥ g iN " Wg1p g

Proof. Since the theorem 3.4 of [8], if 0 — M —5 N %y L —» 0 is a short exact
sequences of a morphisms of degree k € Z of a left A—modules, then

5719

i STIN X787l 50

0—s s 1a "L
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is a short exact sequences of a morphisms of degree k € Z of a left S~! A—modules, and
as S is a set formed of no null homogeneous elements of A and S~!(—) preserve degree,
then we have

)

—1 -1
0— 5 W e inNWe1r_ g

is a short exact sequences of a graded morphisms of degree k € Z of a graded left
S~1 A—modules.

Corollary 3. Let A = @An be a graded duo-ring, M = @Mn, N = EBN” and
nez ne” nez
L= @Ln be three graded left A—modules and Sy be part formed of requlars homogeneous

neL
elements of A, then for every short exact sequences of a graded morphisms of degree k € 7

of a graded left A—module

00— M-5N-251L -0

we have the following short exact sequences of a graded morphisms of degree k € 7 of a
graded left ?;A—modules:

——1 ——1
0— S M LY g N EY gL

Proof. Since the proposition 6, Sy is a multiplicatively closed subset satisfying the
left conditions of Ore formed of homogeneous elements of A.

Corollary 4. Let A = @An be a graded duo-ring, M = @Mn, N = EBN” and
nez ne”L nez
L= EBL” be three graded left A—modules and Sy the set of all reqular homogeneous of

nez
A, then for every short exact sequences of a graded morphisms of degree k € Z of a graded

left A—module
0—M-5N-L—0

we have the following short exact sequences of a graded morphisms of degree k € Z of a
graded left SglA—modules:

S (@) Sy (9)

0— Sy'M 27 SN AT S L — 0

Proof. Similarly to the proof of the corollary precedent 3 with Sy = Sg
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Theorem 4. Let A = @An be a graded ring and S be a multiplicatively closed subset

nez
satisfying the left conditions of Ore formed of homogeneous elements of A, then the relation

S~H=): G (A — Mod) — G.(S™'A — Mod) which that for any graded left A—module
M we correspond S~Y(M) and for all graded morphism of degree k € 7 of graded left
A—modules f : M — N we correspond S~Y(f) of degree k € 7 is a evact additively
covariant functor.

Proof. Let f : M — N be a graded morphism of degree k € Z of a graded left
A—modules, then
S7Yf):S7IM — STIN

mo . fm)

S S

is a morphism of degree k € Z of left S~™' A—modules.
So

(i) Let M € G,(A — Mod), then S™'M is a graded left S~!A—module, thus S~'M €
G.(S7'A — Mod).

(ii) Let f: M — N be a graded morphism of the graded left A—modules, then
S(gof):8'M — S7IN

s (go Ny = el
_ g(f(m))
_ <f(;n)>
= 579 e STHA(D)
ThusV = € §7'M, 57 (g0 f) = $71(g) 0 S71(f).
S y): STIM — STIM
" D) T gan(D)

S0 V% € STIM we have S~ (1) = 1g-1,,,
so S7Y—): Gr(A— Mod) — G.(S™'A — Mod) is a covariant functor.
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Furthermore deg(%) = deg(m)—deg(s) or f is graded of degree k € Z, then deg(m)+k =
deg(f(m)) so

deg(S™H(F)(

m
S

D = des("™) = deg(7(m)) — des(s)
= (deg(m) + ) ~ dea(s)
= deg(—)+ k.

» |3

Thus S~1(—) is additively exact covariant functor. Or S~!(—) is exact then additively
exact covariant functor.

Proposition 11. Let A = EBA” be a graded duo-ring and Sy be the part formed of
nez
all requlars homogeneous elements of A, then the relation g;(—) : Gr(A— Mod) —

Gr(g;llA — Mod) which that for any graded left A—module M we correspond ?;(M)
and for all graded morphism of degree k € 7Z of graded left A—modules f : M — N we

correspond ?;Il( f) of degree k € Z is a exact additively covariant functor.

Proof.
Similarly to the proof of the theorem precedent 4.

Corollary 5. Let A = @An be a graded duo-ring and Sy the set of all reqular homoge-
nez

neous of A, then the relation Si;* (=) : G,(A— Mod) — Si;' A — Mod which that for any

graded left A—module M we correspond S;II(M) and for all graded morphism of degree

k € Z of graded left A—modules f : M — N we correspond Sﬁl(f) 1s additively exact

covariant functor.

Proof. Sg is the set of regular homogeneous of A then Sy is homogeneous multiplica-
tively closed subset so Sy = Sy then according to proposition precedent 11.

Proposition 12. Let A = @An be a graded duo-ring , P be a prime ideal of A and Sp,,

nel
be a set formed of homogeneous reqular elements of A\ P, then the relation

?1;;(—) : Gp(A— Mod) — GT(§;:IA — Mod) which that for any graded left A—module
M we correspond g;; (M) and for all graded morphism of degree k € Z of graded left

A—modules f : M — N we correspond g;; (f) of degree k € Z is additively exact
covariant functor.

Proof. Since the proposition 8 Sp,homogeneous multiplicatively closed subset, so
?;j{(_) : Gr(A— Mod) — GT(§;11{A — Mod) is a covariant functor indeed. Let M, N
two graded left A—modules and f: M — N is a graded morphism of degree k € Z, then

=1 =1 =1
Spy(=)(f) : SpyM — Sp, N
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m . fm)

S S

is a graded morphism of degree k € Z of ?;;A—modules and for any graded left A—module

M, S;}ll (—=)(M) = EE;M is a graded left g;;A—module, 0 SIS; (—) is a functor covariant

for the category G,(A — Mod) to the category G, (?;;A — Mod).

Furthermore g;}l[(—) is of degree k € Z, indeed let (s,m) € S x M such that deg(m) =
s

deg(m) — deg(s) = dj so F;;(—)(f)(m) = f(sm)? and

S

ae(Sep (D) = deg(™)

= deg(f(m)) — deg(s)

= (deg(m) + k) — deg(s)
= deg(%) +k

= dy +k.

Thus ?1_3;(—) is additively exact covariant functor, since ?1_3;(—) preserve the exactness.

Definition 10. Let A = @An is a graded duo-ring, M = @Mn be a left graded

neL nez
A—module, P is a prime ideal of A and Sy be the set of homogeneous regular elements of

A\P then:
(i) S};;A is called homogeneous localized to A in P. and denoted by App;

(ii) SIS;M 18 called homogeneous localized to M in P. and denoted by Mpy.

Corollary 6. Let A = @An be a graded duo-ring , P be a prime ideal of A and Sp,, be

nel
the set of all homogeneous reqular elements of A\ P, then the relation

S;bl{(—) : Gr(A— Mod) — Apg — Mod which that for any graded left A—module M we
correspond Mpy and for all graded morphism of degree k € Z of graded left A—modules
f: M — N we correspond S;}ll(f) of degree k € Z is additively exact covariant functor.

Proof. It is enough to note that Sp, = Sp, since the corollary 2.

4. Localization of complex in COMP(G,(A — Mod)) over a duo-ring

Proposition 13. Let A = @An be a graded ring, M = @Mn and N = @Nn are two

neZ neZ neZ
graded left A—module f : M — N is a graded morphism of degree k € Z of a graded left

A—modules, then for alln € Z
fF(n) : M(n) — N(n)
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m s fH(n)(m) = f(m)
is graded morphism of degree k € Z of graded left A—modules.

Proof. We have f : M — N is graded morphism of degree k € Z of graded left
A—modules, and M (n) is a sub-module of graded left A—module M then let m € M (n),
SO

m = mign = fF(n)(m) = f(m) = O mitn) =D f(miyn)

i€Z i€Z i€z
or f(mj+n) € Nixnsk = (N(n));v thus f is graded morphism of degree k € Z of a graded
left A—modules.

Corollary 7. Let A = @An be a graded ring, M = @Mn and N = @Nn are two

nez neZ neZ
graded left A—module f: M — N is a graded morphism of degree k € Z of a graded left

A—modules, then f: M — N (k) is graded morphism of graded left A—modules.

Proof. We have f : M — N is graded morphism of degree k € Z of graded left
A—modules, and N (k) is a sub-module of graded left A—module N then let m € M, so

m=""mi=>f(m)=f_mi) = flm).
€L €L €L

Or f(m;) € Nitr, = (N(k)); thus f is graded morphism of a graded left A—modules.

Theorem 5. Let A be a graded ring and G,.(A — Mod) the category of a graded left
A—modules, then for all n € Z the relation (—)(n) : G.(A — Mod) — G,(A — Mod)
which that for any M € G,.(A — Mod) we made to correspond M (n) and for all graded
morphism of degree k € 7 of a graded left A—modules f : M —s N we correspond f*(n)
1 a additively exact covariant functor.

Proof. Let f : M — N be a graded morphism of degree k € Z of a graded left
A—modules, we denote by (=)(n)(f) = f*(n) the morphism of left A—modules of M (n)
to N(n) thus (—)(n)(M) = M(n) is in A — Mod, furthermore M (n) and N(n) are both
graded left A—module then M (n), N(n) € G,(A — Mod). Thus (—)(n) : M(n) — N(n)
has a sense.

(i) Let f: M — N is graded morphism of degree k € Z of graded left A—modules,
then

(=)()(f) : M(n) — N(n)
fH(n) : M(n) — N(n)
m e fF(n)(m) = f(m)

is a graded morphism of a graded left A—modules. Furthermore

(=)(m)(go f)(m) = (g0 ) (n)(m) = (g o f)(m) = glf(m)] = g[f*(n)(m)]
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= g" M)[F(n)(m)] = (¢"(n) o fF(n))(m) = (=)(n)(g) o (=)(n)(f)(m).
So
(=)(n)(go f)(m) = (=)(n)(g) o (=)(n)(f)(m) V m € M(n).
Thus
(=)(n)(go f) = (=)(n)(g) o (=)(n)(f).
On the other hand
(=)(n)(Aarny) : M(n) — M(n)
Ly (n) : M(n) M(n)

m = Ly (n)(m) = m) =m = 1_)m))(m),

(m)(
50 (=)(n)(Lar(n)) = L)) (ar(n)), VM € (n), so (—)(n) is a functor of G, (A — Mod) to
Gr(A— Mod).

Thus (—)(n) : Gr(A— Mod) — G,(A — Mod) is a functor covariant.

Let m € M be homogeneous of degree d, then (—)(n)(f)(m) = f*(n)(m) = f(m) is of

degree k + n thus (—)(n) is a additively exact covariant functor of degree k € Z.

Proposition 14. Let A = @An be a graded ring and M = @Mn be a graded left

nez neZ
A—module, then we have the following associate complex sequence M, of a graded A—module

M = @Mn :

neL
M,: = Mn+1) " M) % Mn—1) >

with M (n @Mn+k and

kEZ
dp: M(n) — M(n—1)

rT=y+z+——y

with (y,z) € My, x M(n+1).

Proof. We have M (n @Mn+k = EBM"? =M, @MnH and
keZ k>n

M(n —1) = My 1fPM(n) = M, 1 PM.EPM(n+1).

Let x € M(n), then it is exist a unique (y, z) € M, x M(n + 1) such that z =y + z.
Put
dp: M(n) — M(n—1)

T=y+z——y,
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so Im(d,) = M,; On the other hand
dp—1:M(n—1) — M(n — 2)
w=u+v+—0
with (u,v) € My_1 x M(n), so ker(d,—1) = M(n) so Im(d,,) C ker(d,—_1), so
dp—10d, =0

,thus
M,: = Mn+1) "™ Mn) % Mn—1) — -

is a complex sequence.

Proposition 15. Let A = @An be a graded ring, M = @Mn, N = @Nn are two

nez ne” ne”L
graded left A—modules and f : M = @Mn — N = @Nn is a graded morphism of
nez neL

degree k € 7 of a graded A—modules, then we have the following associate complex f* of
graded morphism f: M = @Mn — N = @Nn of a graded A—modules :

ne”Z neZ
M, —— M+ 1) M) —" M —1) —— ...
ffl f’“(n+1)J/ f‘“(n)l f’“(nl)l
Ny:---——>N(n+ 1)%“” N(n) i N(n—1)—s--

Proof. Prove that for all n € Z,

FH(n) 0 dngr = dyyyip 0 ff(n+1),
Let x € M (n+ 1), then there exist the unique couple (y, z) € M, 4+1 x M(n+ 2) such that

=1y -+ z, S0

(f*(n) o dny1) (@) = fF(n)[dni1(2)] = fldnsr(2)] = fly] = f(y),
and
(C/i/n+1+k: o fF(n+1))(z) = d;1+1+k[fk(n + 1)(x)] = d;z+1+k[f($)] = d;m+1+k[f(y +2)] =
dp i1kl f W)+ F(2)] = f(y),

because f(y) € Npy14% and f(2) € N(n+ 2+ k),
—> (fF(n) 0 dns1)(@) = (dyp1ip 0 [+ 1)(@), Yo € M(n+1),
S0 ,
FEn) o dpyr =dy g0 fF(n+ 1),

thus f¥ is a complex chain.
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Theorem 6. Let A = @An be a graded ring, then the following information:
neZ

(i) The objets are the associate complex sequences of a graded left A—modules;

(ii) The morphisms are the associate complex chains of a graded morphism of a graded
left A—modules.

formed a category called the category of associate complex of a graded left A—modules and
denoted by COMP(G,(A — Mod)).

Proof. Let M, and N, two objets of COM P(G,(A — Mod)),then:

(i) HomCOMP(G,.(A—Mod))(M*; N.) = { the set of associate complex chains f¥, of M, to N, };

(ii) The morphisms are the associate complex chains of a graded morphism of degrees k
of a graded left A—modules. then we have :

(a) V fF € Homconpc, (A—Mod) (M, Ni); ¥ gi € Homeon (G, (A-mod)) (Ne, Pe);
V hi € Homconmp(G,(A—Mod)) (P, @«) on a :

M, oo M 1) ™ M ()
Ik fE(n+1) / 7 (n)
Not oo N+ 1) N () 22
g g (n+1) g"(n)
Pyt P 17 P
i h*(n+1) b (n)
Qoo QU D

So (A ogi)o fi =hio (gL o fl);
(b) Let M, the object of COM P(G,(A — Mod)), we have:

1M* :M*—>M*

dn+1 dn

M,: - ——Mn+1)—Mn) —...

1M*l 1(n+1)l il(n)
M, : o M(n+ 1) M) &

1pg, verified foolpy, = fo V fi € HomCOMP(GT(A—Mod))(MM N*)
Furthermore 1y, 0 g« = g« V g« € Homconmp(c, (A—Mod)) Vi, My).
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Thus COMP(G,.(A — Mod)) is a category.

Proposition 16. Let A = @An be a graded ring, M = @Mn and N = @Nn are
nez nez nez

two graded left A—modules, f : M — N is a graded morphism of degree k and S be a

multiplicatively closed subset satisfying the left conditions of Ore formed of homogeneous

elements of A, then we have:

(i) The following complex sequence:

— —1
STUM) : - — S M+ 1)) T L) g1 (ag () T4
S~Y (M

i

(n—1)) — -

(i) The following complex chain:

—1 —1
STUM.) : - —— ST (M(n+ 15) 251 (1 (n) Z-E 1 (M (0 — 1) — -
S=1( ff)i 5‘1(fk(n+1))i S‘l(f’“(n))l S‘l(f’“(n—l))l

S—Ud',

(d’n+1+ké_

SN - —= SN+ 1) A (N () e (N (- 1))

Proof. As for all n € Z, M, and N, are two complex sequences of graded left
A—module, then S™1(M,) and S~(N,) are two complex sequences of a graded left
S~ A—module.

Prove that for all n € Z,

ST M) 0 ST (dng1) = ST (dpgigp) © ST (n+ 1)),

Let ~ € STH(M(n+1)), then it is exist a unique couple (%, E) € S IM 1 x ST M (n+2)
s r

such that % = % + ;, SO
(57 ) 0§ ) (D) = ST (S da(D)] = 57 ) = 571412 = T
and
(5 a0 ST A D)) = ST (ST D 4 )

= 5—1d;+1+k[5‘1f(% + ;)]
= 5_1d;+1+k[5_1f<%) + S_lf(i)]
= 5749

)
t
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because S~ f(¥) € ST Nyj14k and STHf(2) € STIN(n+ 2+ k)

— (5 oS D) (2) = (ST oS M) (D) Y S € STIM(nt1)
SO
(S g1 4p 0 STHF( 4 1)) = (S71FH(n) 0 S ptn)

thus S~!(f¥) is a complex chain.

Corollary 8. Let A = @A be a graded duo-ring, M = @M and N = @N are two

neZ ne”Z
graded left A—modules, f : M — N is a graded morphzsm of degree k and Sy be a part

formed of regulars homogeneous elements of A, then we have:

(i) The following complex sequence:

-1

S (L) - — 55 (Mt 1) S 5 ) S 5 (Mn-1)) — -

(i) The following complex chain:

——1 ——1 S (dng1)m—1 S (dmk—1

Sy (M) : -+ — S5 (M(n + Df 25 (M () 22285 (M — 1) — -
s?(ﬂs)i sle(fk(nﬂ))l Su'(fF(n >>l Su'(fF(n-1))

——1 ——1 s +1+% 771(d/n-!:—§)—1

Sy (Ny) i+ ——= Sy (N ”‘i‘ﬂ g Nn—-1)) —---

Proof. Since the proposition 6 Sy is multiplicatively closed subset satisfying the left
conditions of Ore formed of homogeneous elements of A, and the rest is similarly to the
proof of the proposition 16.

Proposition 17. Let A = EBA” be a graded ring, M = EBM" and N = @Nn two

nez nez neE”L
graded left A—modules, f : M — N 1is graded morphism of degree k € Z and S be a

multiplicatively closed subset satisfying the left conditions of Ore formed of homogeneous
elements of A, then we have:

(i) The following complex sequence:

S—1A®(d, S—1A®(d,
(dn+1) (dn)

B*:--i — ST'A® (M(n+1))
ST'A® (M(n—1)) — -

ST'A® (M(n))

(i) The following complex chain:

1A®(dn+
e

B i —>S1A® (M(n+1)) A

=14 @ (M(n)]—2%

STtA®fE STHAR(FF (n+1)) 51A®(f’“(n))l SIA®(f’“(n—1))i

A g (M- 1) — -

Dyt — 8140 (Nn+1) 2814 0 Nm)] 22555 A 0 (N — 1) — -
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With B* = ST'A® (M,) and D, = ST*AQ 4(N.).

Proof. We have the functor S7!() and the functor S~'A®) () are isomorphs. On the
other hand it suffices to prove that the following diagram is commutative

B ... 1A®M A®dn+§ 1A®M *’;
! K Tn
STUM.) ¢+ e §TIM (4 1) S 5L () T
S-ifk S=1fk(nt1) 51 75(n)
(ST SN (1) T gy ek
A - N
o sTA@Nm T DTS AN MR

i.e. prove that for all n € Z we have

Ano 87 fF(n) o n 0 STT AR dnyr = STTAQR) A1k © Anp1 0 ST (n+1) 0y

or for all n € Z, we have A\, 0 S71f*(n) oy, = 1g-14 ® f¥(n).

1
Let —-@m € S 1A ®M(n—i— 1), then it is exist an unique couple (z,y) € My4+1 x M (n+2)
s

A
such that m = x 4+ y so

_ _ 1 _ _ 1
AnoSTHF(n)oyp08 1A®dn+1[g®m] = X057 f*(n)ory,08 1A®dn+1[g®(m+y)] =
_ 1
ApoS 1fk(n)o’yn[ x]=1g- 1A®f f®f()
On the other hand we have

1
AR d Ay 0 STHE(n+ 1) 0 [~ @ m] =
STAQR) ' ni1k0An10S  fF(n+1)ony +1[ ©@m]

_ _ 1
STAQY d i1 0 M1 0 ST () 0 [ @ (2 +y)] =

S_1A®d,n+l+k’[§ ® flr+y)| = é ® f(z)

thus S™'A ® f* is a complex the chain.

Corollary 9. Let A = @An be a graded duo-ring, M = @Mn and N = @Nn two

nez nez neL
graded left A—modules, f : M — N is graded morphism of degree k € Z and Sy be a

part formed of requlars homogeneous elements of A, then we have :
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(i) The following complex sequence:

== Sh A®(dni1) =— s n
B S A (M(n + 1) 27 224 5ol g g (M(n)) 5 AK )
S, A® (Mn—1)) — -
(ii) The following complex chain:
B*:~~—>§I_11A®( nJrllj A®(dn+l§ A® ®(C;L§7L1 Mn—-1)—s---
SH1A®ffl Syt AB(f* (n+1)) Syt Ae(f* (n) ?*1A®<f*”'<n 1)
——1 (d nt 141 #1
D,: - ——=S; A® (N n+}i§ &y A® N(n )g 1? @ (Nn—-1)) —---

With B* = Sy A® (M,) and D, = S5 AR ,(N,).

Proof.
it is sufficient to note that Sy is a multiplicatively closed subset satisfying the left

conditions of Ore formed of homogeneous elements of A.

Corollary 10. Let A = @An be a graded duo-ring, M = @Mn and N = @Nn two
nez nez nel

graded left A—modules, f: M — N is graded morphism of degree k and Sy be the set of
all regulars homogeneous elements of A, then we have:

(i) The following complex sequence:

S_1A® dnt1
(dn+1)

B* - — ST1A®(M(n+1)) S~ A®(M(n))

(i) The following complex chain:

tA (dn+1 Sy A
B S A (M(n+ B 2Bl A @ (M(n)) 22 GE A @ (M(n— 1)) — - -
Sy Ao fE Syt A®(f* (n+1)) S‘1A®(fk< ))l Syt AR(f* (n— 1)>l
5=14 n IA d’

With B* = Si' A® (My) and Dy = SiP A® 4(Ns).

Proof. it is sufficient to note that Sz = Sg.

Theorem 7. Let A = @An be a graded ring and G,(A— Mod) the category of graded left

nez
A—modules, then the relation C(—) : G.(A— Mod) — COM P(G,(A— Mod)) which that

for all graded left A—module M = @Mn of Gr(A — Mod) we correspond the associate
neL
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complex sequence M, to a graded A—module M = @Mn and for all graded morphism of

nez

graded left A—modules f : M = @Mn — N = @Nn of degree k we correspond the
neL ne”Z

associate complex chain ¥ to a morphism of graded left A—module f : M = @Mn —

nez
N = @Nn 1s exact additively covariant functor.
nez

Proof. Let M, N two graded left A—modules and f : M — N graded morphism of
graded A—modules, we note that C(M) = M, (respectively C(N) = N,) the associate
complex sequence M, ( respectively N,) to a graded A—module M = @Mn ( respectively

nez
to a graded A—module N = @HN,,) so M., N, € COMP(G,(A - Mod)).

neZ
So C(f): M, — N, has a sense.

(i) Let M € Gr(A — Mod) then C(M) = M, is the associate complex sequence to a

graded A—module M = M, then M, € COMP(G,(A — Mod)).
nez

(ii) Let f: M — N graded morphism of degree k of graded A—modules then :
C(f):ff3M* — N,

the associate complex chain to a graded morphism of degree k of graded left A—module.
Furthermore

Clgo f)=(go ) = glflf = glfili = gk o fF = Clg) 0 C(§).

On other hand
CLar) : M(n). — M(n).

Ly, = Lo

Thus C() is a covariant functor of G,(A — Mod) to COMP(G,(A — Mod)).
Let
0—M-L N0

be the short exact sequence of graded left A—modules then we make the functor C() then
we have
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0 0 0
dnt1 dn,
M,: -+ ——Mn+1)— M(n) —...
fE fF(n+1) ) Hn)
d d,
Ny :oor—— N(n+1)"% N(n) —
g% g"(n+1) g"(n)
dn+1+k+7‘ dn+k+r
Li:--+——Ln+1)——=L(n)——...

0:--- 0 0

is a short exact complex chain associate to short exact sequence of graded left A—modules
then

fk gk
0— M, N, =L, —0

is exact complex chain. Thus C() is exact additively covariant functor of G,(A — Mod) to
COMP(Gy(A— Mod)).

Theorem 8. Let A = @An be a graded ring, S is a multiplicatively closed subset sat-
neZ

isfying the left conditions of Ore formed of homogeneous elements of A and G.(S™1A —
Mod) the category of graded left S~ A—modules, then the relation Cp(—) : G.(S7'A —
Mod) — COMP(G,(S™'A — Mod)) which that for all graded left S~* A—module S~ M
of G.(S™'A — Mod) we correspond the associate complex sequence (S™'M), to a graded
S~ A—module ST'M and for all graded morphism of graded left S™' A—modules S~ f :
S™IM — STIN of degree k we correspond the associate complex chain (S™1f)¥ to a mor-
phism of graded left S~*A—module S f : STIM — SN is additively exact covariant
functor.

Proof. Similarly to the proof of theorem precedent 7

Theorem 9. Let A = @An be a graded duo-ring, Sy is a part formed of regulars homoge-
nez

neous elements of A and G, (?;A—Mod) the category of graded left ?;A—modules, then
the relation Cr(—) : GT(F;IIA — Mod) — COMP(GT(EI_;A — Mod)) which that for all
graded left ?;IIA—module ?;M of G, (?I_JIA— Mod) we correspond the associate complex
sequence (?;M)* to a graded ?;IIA—module g;M and for all graded morphism of graded
left ?;IIA—modules g;f : g[_{lM — ?;IIN of degree k we correspond the associate com-
plex chain (?I;lf)]j to a morphism of graded left gle—module g;llf : g;M — g;N
is additively exact covariant functor.
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Proof. Similarly to the proof of theorem precedent 7

Theorem 10. Let A = EBA” be a graded ring, S is a multiplicatively closed subset
neZ

satisfying the left conditions of Ore formed of homogeneous elements of A and G,.(S™1A—
Mod) the category of graded left S~ A—modules, then the relation (CyoS™1)(=) : G.(A—
Mod) — COMP(G,(S7'A — Mod)) which that for all graded left A—module M of
G, (A—Mod) we correspond the associate complex sequence (CoS™1) (M) = (S~'M), to a
graded A—module M and for all graded morphism of graded left A—modules f : M — N
of degree k we correspond the associate complex chain (Cg o ST (f) = (ST ¥ to a
morphism of graded left A—module f: M — N is additively exact covariant functor.

Proof. Similarly to the proof of theorem precedent 7

Theorem 11. Let A = @An be a graded duo-ring, Sy is a part formed of regulars ho-
neL

mogeneous elements of A and G, (g;llA—Mod) the category of graded left ?;IlA—modules,
then the relation (Cy og;ll)(—) . Gp(A—Mod) — COMP(G,(Sy A— Mod)) which that
for all graded left A—module M of G.(A — Mod) we correspond the associate complex se-
quence (Cg oggl)(M) = (ngM)* to a graded A—module M and for all graded morphism
of graded left A—modules f : M — N of degree k we correspond the associate complex
chain (Cy o?},l)(f) = (gl}lf)f to a morphism of graded left A—module f : M — N is
additively exact covariant functor.

Proof. Similarly to the proof of theorem precedent?

Lemma 1. Let A = @An be a graded ring, M = @Mn and a graded left A—module

neL neL
then for alln € Z H,(M,) = M(n +2).

Proof. Let My :---— M(n+1) Ing1 M(n) &y M(n—1) — --- the complex sequence,
then ker(d,) = M(n+ 1) and Im(d,) = M, so

Ho(M,) = ker(dn)/Im(dps1) = M(n+1)/Mpi1 = (M1 @ M(n+2))/Mps1 = M(n+2).

Theorem 12. Let A = @An be a graded ring, we have the induced functor of

neL
H, : COMP(G,(A — Mod)) — G,.(A — Mod) which that for all associate complex

sequence M, to a graded A—module M = @Mn we correspond Hy(M,) = M(n + 2)
ne”L
and for all associate complex chain f¥ to a morphism of graded left A—module f : M =

@Mn — N = @Nn we correspond H,(f.) = f*(n+2), is a covariant functor.
neL nez
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Theorem 13. Let A = @An be a graded ring, For all n € Z and for all short exact

ne’
Sequence

00— M-S N0

of a graded left A—modules of graded morphism of degree k € Z we have the following long
exact sequence

( 12) ( 12) )f (n+1)

c— M(n+2) N(n+2)? L(n+2)—>M(n+1 N(n+1) —
of a graded left A—modules of graded morphism of degree k € Z.
Furthermore, if
S is a multiplicatively closed subset satisfying the left conditions of Ore formed of

homogeneous elements of A, we have the following longs exacts sequences of a graded left
S~ A—modules

—1 rk n -1 _k n -1
S5 M2 T s iNmr2) Y T g ip (1 2) T s Mt 1) -
—1 k TL 1 k n -1
ST eMn+2) T UMY g N(t2) 5 sl Ln+2) T8 Tl M (nt1)
Proof. Let

0—M-N L o

be the short exact sequence of graded left A—modules then we make the functor C() to

the short exact sequence of graded A—modules then we have

0 — M, L>N —>L — 0

the associate short exact complex to a of graded A—modules or since precedent theorem

12, it exist a morphism of left A—module H, (L) n, H,_1(M,) such that we have the
following long exact sequence of graded left A—modules

k k k
s Ho (M) Y v %) gy e v () Y (v —
ie
s Mn+2) T Nn+2) T Ln42) 2 Min41) 5D N 1) —

We have the functor S~1() is exact then we have

—1 ¢k n —1 .k n —
s M2 T e iNm e 2) Y YT 1 2) T s M+ 1) -
Or the functor S~1() and the functor S~'A®) , are isomorph then we have also

—1 k n -1 n -1
L5 eMmnt2) S YU s g Nmr2) T s g L) SUE sl M (nt 1)
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Proposition 18. Let A = @An be a graded ring, For all n € Z and for all short exact

neL
Sequence

00— M-S N0

of a graded left A—modules of graded morphism of degree k € Z we have the following long
exact sequence
( 12)

( +2) ’“( +1)

w— M(n+2) N(n+2)? L(n+2)—>M(n+1) N(n+1) —

of a graded left A—modules of graded morphism of degree k € Z.

Furthermore, if S is a multiplicatively closed subset satisfying the left conditions of Ore
formed of homogeneous elements of A, we have the following longs exacts sequences of a

graded left S~ A—modules

S—1+k S—1gk -1
5 Mm+2) Y Y i) T Y s 2) T s M (1) -
sloMmn+2) " L stgNmr2) S T s-le L) & ST e M (nt1) - -

Proof. Similarly to the proof of theorem precedent13

Corollary 11. Let A = @An be a graded duo-ring, For alln € Z and for all short exact

neL
Sequence

00— M- N0

of a graded left A—modules we have the following long exact sequence

k n k n
7 (n2) (n42) P

. — M(n+2) N(n+2)? L(n+2) 2% M(n+1) N(n+1) —

of a graded left A—modules.

Furthermore, if Sy is the part of regulars homogeneous elements of A, we have the fol-
lowing longs exacts sequences of a graded left ?;IIA—modules

Sh'on —

Sy Mm+2) LTS N +2) TP ST S L+ 2) TS S, M+ 1) -

S ®f (n+2) S;1®q (n+2)
—>

Sy oM(n+2) " Sy 9N (n+2) S oLn+2) S S e M(nt 1) -

Proof. it is sufficient to note that Sz is a multiplicatively closed subset satisfying the
left conditions of Ore formed of homogeneous elements of A and according to proposition
18
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Proposition 19. Let A = @An be a graded duo-ring, M = @Mn a graded left

neZ neZ
A—module and Sy be the part formed of requlars homogeneous elements of A, then for all

nez
Sy (Ho(M.)) = S (4) QM (n +2).

Moreover g;fl(Hn(M*)) = Hn<(§1—{1 (M)y).

Proof. We have H,,(M,) = M(n+2) and as Sy is a multiplicatively closed subset satis-
fying the left conditions of Ore formed of homogeneous elements of A then gl_{l (H,(M,)) =
F;Il (M(n+ 2)) or g;A ®M(n) = ?;M(n) S0

Sy (Ho(M.)) = Sy AQ(M(n +2)).

On other hand H,,((Sy (M)),) = (S (M))(n+2) = Sy (M(n+2)) = Sy (Ha(M,))

Thus . .
Sy (Hn(M)) = Hy((Sy (M))s).

Corollary 12. Let A = @An be a graded duo-ring, M = @Mn and be a graded left

nez nez
A—modules and Sy be the set of all reqular homogeneous of A, then for alln € Z

St (Ha(M.)) 2 S (4) @M (n +2).

Moreover Si' (H,(M.,)) = H,((Sg' (M).).

Proof. it is sufficient to note that Sy = Sg.

5. Conclusion

In this article, we study the localization in the category COM P(G,(A — Mod)) and
we used the localization in the category G,(A — Mod), and we proof that for all n € Z
fixed and for all M € G,(A — Mod) we have:

S5 (Hy o C)(M)) = Hy(Cpr 0 Sy ) (M)).
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