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Abstract. Let G = (V(G), E(G)) be a simple connected graph. A set S C V(G) is said to be
a perfect isolate dominating set of G if S is a perfect dominating set and an isolate dominating
set of G. The minimum cardinality of a perfect isolate dominating set of G is called perfect
isolate domination number, and is denoted by 7v,0(G). A perfect isolate dominating set S with
|S] = Yp0(G) is said to be ypo-set. In this paper, the author gives a characterization of perfect
isolate dominating set of some graphs and graphs obtained from the join, corona and lexicographic
product of two graphs. Moreover, the perfect isolate domination number of the forenamed graphs
is determined and also, graphs having no perfect isolate dominating set are examined.
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1. Introduction

In 1960, the study of domination in graphs began and it became the most interesting
topic in graph theory because of its application in networking. In 1990, Livingston and
Stout [10], introduced the concept of perfect dominating sets of G, denoted by ~,(G). They
studied the existence and construction of perfect dominating sets in families of graphs
arising from the interconnection networks of parallel computers. In 2014, Kwon and Lee
[9] investigated some results related to perfect domination sets of Cayley graphs.

In 2013, Hamid and Balamurugan [4] studied the concept of isolate domination in
graphs. In 2015, Ariola [2] looked at another aspect of the isolate dominating set and
characterized the lower and upper bounds of the isolate domination number and those
graphs resulting from some binary operations such as join and corona. In 2016, Hamid
and Balamurugan [4] extended these parameters isolate domination number 7y and the
upper isolate domination number I'g. In 2017, Rad [11]| studied the complexity of the
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isolate domination in graphs, and obtain several bounds and characterizations on the isolate
domination number. Furthermore, some variations and parameters of domination in graphs
are studied in many classes (see [1], [8], [6] and [5]).

In this paper, we introduce the concept of perfect isolate domination number. We
characterize the perfect isolate dominating set and determine the exact values of perfect
isolate domination number of some special graphs and graphs under some binary operations
such as join, corona and lexicographic product of two graphs. Not all graphs have perfect
isolate dominating set and we called them non-+,o-graphs.

2. Terminology and Notation

This section contains definitions that are needed for the study.

Let G = (V(G), E(G)) be a simple connected graph where V(G) is a vertez-set of G
and E(G) is an edge-set of G. The number of edges incident with v is called the degree of
a vertex v and is denoted by deg(v). The mazimum of {deg(v) : v € V(G)} is denoted by
A(G). The set of neighbors of a vertex u in G is called the open neighborhood of w in G
and is denoted by Ng(u) = {v € V(G) : wv € E(G)}. The closed neighborhood of u in G
is the set Nglu] = Ng(u) U{u} and the closed neighborhood of a subset S of V(G) is the
set Ng[S] = N[S] = UyesNg[v]. The subgraph induced by a set S of vertices of a graph G
is denoted by (S) with V((S)) = S and E((S)) = {uv € E(G) : u,v € S}, Harary in [7].

A set S C V(G) is said to be a dominating set if N[S] = V(G). A dominating set S is
a minimal dominating set if no proper subset S’ C S is a dominating set. The domination
number v(G) of a graph G is the minimum cardinality of a dominating set of G. A domi-
nating set S with |S| = v(G) is said to be a 7-set.

A set S C V(G) is said to be a perfect dominating set if each vertex v € V(G) \ S is
dominated by exactly one element in S. The minimum cardinality of a perfect dominating
set of G is called perfect domination number, and is denoted by 7,(G). A perfect dominat-
ing set S with |S| = v,(G) is said to be a 7,-set.

A dominating set S C G is said to be an isolate dominating set of G if (S) has at least
one isolated vertex. An isolate dominating set S is said to be a minimal isolate dominating
set if no proper subset of S is an isolate dominating set. The minimum cardinality of a
minimal isolate dominating set of G is called the isolate domination number and is denoted
by 70(G). An isolate dominating set S with |S| = 70(G) is said to be a 7p-set.

A perfect dominating set S C V(G) is said to be a independent perfect dominating set
(ipds) if no two vertices in S are adjacent. The minimum cardinality of an independent
perfect dominating set of G is called independent perfect domination number and is de-
noted by 7;,(G). A perfect dominating set S with |S| = 7;,(G) is said to be a ;,-set.
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A set S C V(G) is said to be a perfect isolate dominating set of G if S is a
perfect dominating set and the induced subgraph (S) has at least one isolated vertex. The
minimum cardinality of a perfect isolate dominating set of G is called perfect isolate
domination number and is denoted by 7,0(G). A perfect isolate dominating set S with
|S| = vpo(G) is said to be y0-set. If a graph G has no perfect isolate dominating set, then
we say that the graph G is a non-v,0-graph.

Example 1. Let G be the graph in Figure 1 and S = {v1,ve,v7}. Then vy dominates vs, va
dominates vyq, while v; dominates vs and vg. This shows that for all vertices vs, vy, vs, vg are
elements in V(G)\ S which are dominated by exactly one vertex in S. Thus, S is a perfect
dominating set of G. Observe further that vy is an isolated vertex of the induced subgraph
(S). Therefore, S is a perfect isolate dominating set of G and vpo(G) = v,(G) =|S|= 3.

v

U5 V6

V1 ()

G :

Figure 1: Graph G with v,0(G) = 7,(G) =3

3. Results

This section contains some known results involving the domination number, the
perfect domination number and the isolate domination number. Also, it contains the
the perfect isolate domination number of paths, cycles, complete graphs, fans, wheels,
friendship graphs, windmill graphs and graphs resulting from some binary operations.
Furthermore, some non-vy,o-graphs are shown.

Proposition 1. [8] For paths and cycles of order n, vo(Pn) = 70(Cn) = [F].

Proposition 2. [8| For K, S,—1, and Wy, _1 be complete, star, and wheel of n > 2 vertices,
respectively. Then

VO(KH) = ’YO(Sn—l) = ’YU(Wn—l) =1.

Theorem 1. (8| For K,,, Sy,—1, and W,,_1 be complete, star, and wheel of n > 2 vertices,
respectively. Then vo(Ky) = v0(Sn—1) = Yo(Wn-1) = 1.
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Corollary 1. [3| Let G and H be connected graphs. Then

I, 7(G)=1ory(H)=1
2, v(G)#1 andy(H) # 1.

The next four results follow directly from the definition of perfect isolate dominating set.

’Y(G+H):{

Proposition 3. Let S C V(G) be an isolate dominating set of G. Then S is a perfect
isolate dominating set if and only if for every v € V(G)\ S, Ng(v) NS = {u} for some
ueSs.

Proposition 4. If S is a dominating set or a perfect dominating set or an isolate
dominating set of G with |S| = 1, then S is a perfect isolate dominating set of G. In
particular, v(G) = 1, (G) = v(G) =1 if and only if y,0(G) = 1.

Proposition 5. If v,(G) = ¢ where ¢ € Z* and if S is a yp-set of G such that (S) has an
isolated vertex, then vu,0(G) = c.

Proposition 6. If vo(G) = ¢ where ¢ € Z* and if S is a yo-set of G such that every vertex
v e V(G)\ S is dominated by exactly one vertex in S, then vp0(G) = c.

Proposition 7. Let G be any graph such that G has a perfect isolate dominating set. Then

70(G) < p0(G).

Theorem 2. For any positive integers a and b with 1 < a < b, there exists a connected
graph G such that v0(G) = a and y,0(G) = b.

Proof. Consider the following cases:
Case 1: a=b
Let G be the graph shown in Figure 2. Clearly, the set S1 = {v1,v2,v3,...,0,} is both
Yo-set and ypo-set of G. Therefore, 79(G) = Ypo(G) = a = b.

U1 V2 V3 Va—1 Vg

Ul U2 us Uq—1 Ug,

Figure 2: Graph G with vo(G) = vp0(G) = a
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Case 2:a < b.
Let G be the graph shown in Figures 3 or Figure 4. Let m = b — a + 4 and
J.k,l € Z*. Observe that S = {v1,v2,v3...,04-4} U {21, 22,23, 2m} is a yp-set of G
and Sy = {vi,v2,v3...,04-4} U{z; : i = 1,2,...,m} is a yo-set of G. It follows that
7(G) =|S1|=a—4+4=aand y0(G) =|S2| =a—4+m=a—-4+(b—a+4) =0
Therefore, v9(G) = a < b = vp0(G).

U1 (%)
G:

U1 uz

U1 V2
G:

Up U2

Figure 4: Graph G with v,0(G) =b

This proves the assertion. O
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Corollary 2. The difference vpo- o can be made arbitrarily large.
The next result follows from Proposition 1 and Proposition 4.

Corollary 3. Let G be a simple connected graph of order 3, that is, either G = P or
G = Cs. Then vp(G) = 1.

Theorem 3. Let G be a connected graph of order n > 2. Then vpo(G) = 1 if and only if
A(G)=n—-1.

Proof. Suppose that v,0(G) = 1. Let S = {u} be the perfect isolate dominating set of
G. If G is trivial, then deg(u) = 0. So, we are done. Assume that G is nontrivial. Then
every vertex v € V(G) \ S is adjacent to u € S. Hence, deg(u) = n — 1 since |V (G)|= n.
Therefore, A(G) = n — 1. For the converse, let A(G) = n — 1. Then there exists a vertex
u € V(G) such that deg(u) = n — 1. Since every vertex v € V(G) \ {u} is dominated
by exactly one vertex u, S = {u} is a perfect dominating set of G. By Proposition 4,
10(G) = 1] = 1. .

The next result follows from Theorem 3 since A(K,) =n — 1.

Corollary 4. For the complete graph K, where n > 1, vpo(Ky) = 1.

Theorem 4. Let G be connected graph of order n > 4. Then v,0(G) = 2 if and only if
there exists two wertices x,y € S C V(G) such that Ng(z) N Ng(y) = @ and
Nglz] U Nely] = V(G).

Proof. Suppose that v,0(G) = 2. Let S C V(G) be a perfect isolate dominating set of
G. Then |S| = 2 and so, there exist two vertices z,y € S which are isolated vertices in (S)
such that each vertex v € V(G)\S is dominated only by either x or y but not both. Thus,
Ng(x) N Ng(y) = @ and Ng[S] = Nglz] U Ngly]l = V(G).

For the converse, suppose that Ng(z) N Ng(y) = @ and Ng[z] U Ngly] = V(G). It
follows that the graph G cannot be dominated by 1 vertex only, that is, 7,0(G) > 1 and
each vertex v € V(G)\S is dominated only by either x or y but not both and (S) has two
isolated vertices. Clearly, S = {x,y} is a perfect isolate dominating set of G. Therefore,
10(G) = 15| = 2. .

Theorem 5. For any path P, of order n > 1,

n

(P =[]

1
1.

Proof. Suppose that V(P,,) = {u1,ug,...,un—1, Uy} such that deg(u;) = deg(uy)
and deg(u;) = 2 for all i = 2,3,...,n — 1. Note that by Proposition 1, yo(P,) = |
Consider the following cases:

I
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Case 1: Suppose that n = 0 (mod 3). If n = 3, by Corollary 3, y,0(P3) =1 = (%}
n

Suppose that n > 3. Let r = § and j = 1,2,...,7 — 1,7. Group the vertices of P, into r
disjoint subsets S}

S1 = {ui,ug,us}
Sy = {ua,us,ue}
S = {ur,us,ug}
Sy = {wi, 11,12}
Sr—l = {un—57 Un—4, un—S}
Sr = {un—27un—17un}
Clearly, the set S = {ug,us,us,u11,...,Up—a,un—1} is a ~p-set of P, since

N[S] = V(P,), (S) has isolated vertices and |[S| = [5] by Proposition 1. Clearly, all
other vertices u; € V(P,) \ S for all i = 1,3,4,6,...,n — 5,n — 3,n — 2,n are dominated
by exactly one vertex in S. By Proposition 6, vy0(Pn) = [5].

Case 2: Suppose that n = 1 (mod 3). If n = 1, then yy(Py) = 1 = [£]. Suppose
that n = 4. Clearly, S = {uj,us} is a yo-set of Py since [S| = [§] = 2. Clearly,
N(u1) N N(ug) = @ and Nlui) U N[ug] = V(Py). By Theorem 4, v,0(Py) = 2 = [5].
Suppose that n > 4. Let r = %FQ and j =1,2,...,r — 1,r. Group the vertices of P, into
r disjoint subsets S;

S = {w}
Sy = {uz,usz,u4}
S3 = {us,ug, ur}
Sy = {us,ug,u10}
Sr—1 = {un_s5,Un—a,un_3}
Sy = {un—2,Un_1,un}

Clearly, the set S = {uy, uq, uz, ug, ..., Un—3, Uy} is a yg-set of P, since N[S] = V(P,),
(S) has isolated vertices and [S| = [§] by Proposition 1. Clearly, all other vertices
u; € V(P,)\ S for all i = 2,3,5,6,...,n —5n —4,n — 2 n — 1 are dominated by
exactly one vertex in S. By Proposition 6, y,0(FP,) = [5].

Case 3: Suppose that n = 2 (mod 3). Suppose that n = 2. Clearly, A(P) = 1. By
Theorem 3, vpo(P2) =1 = (%1 Suppose that n > 2. Let r = %‘H and j=1,2,...,r—1,7.
Group the vertices of P, into r disjoint subsets S}
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St = {u1,u2}
Sy = {us,us,us}
S3 = {ue,ur,ug}
Sy = {ug,uw10,u11}
Spo1 = {unfi'n Un—4, unf?)}
Sr = {uana Un—1, un}
Clearly, the set S = {ui,uq,ur,u10,...,Un—a,Un—1} is a ~7g-set of P, since

N[S] = V(P,), (S) has isolated vertices and |S| = [5] by Proposition 1. Clearly, all
other vertices u; € V(P,) \ S for all i = 2,3,5,6,...,n —5,n — 3,n — 2,n are dominated
by exactly one vertex in S. By Proposition 6, y,0(FP,) = [5]. Therefore, in any case,
0(P) = (2] .

Theorem 6. For a cycle C,, of order n =3 orn > 6,

[2]+1, ifn=2 (mod 3)
(2], ifn#2 (mod 3)

Proof. Suppose that V(Cy,) = {u1,u2,...,un—1,un} such that deg(u;) = 2 for all
i=1,2,3,...,n—1,n. By Proposition 1, 4(Cy) = [§]. Consider the following cases:

'YPO(Cn) — {

w3 w3

Case 1: Suppose that n = 0 (mod 3). If n = 3, by Corollary 3, ,0(C3) = 1 = [3].
Suppose that n > 3. Let r = 5 and j = 1,2,...,7 — 1,r. Group the vertices of C,, into r
disjoint subsets T}

i = {ui,ug,us}
Ty = {ua,us,ue}
T3 = {ur,us,ug}
Ty = {wio,uir,ui2}
T, = {Un—57 Un—4, un—3}
T, = {Unf2aun717un}
Clearly, the set S = {ug,us,us,uir,...,Up—a,un—1} is a ~p-set of C, since

N[S] = V(Cy), (S) has isolated vertices and |S| = [§] by Proposition 1. Clearly, all
other vertices u; € V(Cy) \ S for all i = 1,3,4,6,...,n —5,n — 3,n — 2,n are dominated
by exactly one vertex in S. By Proposition 6, y,0(Cyr) = [5].
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Case 2: Suppose that n = 1 (mod 3). Suppose that n = 7. By Proposition 1,
7(C7) = 3. Clearly, S = {ui,u2,us} is a vp-set since N[S] = V(C7), (S) has an

isolated vertex ws and |S| = 3. Also,us,us,us,u7 € V(C7) \ S are dominated by
exactly one vertex in S. By Proposition 6, v,0(C7) = 3 = [I]. Suppose that n > 7.
Let r = %‘*‘2 and j = 1,2,...,r — 1,7. Group the vertices of (), into r disjoint subsets T}

Ty = {w}

T = {ug,us, us}

T3 = {us,ug,ur}

Ty = {us,ug,uio}

T = {un—57 Un—4, un—3}
T, = {Unf2aun71>un}
Clearly, the set S = {uy,u2,us,usg,...,Up_5,up—2} is a 7g-set of C, since

N[S] = V(Cy), (S) has isolated vertices and |S| = [%] by Proposition 1. Clearly, all
other vertices u; € V(Cy) \ S for all i = 3,4,6,7,...,n—4,n — 3,n — 1,n are dominated

n

by exactly one vertex in S. By Proposition 6, v,0(Cpn) = [§].

Case 3: Suppose that n =2 (mod 3). Suppose that n = 8. Clearly, S = {u1,us, ug} is
a 7o-set of Cg since N[S] = V(Cs) and |S| = [§] = 3. Note that us is dominated by both
u1 and us. Hence, S is not a perfect dominating set. Let T'= S U {ug} = {u1, ua, us, ug}.
Clearly, |T| = 4 = [3] + 1 and w4, us,u7,us € V(Cg) \ T are dominated by exactly one
vertex in T'. Clearly, T is a ypo-set in Cg and so, vp0(Cg) = 4 = [%W -+ 1. Suppose that

n > 8. Letr= "TH and j = 1,2,...,r — 1,7. Group the vertices of C,, into r disjoint
subsets Tj
T = {u1,u2}
Ty = {us,ug,us}
T3 = {ue,ur,us}
Ty = {ug,u10,u11}
T = {un—5a Un—4, Un—3}
T, = {Un—27un—1>un}
Clearly, the set S = {uq,us,us,ug, u12,...,Un—5,Un—2} 1S a p-set of C, since

N[S] = V(G), (S) has isolated vertices and |S| = [5] by Proposition 1. Clearly, uz
is dominated by both w; and ws. Hence, S is not a perfect dominating set. Let
T = SU{u} = {u,us, u3, ug, ..., un—5,up—2}. Clearly, |T| = [3] 4+ 1 and all other
vertices u; € V(Cy) \ T for all i = 4,5,7,8,...,n —4,n — 3,n — 1,n are dominated by
exactly one vertex in T'. Clearly, T' is a ypo-set in Cy, and so, 10(Cp) = [5] + 1. O
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By Proposition 1 and Theorem 6, vo(C,) < vpo(Cp) for n =3 or n > 6.

Theorem 7. The cycle graphs Cy and Cs are non-vypo-graphs.
Proof. Let V(Cy) = {u1,u2,u3,us} and V(Cs) = {u1, ug, us, uqg, us }.

For the graph Cjy, clearly, the sets S1 = {u1,us}, So = {ug,us}, S3 = {us,us}, and
Sy = {u1,us} are perfect dominating sets (7,-sets) of Cj but none of them are
isolate dominating sets since (S;) has no isolated vertex for all i = 1,2,3,4. Also, the
sets T1 = {u1,us} and To = {u9,u4} are isolate dominating sets (7yp-sets) of Cy by
Proposition 1 but none of them are perfect dominating sets since all vertices in V(Cy) \ T}
are dominated by two vertices in 7} for all j = 1,2. Choosing 3 vertices or 4 vertices in Cy
for ~po-sets is not possible since their induced subgraphs has no isolated vertex. Thus, in
any case, Cy contains a perfect dominating set or an isolate dominating set but not both.
Therefore, Cy is a non-yyo-graph.

For the graph Cj, clearly, the sets S1 = {u1, uo, us}, So = {ug,us,us}, Sz = {us, ug, us},
Sy = {ua, us,ur}, and S5 = {us, w1, ug} are perfect dominating sets (7y,-sets) of Cs but none
of them are isolate dominating sets since (S;) has no isolated vertex for all : = 1,2, 3,4, 5.
Also, the sets Ty = {uy,us}, To = {u1,us}, Ts = {ug,us}, Ty = {ug,us} and Ts = {ug, us}
are isolate dominating sets (7yo-sets) of Cs by Proposition 1 but none of them are perfect
dominating sets since some vertices in V(Cs)\T; are dominated by two vertices in T} for all
j=1,2,3,4,5. Note that the sets Ry = {uy,us,us}, Re = {u1,us,us}, R3 = {ug,us,us},
Ry = {ug,u4,us}, and Rs = {u1,us,us} are isolate dominating sets but none of them are
perfect dominating sets since all vertices in V(Cs) \ Ry are dominated by two
vertices in Ry for all £ = 1,2,3,4,5. Choosing 4 or 5 vertices in Cj for ~ypyo-sets is not
possible since their induced subgraphs has no isolated vertex. Thus, in any case, Cf
contains a perfect dominating set or an isolate dominating set but not both. Therefore,
Cs is a non-7,0-graph. O

4. The Perfect Isolate Dominating set in the Join of Graphs

This section contains results when the join G 4+ H has a 7,0-set or has no 7,0-set and
its perfect isolate domination number.

The join of two graphs G and H, denoted by G + H, is the graph with
VIG+H)=V(G)UV(H) and E(G+ H)=FE(G)UE(H)U{uw :u € V(G),ve V(H)}.

Theorem 8. Let G and H be any graphs with v(G) =1 or v(H) = 1. Then
’ypo(G + H) =1.

Proof. By Corollary 1, v(G + H) = 1. By Proposition 4, v,0(G + H) = 1. O
The next result follows from Theorem 8 since (K1) = y(P2) = y(P3) = v(C3) = 1.
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Corollary 5. The following are graphs having vp0(G) = 1.
i. Star graph S, = K1 + K,,, n > 2
1. Fan graph F,, = K1 + P, n > 2
1i. Wheel graph Wy, = K1 +C,, , n >3
w. Friendship graph F,, = K1 +nPy, n > 2
v. Windmill graph W' = K1 + mK,—1,n >3 and m > 2
vi. Complete bipartite graph K, ,, = K+ K, eitherm=1 orn=1.
vii. Generalized Fan Graph Fy, , = Kn+P,,m>1andn=2,3
viti. Generalized Wheel Graph W, 3 = K, +C3, m>1.

Theorem 9. Let G and H be any graphs with v(G) > 2 and v(H) > 2. Then the graph
G + H is a non-vypo-graph.

Proof. By Corollary 1, (G + H) = 2. Let S be a ypo-set of G + H. By Proposition 4,
Yo(G + H) > 1. Thus, |S| > 1. Suppose that z,y € S. Consider the following cases:

Case 1: z,y € S CV(G).
Clearly, for all z € V(H), z is dominated in G + H by the two vertices z and y in S .
Thus, S is not a perfect dominating set of G+ H. Thus, S is not a vypo-set of G + H. This
is a contradiction. Similarly, if z,y € S C V(H), then S is not vyp-set of G+ H. This is a
contradiction. Therefore, having two vertices in V(G) or in V(H) is not possible for a set
S to be a ypo-set of G + H.

Case 2: x,y € S such that z € V(G) and y € V(H).
Clearly, the induced subgraph (S) has no isolated vertex since xy € E(G+ H). Hence, S is
not an isolate dominating set of G+ H. Thus, S is not a yyo-set of G+ H, a contradiction.
Furthermore, adding a vertex in S which is either from V(G) or V(H) is not possible by
case 1.

Hence, in any case, S is not a 7ypo-set of G + H. Therefore, the graph G + H is a
non-ypo-graph if v(G) > 2 and v(H) > 2. O

The next result follows from Theorem 9.
Corollary 6. The following graphs are non-ypo-graphs .
i. Complete bipartite graph Ky pn = Ky + K, m > 2 and n > 2.
it. Generalized Fan Graph Fp, , = Kpn+ P, m>2andn>4

iti. Generalized Wheel Graph W, ,, = Kn+C,,m>2andn >4
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5. The Perfect Isolate Dominating set in the Corona of Graphs

This section contains results when the corona G + H has a 7,0-set or has no ~yyp-set
and its perfect isolate domination number.

The corona of graphs G and H, G o H, is the graph obtained by taking one copy of
G and |V(G)| copies of H, and then joining the ith vertex of G to every vertex of the ith
copy of H. For every v € V(G), denote by H" the copy of H whose vertices are attached
one by one to the vertex v. Subsequently, denote by v + H" the subgraph of the corona
G o H corresponding to the join ({v}) + H"Y, v € V(G), Harary in [7].

Theorem 10. Let G be a connected graph and H be any graph. Then a subset S of
V(G o H) is a perfect isolate dominating set of G o H if and only if for every v € V(G),
S = U Sy where S, is a minimal dominating set of H' and v(H) = 1.

veV(G)

Proof. Let S be a perfect isolate dominating set of G o H. Suppose that S = V(G).
Clearly, S is a perfect dominating set since N[S] = V(G o H) and every vertex in V(H") is
dominated by exactly one vertex v € V(G) but S is not an isolate dominating set since G
is connected, a contradiction. Hence, S # V(G). Thus, there exists v € V(G) C V(Go H)
such that v ¢ S, S contain a vertex or vertices that dominates H". Let S, be a dominating
set of HY and S, C S. Also, suppose that there exists y € V(G) such that y € S and
vy € E(G) C E(Go H). Clearly, v € V(G o H) \ S is dominated by y and a vertex in S,
a contradiction since S is a perfect dominating set. Since y is arbitrary, for all y € V(G),
y must not be an element in S, that is, S must not contain a vertex in V(G). Hence,
S = Uyev(g)Sv such that S, is a dominating set in H”. Suppose that S, contains two or
more vertices, say = and z, where z,z € V(H"). Thus, v € V(G o H) \ S is dominated by
xz and z in S, C S, a contradiction since S is a perfect dominating set. Thus, |S,| = 1,
and so, S, is a minimal dominating set of H” and y(H) = 1.

Conversely, suppose that for every v € V(G), S = Uyey(q)Sy where S, is a minimal
dominating set of H” and y(H) = 1. Clearly, N[S] = V(G o H) and for every vertex
veV(G)=V(GoH)\ S, v is dominated by exactly one vertex in S, C S. Thus, S is a
perfect dominating set. Also, since any two vertices in S is not adjacent in G o H, (S) has
isolated vertices. Thus, S is also an isolate dominating set. Therefore, S C V(G o H) is a
perfect isolate dominating set of G o H. O

The next two results follow from Theorem 10.
Corollary 7. Let G be a connected graph of order n and H be any graph where v(H) = 1.

Then
’ypo(G o H) =n.

Corollary 8. Let G be a connected graph and H be any graph where v(H) > 2. Then
G o H is a non-ypo-graph.
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The next two results follow from Corollary 7.

Corollary 9. Let G be a connected graph and K, be a complete graph. Then
’YpO(G o Kn) = |V(G)’

Corollary 10. Let G be a connected graph and H be any graph described in Corollary 5.
Then
o(G o H) = [V(G)].

The next result follows from Corollary 8.

Corollary 11. Let G be a connected graph and H be any graph described in Corollary 6.
Then G o H is non-ypo-graphs.

The next result follows from Corollary 7 and Corollary 8.

Corollary 12. Let G be a connected graph. Then for n > 4, G o P, and G o C, are
non-ypo-graphs and for n < 4,

Ypo(G 0 Pr) = vpo(G 0 C3) = [V(G)].

6. The Perfect Isolate Dominating set in the Lexicographic Product of
Graphs

This section contains results when the lexicographic product G[H| has a 7ypo-set or has
no ~ypo-set and its perfect isolate domination number.

The lexicographic product or composition of two graphs G and H is the graph G[H]|
with vertex set V(G[H]) = V(G) x V(H) and edge set E(G[H]) satisfying the following
conditions: (z,u)(y,v) € E(G[H]) if and only if zy € E(G) or z = y and uwv € E(H).
Any subset C' of V(G[H]) can be expressed as C' = U ({z} x T};) where S C V(G) and

€S
T, C V(H) for each z € S. S is called as G-projection of C' and UyegT, is called as the

H-projection of C.

Theorem 11. Let G and H be connected nontrivial graphs. A subset C' = U {z} x T})

z€S
of V(G[H]) where S C V(G) and T, C V(H) for each x € S, is a perfect isolate dominating

set of G[H] if and only if S is an independent perfect dominating set (ipds) and Ty is a
dominating set of H with |Ty| =1 for all x € S.

Proof. Suppose that C is a perfect isolate dominating set of G[H|. Let u € V(G) \ S.
Pick any v € V(H). Since C' is a perfect dominating set, there exists (y,z) € C such that
Ngia)(u,v) N C = {(y,2)}. This implies that Ng(u) NS = {y}. This implies that every
u € V(G)\ S is dominated by exactly one vertex in S and so, S is a perfect dominating
set. Suppose that p,q € S such that pg € F(G). Since H is connected, there exists vertices
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m,n € V(H) such that mn € E(H), (p,m)(¢,m) € E(G[H]) and (p,m),(¢,m) € C, a
contradiction since the vertices (p,n) and (g,n) are both dominated by the two vertices
(p,m) and (¢,m) in C. Hence, for any two vertices p,q € S, pqg ¢ E(G). Thus, S is an
independent set. Let z € S and suppose that |T,| > 2. Let ¢,d € T, such that ¢ # d.
Thus, (z,c¢),(z,d) € C. Let e € V(G) such that ze € E(G). Since S is independent,
e ¢ S. Clearly, (e,c) ¢ C and (e, c) is dominated by the two vertices (z,c) and (x,d) in
C, a contradiction since C' is a perfect dominating set. Hence, |T,| = 1 for each = € S.
Furthermore, since S is an independent dominating set and C is a dominating set, T}, is a
dominating set in H for each z € S.

Conversely, suppose that S is an independent perfect dominating set (ipds) and 7 is
a dominating set of H with |T,| =1 for all x € S. Let T, = {t} such that ¢ dominates all
other vertices of H. Let (p,q) € V(G[H]) \ C and consider the following cases:

Casel: p ¢ S.
Since S is a perfect dominating set, there exists x € S such that SN Ng(p) = {=}. Then
{(z,t)} = Ngm((p, ¢))NC, that is, the point (p, q) € V(G[H])\C is dominated by exactly

one vertex (z,t) in C. Hence, C is a perfect dominating set.

Case 2: pe S.
Since T, = {t} and S is a perfect dominating set, {(p,?)} = Ngm)((p,q)) N C, that is, the
point (p,q) € V(G[H]) \ C is dominated by exactly one vertex (p,t) in C. Hence, C is a
perfect dominating set.

Since S is independent set and 7T, is a dominating set with |T,| = 1, C is also in-
dependent set and so, (C) contains isolated vertices. Accordingly, C' is a perfect isolate
dominating set of G[H]. O

The next two results follow from Theorem 11.

Corollary 13. Let G and H be connected graphs. Then

7p0<G)7 ZfH =K
Yo(GIH]) = { wo(H), if G =K
Yip(G), if G has an ipds and v(H) = 1.

Corollary 14. Let G and H be connected graphs. Then G[H]| is a non-yp-graph if and
only if one of the two cases is satisfied:

(i) 1(H) > 2
(ii)) y(H) =1 and G has no independent perfect dominating set.

The next two results follow from Corollary 13.
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Corollary 15. Let G be a connected graph such that G has an ipds and K, be a complete

graph. Then
Y0 (G[Ky]) = {VpO(GL ifn=1

Yip(G), ifn>1.

Corollary 16. Let G be a connected graph such that G has an ipds and H be any graph
described in Corollary 5. Then

0 (G[H]) = 7ip(G).
The next result follows from Corollary 14 (ii).

Corollary 17. Let G be a connected graph such that G has no ipds and H be any graph.
Then G[H] is non-vypo-graphs.

The next result follows from Corollary 14 (i).

Corollary 18. Let G be a connected graph and H be any graph described in Corollary 6.
Then G[H] is non-vypo-graphs.

The next result follows from Corollary 13 and Corollary 14.

Corollary 19. Let G be a connected graph such that G has an ipds. Then for n > 4,
G[P,] and G[C)] are non-ypo-graphs and for n = 2,3,

Y0(G[Pn]) = 1p0(G[C5]) = 7ip(G).
7. Conclusion

The paper has introduced the concept of perfect isolate dominating sets of some graphs
resulting from some binary operations such as join, corona, and lexicographic product of
two graphs. The existence of the perfect isolate dominating sets of some graphs and some
binary operations are examine because not all graphs have this set. For future investigation,
the authors recommend to explore this parameter to determine the exact values of some
graphs and some binary operations that have not discussed in the study. Moreover, look for
the relationship with other parameters of domination which are related to this parameter.
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