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Abstract. Let G be an undirected connected graph with vertex and edge sets V(G) and E(G),
respectively. A set C' C V(G) is called weakly convex hop dominating if for every two vertices
x,y € C, there exists an a-y geodesic P(x,y) such that V(P(z,y)) C C and for every v € V(G)\C,
there exists w € C such that dg(v,w) = 2. The minimum cardinality of a weakly convex hop
dominating set of G, denoted by Yweonn(G), is called the weakly convex hop domination number
of G. In this paper, we introduce and initially investigate the concept of weakly convex hop
domination. We show that every two positive integers a and b with 3 < a < b are realizable as
the weakly convex hop domination number and convex hop domination number of some connected
graph. Furthermore, we characterize the weakly convex hop dominating sets in some graphs under
some binary operations.
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1. Introduction

Domination has been one of the interesting and widely studied topics in graph theory.
A number of concepts had already been used to introduce variations of the standard
concept of domination. In particular, concepts such as convex and weakly convex had
been considered to define convex domination and weakly convex domination, respectively
(see [4], [12], [14], [15], [16], [17], [22], [23]). Some variations of domination can be found
in [5], [6], [10], and [20].
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Recently, Natarajan et al. in [19] introduced and studied the concept of hop domina-~
tion. Follow-up studies are done in [2], [3], [11], and [13]. Since its introduction, a number
of variations of the concept have already been defined and studied (see [7], [8], [18], [21],
and [24]). Previously, the authors (see [9]) introduced and made an initial investigation
of convex hop domination. Motivated by the studies on weakly convex domination and
hop domination, we introduce and study a new variant of hop domination that incorpo-
rates the concept of weakly convex. This new parameter lies between the connected hop
domination number and convex hop domination number of a graph.

2. Terminology and Notation

Let G = (V(G), E(G)) be a simple undirected graph and let u and v be vertices of
G. The distance dg(u,v) of w and v is the length of a shortest path joining them. Any
u-v path of length dg(u,v) is called a u-v geodesic. The interval I [u,v] consists of u,v,
and all vertices lying on a u-v geodesic. The interval Ig(u,v) = I [u,v] \ {u,v}. Vertices
u and v are adjacent (or neighbors) if wv € E(G). The set of neighbors of vertex w
in G, denoted by Ng(u), is called the open neighborhood of u. The closed neighborhood
of u is the set Ng[u] = Ng(u) U {u}. The open neighborhood of X C V(G) is the set
Ng(X) = U Ng(w). The closed neighborhood of X is the set Ng[X] = Ng(X)U X.

weX
A set D C V(G) is dominating (total dominating) in G if for every v € V(G) \ D

(resp. v € V(@)), there exists u € D such that uwv € E(G), that is, Ng[D] = V(G) (resp.
Na(D) = V(G)).

A vertex v in G is a hop neighbor of vertex u in G if dg(u,v) = 2. The set N4 (u) =
{v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The closed hop
neighborhood of w is given by NZ[u] = NZ(u) U {u}. The open hop neighborhood of
X C V(G) is the set NZ(X) = U NZ(u). The closed hop neighborhood of X is the set

ueX
NZ[X] = N2(X)UX.

A set S C V(G) is hop dominating (total hop dominating) in G if N&[S] = V(G) (resp.
NZ(S) = V(Q)), that is, for every v € V(G)\S (resp. v € V(G)), there exists u € S such
that dg(u,v) = 2. The minimum cardinality among all hop dominating (resp. total hop
dominating) sets in G, denoted by ~,(G) (resp. v,(G)), is called the hop domination
number (resp. total hop domination number) of G. Any hop dominating (resp. total hop
dominating) set with cardinality equal to v,(G) (resp. v (G)) is called a ,-set (resp.
Yen-set). A hop dominating set S is connected hop dominating if (S) is connected. The
minimum cardinality among all connected hop dominating sets in G, denoted by .4 (G),
is called the connected hop domination number of G. Any connected hop dominating set
with cardinality equal to 7., (G) is called a ~.p-set.

A set C C V(QG) is convez if for every two vertices z,y € C, Ig[x,y] C C. The largest
cardinality of a proper convex set in G, denoted by con(G), is called the convezity number
of G. A set C C V(G) is convex dominating (resp. convex hop dominating) if C' is both
convex and dominating (resp. convex and hop dominating). The minimum cardinality
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among all convex dominating (resp. convex hop dominating) sets in G, denoted by Yeon (G)
(resp. Yeonn(G)), is called the conver domination number (resp. convex hop domination
number) of G. Any convex dominating (resp. convex hop dominating set) with cardinality
equal t0 Yeon (G) (resp. Yeonh(G)) is called a vYeon-set (resp. Yeonn-set).

A set W C V(Q) is weakly convex if for every two vertices x,y € W, there exists an z-y
geodesic P(x,y) such that V(P(x,y)) € W. The largest cardinality of a proper weakly
convex set in G, denoted by wcon(G), is called the weakly convexity number of G. A
set W C V(G) is weakly convexr dominating (resp. weakly convex hop dominating, weakly
convex total hop dominating) if C' is both weakly convex and dominating (resp. weakly
convex and hop dominating, weakly convex and total hop dominating). The minimum
cardinality among all weakly convex dominating (resp. weakly convex hop dominating,
weakly convex total hop dominating) sets in G, denoted by Yuecon(G) (resp. Yweonn(G),
Yweonth(G)), is called the weakly convex domination number (resp. weakly convexr hop
domination number, weakly convex total hop domination number) of G. Any weakly convex
dominating (resp. weakly convex hop dominating, weakly convex total hop dominating)
set with cardinality equal to Yyeon(G) (r€SP. Ywconh(G), Yweonth (G)) is called a vyyeon-set
(resp. Yweonh-S€b, ’chonth‘set)-

A set C C V(G) is pointwise non-dominating if for every v € V(G) \ C, there exists
u € C such that v ¢ Ng(u). The minimum cardinality of a pointwise non-dominating set
in G, denoted by pnd(G), is called the pointwise non-domination number of G.

The shadow graph S(G) of graph G is constructed by taking two copies of G, say G
and Go, and then joining each vertex u € V(G1) to the neighbors of its corresponding
vertex u' € V(Ga).

For a graph G, the complementary prism GG is formed from the disjoint union of
G and its complement G by adding a perfect matching between corresponding vertices
of G and G. For each v € V(G), let © denote the vertex in G corresponding to v. In
simple terms, the graph GG is formed from G UG by adding the edge v¥ for every vertex
v e V(Q).

Let G and H be any two graphs. The join G + H is the graph with vertex set
V(G+H)=V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U{w :u e V(G),v €
V(H)}. The corona G o H is the graph obtained by taking one copy of G and |V(G)]
copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H.
We denote by HY the copy of H in G o H corresponding to the vertex v € G and write
v+ HY for ({v}) + H”. The lezicographic product G[H]| is the graph with vertex set
V(G[H]) = V(G) x V(H) and (v,a)(u,b) € E(G[H]) if and only if either uv € E(G)
or u = v and ab € E(H). Any non-empty set C C V(G) x V(H) can be expressed
as C = U [{z} x T,], where S C V(G) and T, C V(H) for each x € S. Specifically,

x€S
T, ={a€V(H): (xz,a) € C} for each z € S.
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3. Results

Proposition 1. Let G be any connected graph G on n > 2 vertices. Then the following
hold:

(¢) If S is a weakly convexr hop dominating set in G, then the induced graph (S) is
connected.

(1) Yern(G) < Yweonh(G) < Yeonn(G) and every equality and strict inequality can be at-
tained.

Proof. (i) Let S be a weakly convex hop dominating set in G and let x,y € S with
x # y. Since S weakly convex, there exists an x-y geodesic P(z,y) such that V(P(z,y) C
S. This implies that the induced graph (S) is connected.

(73) Since every weakly convex hop dominating set in G is connected hop dominating,
Yeh (G) < Yweonn(G). Also, since every convex hop dominating set in G is weakly convex
hop dominatinga waconh(G) < 700nh<G)-

For equality, consider the graph G in Figure 1. Let W = {v1,v9,v3,v4}. Then W is
both a yep-set, a Yyconh-set, and a Yeonp-set of G. Thus, Yen(G) = Yuweonh (G) = Yeonn(G) =
4.

U1

V4 U3
Figure 1: A graph G with vcr(G) = Yweonh (G) = Yeonkh(G) = 4

For strict inequalities, consider first C'14. Then it can be verified that 7., (C14) = 10
and Yyconh(C14) = 14. Thus, Y4 (C14) < Yweonh(C14). Next, consider the graph G’ in
Figure 2. Let W' = {uj,ug,us} and W” = {uy,ug,us,ug,us}. Then W’ and W are
Yweonh-S€t and Yeonp-set of G, respectively. Accordingly, Yuwconh(G') = 3 < 5 = Yeonn(G').
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Uy U2 us3

Uus

Figure 2: A graph G' with Yuwconn(G') =3 < 5 = Yeonn(G')
This completes the proof of the assertion. O

Theorem 1. Let G be any connected graph on n > 2 vertices. Then 2 < Yyeonh(G) < n.
Moreover, each of the following holds:

(1) Yweonh(G) = 2 if and only if there exist two adjacent vertices x and y of G such that
Ng(x) N Ngly) = @ and for each z € V(G) \ Ng({z,y}), there exists

w € [No({z,y}) \ {2,y}] N Na(2)-

(17) Yeonn(G) = n if and only if for every connected hop dominating set S # V(QG), there
exists a pair of distinct vertices x and y in S such that dg(z,y) < d(s)(z,y).

Proof. Since G is a non-trivial graph, every hop dominating has at least two elements.

Hence, 2 < Yyeonn(G) < n.
(i) Suppose that Yyconh(G) = 2, say S = {z,y} is a Yyconn-set in G. By Proposition
1(i), zy € E(G). Since S is a hop dominating set in G, Ng(z) N Ng(y) = &. Let
z € V(G)\ Ng({z,y}). Since S is a hop dominating set, it follows that z € N2 ({z,y}).
We may assume that z € N3 (z). Let [z, w,z] be a z-z geodesic. Since z ¢ Ng({z,y}),
w# y. Thus, w € [Na({z,3}) \ {z, 5} N Na(2).

For the converse, suppose there exist adjacent vertices x and y of G such that
Ng(z) N Ng(y) = @ and for each z € V(G) \ Ng({z,y}), there exists
w € [Na({z,y}) \{z,y}] N Ng(z). Let S = {z,y} and let v € V(G)\ S. If v € Ng({z,y}),
then by assumption dg(z,v) = 2 or dg(y,v) = 2. If v € V(G) \ Ng({z,y}), then
there exists w € [Na({z,y}) \ {z,y}] N Ng(v) by assumption. With the assumption that
N () N Neg(y) = @, v € N3 ({z,y}). Therefore, S is a weakly convex hop dominating set
in G and Vwconh(G) = |S| =2.
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(74) Suppose that Vyeonn(G) = n. Suppose further that there exists a connected hop
dominating set S # V(G) such that dg(a,b) = dg)(a,b) for each pair of distinct vertices
a and b in S. Since (S) is connected, there exists an a-b geodesic in (S) for each pair
of distinct vertices a and b in S. Hence, S is a weakly convex hop dominating set in
G, contrary to the assumption that Yyconh(G) = n. Therefore, for each connected hop
dominating set S in G, there exist distinct vertices x and y in S such that dg(z,y) <
disy(@,y).

Conversely, suppose that for each connected hop dominating set S in G, there exist
distinct vertices z and y in S such that dg(z,y) < d(s)(7,y). Let So be a Yyconn-set in
G. Suppose Sy # V(G). Then, by Proposition 1(i), Sy is a connected hop dominating
set. Hence, by assumption, there exists a pair of distinct vertices p,q € Sy such that
da(p,q) < disy)(p,q). This implies that every p-¢ path in (Sp) is not a geodesic in G.
Hence, Sy is not a weakly convex set, a contradiction. Therefore, Sy = V(G), showing
that Yyconh (G) = n. d

Since vy, (K;,) = n, it follows that Yyconn(G) = n. The same conclusion can be deduced
from Theorem 1 because V (kK,) is the only (connected) hop dominating set of K,.

Corollary 1. Let n be a positive integer. Then Yyeonh(Kn) = n.

Observe that for a non-trivial connected graph G, Ve, (G) = 2 (0r Yeonn(G) = 2) is
equivalent to the condition given in Theorem 1(¢). The next result states this formally.

Corollary 2. Let G be any connected graph on n > 2 wertices. Then the following
statements are equivalent:

(2) ’Ych(G) = 2.
(“) 'chonh(G) =2.
(”Z) Wconh(G) =2.

Theorem 2. Let a and b be positive integers such that 3 < a < b. Then there exists a
connected graph G such that Yyeonh(G) = a and Yeonh(G) = b.

Proof. For a = b, consider the complete graph K, = G. Then

’chonh(G) =a= ’Yconh(G)'

Suppose a < b. Consider the following two cases:

Case 1: a = 3.

Let m = b — a and consider the graph G in Figure 3. Let W = {wj,wq,ws} and
W' = {wy,wa, w3,v1,v9,...,0y,}. Then W and W’ are yyeonn-set and ~veonp-set in G,
respectively. Therefore, Yyconn(G) = a and Yeonn(G) = a +m = b.

Case 2: a > 4.

Let m = b — a and consider the graph G’ in Figure 4. Let Wy = {x1,22,...,2,} and
Wy ={x1,22,...,Ta, Y1,Y2, - - -y Ym}. Then Wi and Wo are yyeonn-set and veonn-set in G,
respectively. Hence, Yyconh (G') = a and Yeonn(G') = a+ m = b.
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Figure 4: A graph G with Vuconn(G') < Yeonn(G').

Therefore, the assertion holds. ]

Corollary 3. Let n be a positive integer. Then there exists a connected graph G such that
Yeonh(G) = Yweonh (G) = n. In other words, Yeonh — Yweconh can be made arbitrarily large.

Proposition 2. Let n be any positive integer. Then each of the following holds.

2 if n=2,3,4,5,6

(Z) ’chonh(Pn) = {n_4 Zf n>"7.

2 if n=4,5

ifn=3
n—4 if 6<n<10
n if n>11.

(“) Yweonh (Cn) =
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Proof. (i) Clearly, Yyconn(Pn) = 2 for n € {2,3,4,5,6}. Suppose n > 7. Let
P, = [v1,v9,...,v,] and consider W = {vs,v4,...,0p_3,0p—2}. Clearly, W is weakly
convex set in P,. Now, observe that N4[W] = V(P,) and so W is a hop dominating set in
P,,. Therefore, W is a weakly convex hop dominating set in P,. Notice that every weakly
convex hop dominating set in P, contains W. It follows that W is a vyconn-set of P,.
Hence, Yyconn(Pn) =n —4 for alln > 7.

(71) Clearly, Yuweconh(Cn) = 2 for n € {4,5} and Yyeonn(C3) = 3. Suppose 6 < n < 10.
Let C, = [v1,v2,...,0p,v1] and let W' = {v1,v9,...,0p—4}. Then W' is a minimum
weakly convex hop dominating set in C,,. Thus, Vyeonn(Cn) = n — 4 for all n, where
6 < n < 10. Next, suppose that n > 11. Clearly, v.,(Cy) = n — 4 and if S is a connected
hop dominating set in C,, with S # V(C,,), then S satisfies the property given in Theorem
1(41). Hence, Yyconh(Cpn) = n. O

Theorem 3. [9] Let G be a connected graph of order n. Then Yeonn(GG) = 2. In
particular, {u,u} is a Yeonn-set of GG for each u € V(G).

The next result is immediate from Corollary 2 and Theorem 3.

Theorem 4. Let G be any connected graph of order n. Then Yyconh(GG) = 2. In
particular, W = {a,a} s a Yuwconh-set of GG for any a € V(G).

Theorem 5. [9] Let G be a non-trivial connected graph. Then S is a hop dominating set
in S(G) if and only if one of the following conditions holds:

(1) S is a hop dominating set in G.
(13) S is a hop dominating set in Gs.

(44i) S = Sa, U Sa, such that Sg, U Sg;, and S;; U S, are hop dominating sets in Gy
and Go, respectively.

Theorem 6. Let G be a non-trivial connected graph. Then W is a weakly convex hop
dominating set in S(G) if and only if one of the following conditions holds:

(i) W is weakly convex hop dominating set in Gy.
(1) W is weakly convex hop dominating set in Ga.

(i4i) W = Wa, UWg, such that Wg, U W(,, and Wi, U We, are weakly conver hop
dominating sets in Gy and G2, respectively, where W¢, = {a € V(G1) : a' € Wg,}
and Wg, ={a € V(Gq):d € Wg, }

Proof. Let W be a weakly convex hop dominating set in S(G). Let Wg, = WNV(Gy)
and Wg, = WNV(Gs). If Wg, = @, then W = Wg, is a weakly convex hop dominating
set in G1, showing that (¢) holds. Similarly, if W, = @, then W = Wy, is a weakly convex
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hop dominating set in Go. Hence, (ii) holds. Next, suppose Wg, # @ and Wg, # 9.
Then Wg, U WéQ is a hop dominating set in G; by Theorem 5. Let z,y € Wg, U Wéz
where x # y. Suppose z,y € W, . Since W is weakly convex, there exists an z-y geodesic
P(z,y) in S(GQ) such that V(P(z,y)) C W. Let P(z,y) = [x1,22,-- , 2], where 1 =z
and 7 = y. Let j € {2,---,k — 1} such that z; € Wg,, say x; = y;. Then y; € Wg,.
Replacing each z; € Wg, by yj, we obtain an z-y geodesic P’'(z,y) in G; such that
V(P'(z,y)) € Wg, UW(, . Suppose now that x,y € W, . Then 2',y’ € Wg, C W. By
assumption, we may let P(2/,y') = [v1,v9, - ,v¢], where 2/ = vy and y' = v, be an 2/-y/
geodesic in S(G) such that V(P(2/,y)) C W. Let r € {1,2,--- ,t} such that v, € Wg,,
say v, = z,.. Then z, € W’GQ. Note that z; = z and z; = y. Replacing each v, € Wg, by
zj, we obtain an z-y geodesic P*(x,y) in G such that V/(P*(z,y)) C Wg, UW, . Finally,
suppose that 2 € Wg, and y € W, . Then y' € Wg,. Let P(z,y') = [q1,q2, " , ¢l
where z = ¢ and ¥ = @, be an a-y’ geodesic in S(G) such that V(P(z,y)) C W.
Replacing each ¢; = p; € Wg, by pi € Wi, (pm = y), we obtain an 2-y geodesic P**(z,y)
such that V(P**(z,y)) € Wg, UW(, . Therefore, Wg, U W, is a weakly convex set in
G1. Similarly, W, UWg, is weakly convex in G3. This shows that (i) holds.

For the converse, suppose first that (i) or (i7) holds. Then W is hop dominating by
Theorem 5. Since weakly convex sets in G and Ga are weakly convex sets in S(G), W
is weakly convex. Suppose (iii) holds. Again, by Theorem 5, W is a hop dominating set
in S(G). By the additional assumption, W is weakly convex in S(G). Therefore, W is a
weakly convex hop dominating set in S(G). O

The next result follows from Theorem 6.

Corollary 4. Let G be a non-trivial connected graph. Then Yyeonh(S(G)) = Yweonh (G)-
Theorem 7. [1] Let G be a graph of order n. Then 1 < pnd(G) < n. Moreover,

(i) pnd(G) =1 if and only if G has an isolated vertex.

(17) pnd(G) = n if and only if G = K.
Corollary 5. [1] Let n be any positive integer. Then

(1) pnd(P,) =2 for any n > 2.

(13) pnd(Cy) =2 for any n > 4.

Theorem 8. [13] Let G and H be any two graphs. A set S C V(G+H) is hop dominating
set in G+ H if and only if S = Sg U Sy, where Sg and Sy are pointwise non-dominating
sets in G and H, respectively.

Corollary 6. [13] Let G and H be any two graphs. Then
(G + H) = pnd(G) + pnd(H).

Theorem 9. Let G and H be any two graphs. Then W C V(G + H) is weakly convex
hop dominating in G+ H if and only it is hop dominating in G + H.
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Proof. Suppose W is a weakly convex hop dominating set in G+ H. Then, by definition,
W is hop dominating in G + H.

For the converse, suppose that W is a hop dominating set in G + H. By Theorem
8, W = Wg + Wg where Wi and Wy are pointwise non-dominating sets in G and H,
respectively. Let v,w € W and v # w. If dg+pg(v,w) = 1, then Iy pglv,w] = {v,w} C W.
Suppose that dgipg(v,w) = 2. Then v,w € Wg or v,w € Wy. We may assume that
v,w € Wg. Pick any z € Wy. Then P(v,w) = [v, z,w] is a v-w geodesic in G + H and
V(P(v,w)) = {v,z,w} C W. Thus, W is weakly convex hop dominating in G+ H. [

The next result follows from Theorem 9 and Corollary 6.

Corollary 7. Let G and H be two graphs. Then
Yweonh (G + H) = pnd(G) + pnd(H).

In particular, we have

(1) Yaweonh Py) =4 for all n,m > 2;

(ii

) Yweonh(Cn + Cp) =4 for all nym > 4;
(44) Ywconh

)

)

(Pn
(
(Fy) =3 for alln > 2;
(

(10) Yeweonh(Wy) = 3 for all n > 4; and

(v 'Vwconh(Kl,n) =2 for alln > 1.
The result that follows is a restatement of a result in [13].

Theorem 10. Let G and H be any two graphs. A set C C V(G) is a hop dominating set
in G o H if and only if C = AU (Uyey(e)Cy), where A CV(G) and C, C V(H") for each
v € V(G), and satisfies the following conditions:

(1) For each w € V(G) \ A, there exists v € A with dg(w,x) = 2 or there exists
y € Ng(w) with Cy # @.

(i7) Cy is a pointwise non-dominating set in H for each w € V(G) \ Ng(A).

Theorem 11. Let G be a non-trivial connected graph and let H be any graph. Then W is
a weakly convexr hop dominating set in G o H if and only if W = BU (U,cy ()W), where
B CV(G), W, CV(H") for each v € V(G), and satisfies the following conditions:

(i) B is a weakly convex dominating set in G.
(i1) W, = & for each v € V(G) \ B.

(t91) For each a € V(G) \ B, there exists b € B with dg(a,b) = 2 or there exists
y € BN Ng(a) such that Wy, # @.
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(tv) Wy is a pointwise non-dominating set in H* for each v € B\ Ng(B).

Proof. Suppose W is a weakly convex hop dominating set in G o H. Then W is hop
dominating and W = B U (Uycy (@) Wy) where the sets B and Ws satisfy (i) and (i)
of Theorem 10. Suppose B = @. Then W, is pointwise non-dominating in H" for each
v € V(G) by Theorem 10(ii). Let a,b € V(G) (a # b) and choose any p € W, and ¢ € W,
Since every p-q geodesic in G o H contains a and b, W is not weakly convex in G o H,
a contradiction. Hence, B # @&. Let w € V(G) \ B and suppose that w ¢ Ng(B). By
Theorem 10(iz), W, is a pointwise non-dominating set in HY. Pick any p € W,, and
z € B (z exists because B # &). Then there exists no p-z geodesic P(p,z) in Go H
with V(P(p,z)) € W, contrary to the assumption that W is weakly convex. Thus, B
is a dominating set in G. Let x and y be distinct vertices in B. Then x,y € W. Since
W is weakly convex in G o H, there exists an z-y geodesic P(z,y) in G o H such that
V(P(x,y) € W. Clearly, P(x,y) is an x-y geodesic in G. Hence, V(P(z,y)) C B.
Therefore, B is weakly convex in G, showing that (i) holds. Next, let v € V(G) \ B.
Suppose W, # @, say p € W,. Choose any z € B. Since every p-z geodesic in G o H
contains v as a vertex, it follows that W is not weakly convex in GG o H, a contradiction.
Therefore, W,, = &, showing that (i) holds. This and (7) in Theorem 10 imply that (ii7)
holds. Moreover, because B is a dominating set, and (i7) in Theorem 10 holds, condition
(iv) also holds.

For the converse, suppose that W = B U (U,ecy()Wy) and satisfies (i), (i7), (ii7), and
(iv). Then () and (i) in Theorem 10 hold, that is, W is a hop dominating set in G o H.
Next, let z,y € W and let v,w € V(G) such that z € V(v + H") and y € V(w + HY).
Consider the following cases:

Case 1. z =wv and y = w.
Then z,y € B. Since B is weakly convex in G, there exists an z-y geodesic P(x,y) in
G (also an z-y geodesic in G o H) such that V(P(x,y)) C B C W.

Case 2. x =v and y € Wy, (or z € W, and y = w).

Then w € B by (iv). By (ii), we may let P'(z,w) be an z-w geodesic in G such that
V(P(x,w)) € BC W. Let P'(z,w) = [x1,22, - ,xk], where z = 21 and w = x. Then
P*(z,y) = [z1, 22, -+ , Tk, y] is an -y geodesic in G o H and V (P*(z,y)) C W.

Case 3. x € V(H") and y € V(HY).

Then v,w € B by (iv). Property (i7) will imply that there exists a v-w geodesic P (v, w)
in G o H such that V(P(v,w)) C W. Let P(v,w) = [v1,v2, - , V], where v =v; and w =
vg. Then P(x,y) = [z,x1, T2, -+ , Xk, y] is an z-y geodesic in G o H and V(P(x,y)) C W.

Therefore, W is weakly convex in G o H.

Accordingly, W is weakly convex hop dominating in G o H. O

Corollary 8. Let G be a non-trivial connected graph and let H be any graph. Then

’chon(G> < ’chonh(G o H) < ’Ythwcon(G%
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where
AR on(G) = min{|S| : S is hop dominating and weakly convex total dominating in G}.

Note that the bounds in Corollary 8 are tight. In fact, Yiyconh(C10H) = 2 = Yyeon(Cia)
for any graph H. Consider the graph G in Figure 5 and the sets Wi = {a,b,c} and
Wy = Wi U {v}. It can be verified that W7 is weakly convex dominating, W5 is weakly
convex total dominating and hop dominating, and Yyeon(G) = |W1| and 72, .on(G) = |[Wal.
For any graph H, we find that Yueon(G) < Yeon(G) = Yweconh(G o H) = 4.

a b c
O v\i/./ O
[
Figure 5: A graph G with Yuwcon(G) =3 < 4 = Voeon(G) = Ywconn (G o H)

The next result is found in [13].

Theorem 12. Let G and H be connected non-trivial graphs. Then C = |, cgl{z} x T;]
is a hop dominating set in G[H] if and only if the following conditions hold.

(i) S is a hop dominating set in G.
(i4) Ty is a pointwise non-dominating set in H for each x € S\ N&(S).

Theorem 13. Let G and H be connected non-trivial graphs. Then C = J,cg[{z} x T3] is
a weakly convex hop dominating set in G[H| if and only if the following conditions hold.

(1) S is a weakly convex hop dominating set in G.
(i4) Ty is a pointwise non-dominating set in H for each x € S\ N&(S).

Proof. Suppose C is weakly convex hop dominating in G[H]. Then S is a hop
dominating set in G and property (#i) holds by Theorem 12(ii). Let v,w € S with
v # w. Choose any p € T, and ¢ € Ty,. By assumption, there exists a (v, p)-(w,q)
geodesic P((v,p), (w,q)) = [(v1,p1), (v2,p2), -, (vg, px)] in G[H], where (v,p) = (v1,p1)
and (w,q) = (vg,pk), such that V(P((v,p), (w,q))) € C. This implies that P(v,w) =
[v1,v9,- -+ ,vg] is a v-w geodesic in G and V(P(v,w)) C S. This shows that S is weakly
convex, showing that (i) holds.
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For the converse, suppose that C satisfies conditions (i) and (ii). Then C' is a hop
dominating set G[H| by Theorem 12. Let (x,a), (y,b) € C with (x,a) # (y,b). Consider
the following cases:

Case 1. x # y.

Since S is weakly convex in G, there exists an z-y geodesic P(x,y) = [x1, T2, -, x4,
where x = 1 and y = =y, such that V(P(z,y)) € S. Let a1 = a and a; = b. For each i €
{2,...,t — 1}, choose any a; € T,,. Then P((x,a),(y,b)) = [(x1,a1), (x2,a2), -, (z+, ar)]
is an (x, a)-(y, b) geodesic in G[H] and V(P((z,a), (y,b))) C C.

Case 2. © =y.
Then a # b and dgg)((, a), (y,b)) = 2. Since (S) is non-trivial and connected, choose any
z € SNNg(z) and let ¢ € T,. Then P((x,a), (y,b)) = [(z,a), (2,¢), (y,b)] is an (z,a)-(y,b)
geodesic in G[H] and V(P((x,a), (y,b))) C C.

Therefore, C' is weakly convex in G[H]. O

The next result follows from Theorem 13.

Corollary 9. Let G and H be non-trivial connected graphs. Then Yyconh(G[H]) =
min{|SNNE(S)|+pnd(H)|S\NE(S)| : S weakly convex hop dominating in G}. Moreover,
each of the following holds:

(Z) If ’Y(G) 7é 1: then ’chonh(G[HD S ’chonth(G)-
(13) If G = Ky, then Yyeonh(G[H]) = n - pnd(H).

Proof. Let a = min{|S N NZ(S)| + pnd(H)|S \ NZ(S)| : S is a weakly convex hop
dominating set in G}. Let Sy be a weakly convex hop dominating set in G such that
a = |S N NZ(S)| + pnd(H)|S \ N&(S)|. Choose any a € V(H) and let D be a pnd-
set in H. Set T, = {a} if x € Sy N NZ(Sy) and T, = D if # € Sp \ N&(Sp). Then
C = Ugzes,{z} x T;] is a weakly convex hop dominating set in G[H] by Theorem 13.
Hence, Yuconn (G[H]) < |C| = 1S N Ng(S)| + pnd(H)|S \ NZ(S)| = a. Next, suppose that
Co = Ugeal{z} X Rz is a Yyconn-set in G[H]. By Theoren 13, A is weakly convex hop
dominating in G and R, is pointwise non-dominating in H for each z € A\ NZ(4). It
follows that Yuconn(G[H]) = |Co| > |[AN NE(A)| + pnd(H)|A\ Ni(A)| > «, showing the
desired equality.

For (i), let S be a weakly convex total hop dominating set in G with |S| = Ywcontn(G)
(S exists because v(G) # 1). Then SN NZ(S) = S and S\ N2(S) = . Set Q. = {p},
where p € V(H), for each x € S. Then C = (J,cg[{z} x Q] is a weakly convex hop
dominating set in G[H| by Theorem 13. It follows that Yyconn(G[H]) < |C| = Yweonth (G).

For (ii), suppose that G = K,. Let C' = [J,csl[{z} x T:] be a Yyconn-set in G[H].
By Theorem 13, S is a weakly convex hop dominating set in G and T} is a pointwise
non-dominating set in H for each x € S\ NZ(S). Since V(G) is the only hop dominating
set in G, it follows that S = V(G). Also, since C' is a Yyconn-Set, each T, is a pnd-set in
H. Hence, Yyeonn(G[H]) = |C| =n - pnd(H). O
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Note that the bound in Corollary 9(i) is tight. To see this, consider G = P;. For any
connected graph H, Yyconn(Pr[H]) = 4 = Ywconth (P7)-

4. Conclusion

Weakly convex hop domination was introduced and initially investigated in this study.
Characterizations of weakly convex hop dominating sets in the shadow graph, and in the
join, corona, and lexicographic product of two graphs were formulated. These characteri-
zations were used to determine the weakly convex hop domination number of each of these
graphs. Moreover, it was shown that any two positive integers a and b with 3 < a < b
are realizable as weakly connected hop domination number and convex hop domination
number, respectively, of some connected graph. The parameter may be studied further for
trees and other graphs. Also, bounds involving other known parameters may be obtained.
Moreover, interested readers may find the complexity aspect of the weakly convex hop
dominating set problem worth considering.
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