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Abstract. Evidence from micro-data shows that capital incomes are exceedingly volatile, which
makes up a disproportionately high contribution to the overall inequality in populations with
the heavy-tailed nature on the income distributions for many countries. The quintile share ratio
(QSR) is a recently introduced measure of income inequality, also forming part of the European
Laeken indicators and which cover four important dimensions of social inclusion (health, education,
employment and financial poverty). In 2001, the European Council decided that income inequality
in the European Union member states should be described using a number of indicators including
the QSR. Non-parametric estimation has been developed on the QSR index for heavy-tailed capital
incomes distributions. However, this method of estimation does not give satisfactory statistical
performances, since it suffers badly from under coverage, and so we cannot rely on the non-
parametric estimator. Hence, we need another estimator in the case of heavy-tailed populations.
This is the reason why we introduce, in this paper, a class of semi-parametric estimators of the
QSR index of economic inequality for heavy-tailed income distributions. Our methodology is based
on the extreme value theory, which offers adequate statistical results for such distributions. We
establish their asymptotic distribution, and through a simulation study, we illustrate their behavior
in terms of the absolute bias and the median squared error. The simulation results clearly show
that our estimators work well.
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1. Introduction

Inequality measurement is an attempt to make sense of comparisons of income distributions
in terms of criteria that can be derived from ethical principles, appealing mathematical
constructions or simple intuition. A serious approach to inequality measurement should
begin with a consideration of the entities to which the tools of distributional judgement
are applied. In the recent decades, the capital income is among the major incomes in a
big number of countries, there are many important studies devoted to the capital income,
mainly dealing with relationships between capital income taxation and welfare benefits,
and in particular with the incidence and efficiency effects of taxes on incomes from capital
in various scenarios of development sectors. For further details see, e.g., [1], [6], [20], [25],
[28], [40].

Measuring and analyzing incomes, risks and other random outcomes has been an active
and fruitful research field. Academics and governmental researchers have been developing
measures that would aid them in understanding income and loss distributions, their differ-
ences with respect to geographic regions and changes over time periods. It is a fascinating
area due to a number of reasons, one of them being the fact that different measures or
indices are needed to reveal different features of capital income distributions. The Gini
index has been widely used by economists and sociologists to measure economic inequality.
It has been also studied extensively and its properties documented in a number of papers
(see e.g. the survey papers [31], [43], ...). Also, [44] suggested the Zenga index of inequal-
ity measure, which aggregates the ratios of lower and upper conditional tail expectations,
and by so doing takes into account the relative nature of the poor and the rich for a given
population. It has been also explored from various points of view, see, eg. [22], [23], [24]
and [25]. Another trend, somewhat different from Zenga’s but equally interesting, which
is based on the Palma index, is considered in, e.g. [7].

The quintile share ratio (QSR) is a recently introduced measure of income inequality, also
forming part of the European Laeken indicators which cover four important dimensions
of social inclusion (Financial poverty, employment, health and education). In 2001, the
European Council decided that income inequality in the European Union (EU) member
states should be described using a number of indicators including the Quintile share ratio
index. Compared to the Gini index, relatively little research is available on the statistical
inference of the QSR index. [32] investigated the QSR and established its variance in a
complex sampling design framework. The authors upgraded on earlier work by [35] and
[36]. As is to be expected from its definition, the influence function of the QSR is un-
bounded. The form of that influence function has been also derived by [30]. Also, [29]
derived the asymptotic distribution of a non-parametric plug-in estimator for the QSR
index. However, this estimation suffers badly from under coverage, and so we cannot
rely on the non-parametric estimator. Hence, we need another estimator in the case of
heavy-tailed populations. This is the reason why we introduce, in this paper, a class of
semi-parametric estimators of the QSR index of inequality measure for heavy-tailed in-
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come distributions. Our consideration is based on the extreme value methodology, which
offers adequate statistical tools for such distributions.

This paper is organised as follows. In Section 2, we shall recall the definition of the
QSR index by presenting it in terms of upper and lower integrals. Also, we shall briefly
consider a non-parametric estimator of the QSR index which is obtained by replacing
the underlying cumulative distribution function (cdf) of the population by its empirical
counterpart. As this estimator does not exhibit, satisfactory performance in heavy-tailed
populations, we introduce, in Section 3, a class of semi-parametric estimators of the QSR
index of economic inequality for heavy-tailed income distributions. Through the extreme
value methodology, we establish their asymptotic distribution, and derived their improved
results in Section 4. Under a simulation study, we illustrate their behavior in terms of the
absolute bias and the median squared error in Section 5.

2. Definitions and empirical estimation

Suppose that we have at our disposal a sample (Xi,---,X,), n > 1 of independent and
identically distributed in a population represented by a non-negative random variable
X > 0, with capital income distribution F'(zx) = P(X < z) and finite mean pp := E[X].
We assume that F' is continuous and strictly increasing. The (generalized) inverse @ :
[0,1) + [0,00) of the income distribution F', known in the literature as the quantile
function, is defined for all s € [0,1) by the formula Q(s) = inf{z, F(z) > s}.
Considering two different levels « and f3, such that 0 < a < 8 < 1 as illustrated in [29],
the QSR index at levels a and (3 of the capital income X denoted by n(Q, «, 3), is the
ratio of an upper integral U(Q, ) to a lower integral L(Q, «). More precisely, we have:

U@Q,5)  Js Qs)ds
Q) [TQ@)ds

The QSR index is then given by: 1n(Q,0.2,0.8). In what follows, we will consider the more
general QSR index n(Q, «, 5) and the results will follow directly from that.

n(Q, a,p) = (1)

The empirical estimator of the distribution F' is defined by F,(z) =n~' Y1, I;x, <, and
its corresponding empirical quantile function is expressed by Q,(s) = inf{z; F,,(z) > s},
where Ig is the indicator function of the set S. Denote by Xy, < ... < X, the order
statistics associated with the sample (X7, ..., X,). Thus, @,(s) is equal to the i-th order
statistic X, for all s € ((¢ —1)/n,i/n], and for all ¢« = 1,...,n. For this, one natural
candidate for the empirical estimator of n(Q, a, 8) is obtained by replacing in (1) the true
quantile Q(-) with the sample quantiles @, (-). We arrive at the following ’traditional’
QSR index estimator (see, e.g., [29]):

R B B fﬁl Qn(s)ds
nn(avﬁ) T n(QThO‘vB) - foa Qn(s)ds (2)
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Clearly, the estimator 7, (c, 3) can be rewritten as:

n [na]
(e, B)=4n" > Xjn / n' X g (3)
j=1

j=[npl+1

where [z] is the integer part of x. Note that the QSR estimator 7, («, 8) is the ratio of a
U-statistic to a L-statistic. According to [29]), for a given capital income distribution F
with finite variance, the following result holds:

Vit (i@, 8) = n(Q.0. 8)) % N (0,02(.8)), as n— oo,

where

a 1
o2, B) = *(5.1) + (1(Q. , B))? (0, @) — 20(Q. v, B) / 5dQ(s) / (1 - 0)dQ(t),
0 B

with for 0 < s <t <1 and

o?(s,1) :/: /st(min(u;v)—uv)dQ(u)dQ(v).

This result is violated when capital incomes have heavy-tailed distributions with infinite

2(a, B) is also infinite. For more detail; refer to

variance, since the asymptotic variance oy,

[29]).

However, micro-data show that capital incomes account for a large part of disparity in
populations. Furthermore, in some countries, capital incomes have been making up a
disproportionately high contribution to the overall inequality (see, e.g., [17]). The present
research has been motivated by the need for better understanding the distribution and
inequality of capital incomes, which in many countries appear to be heavy-tailed (see, eg.
25).

To this aim, we assume that the income distribution F' is heavy-tailed. This is equivalent
to the fact that the survival function F' := 1 — F' associated to F' is regularly varying at
infinity with index —1/v < 0. More precisely,

F(z) =2 Yp(z), x>0, (4)

where {p is a slowly varying function at infinity, i.e for all z > 0, ¢p(tz)/lp(t) — 1, as
t — oo. The relation (4) is also equivalent to Q(1 —s) = s 7lg(s), s € (0,1), where
lo(zs)/lg(s) — 1, as s — 0, for all z € (0,1). From (4), one can easily see that for all
x>0and z € (0,1):

F(tx) Q(1 — zs)

; — 1/ i YN <0y
A F) I Ql—-s) = (5)
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The relation in (5) is namely called the first order regularly varying condition. The param-
eter v is called the tail index (or the extreme value index) and governs the tail behavior,
with larger values indicating heavier tails. Its estimation has received a great attention
in the extreme value literature (see, e.g., [10]). This kind of models and its unidentified
parameters have been previously used by various authors such as [15], [25], [29] to assess
inequality measure of capital incomes.

Next, we also note that:

e When v > 1, the QSR index 7n(Q, a, ) and thus its estimator 7,(«, ) are not
defined.

e When 0 < v < 1/2 (the lower half of the unit interval), then E[X?7¢] < oo for some
e > 0, and so we can use the available asymptotically normal estimator 7, (a, 3),
(see, [29]).

e When 1/2 < v < 1 (The upper half of the unit interval), then the second moment is
infinite, and so the asymptotic normality of the estimator 7, («, ) is violated (see,
[29]).

The last situation motivate the need of a specific estimator of the QSR index for heavy-
tailed income distributions with infinite second moments. The class of heavy-tailed dis-
tributions (the so-called Pareto-type distributions) includes distributions such as Pareto,
Burr, Student, Lévy-stable, and log-gamma which are known to be appropriate models
in Extreme Value Theory for fitting large insurance claims, large fluctuations of prices,
log-returns, incomes of countries with very high economic inequality, etc. (see, e.g., [2];
(3] [4]; [11] 5 [13]; [14]; [15]; [25]; [34]; [39]; [41]).

To better understand the heavy-tailed distribution and the inequality of capital incomes,
which are governed by the unknown extreme value index 7y, we make use, in this paper, of
the extreme value methodology and propose asymptotically normal estimators of the QSR
index 1(Q, «, ). The following section concerns a class of semi-parametric estimators of
the QSR index n(Q, «, ) for heavy-tailed income distributions with infinite second order
moments.

3. Kernel estimation of the Quintile Share Ratio index

In the rest of this paper, we shall be concerned with heavy-tailed capital income distribu-
tions with index in the upper half of the unit interval. More precisely, we will deal with
the case where F satisfies

F(z) =2 Yp(x), >0, 1/2<~y<1. (6)

We have mentioned above that the tail index + controls the behavior of income distri-
bution F' and its finite variance. In this spirit, we shall take into account the estimation
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of v in the construction of our class of semi-parametric estimators for QSR index n(Q, «, ).

Now, Let k = k(n) be an intermediate sequence of integers, i.e., a sequence such that:
l<k<n, k—oo and k/n—0 as n— oo. (7)

Using the same arguments as in [34], the QSR index can be decomposed for 0 < a < 8 <
1 — k/n as follows:

1 1-k/n 1
”Q10B) = g { [ ewas [ k/ﬂ@@ds}. ®

As mentioned above, one can estimate the moderate quantile Q(s), 8 < s <1 —k/n by
its empirical estimator @, (s). But the case where 1 — k/n < s < 1 corresponds to high
quantiles i.e Q(s), s — 1 and it is not possible to use the empirical estimation Q,(s).
Under the first order regularly varying condition (5), we have Q(1—zs) =~ 27 7Q(1—s), s —
0. By setting zs =1 —u and s = k/n, we obtain the following approximation:

Q(u) ~ (n(1 —u)/k)7Q(L - k/n), u— 1. (9)
This leads to the following Weissman'’s type estimator ([42]) of high quantile Q(u), u — 1:

K n n,

O ) = (R -w) ™ Xukn, (10)
with ‘y\ﬁfk, the kernel class of estimators for the tail index ~, introduced in [9] and given
by:

0 _ 1 e J 1 Xn—j+1n 1
Tk = 7 ;J (k " 1) s ) (11)

where K is a kernel integrating to one. Note that in the particular case where K = K :=
I(p,1), the estimator ﬁnﬁk corresponds to the well-known Hill’s estimator ([27]) of the tail

index v defined by:
k
Tk = g Z]log< o ”1”) : (12)

The estimator 7, is the most popular estimator of the tail index v in the framework
of heavy-tailed distributions. The Weissman’s estimator ([42]) of high quantile is thus

defined as Q%{? (u).
Next, replacing in (8), Q(s) by its empirical quantile estimator Q,(s), for 5 < s <1—k/n

and by its high quantiles estimator fo?(s), for 1—k/n < s < 1, we arrive at the following
kernel-type estimators of n(Q,«, ), 0 < a < < 1—k/n:

R 1 1-k/n 1
7 (e, 8) = e { /ﬂ Qn(s)ds + /1 » Q) (s )ds}, (13)
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[na]

where Ly(a) =n~! ZX jn is the above empirical estimator of the lower integral L(a),
j=1

which can be rewritten as:

A0 = o {g (2-5) - (57 -2) Jxne %Xn_k,n}, (1)

~ Ink

where (s — t)4 is the classical notation for the positive part of (s —t). The estimator
Aﬁfz) (c, B) generalizes the one proposed in [15], when we use a general kernel instead of K.
In the above definitions and in what follows we indicate by Q(:) and @,(-) the quantile

function and its empirical counterpart (both functions are left-continuous).

Let us now state an asymptotic normality result for 7, ,E:K)(oz, B). As it exhibit a bias, we
will introduce a bias reduction method to estimate the QSR index.

4. Main results

In extreme value analysis, one can easily achieve asymptotic normality results by impos-
ing a second order regularly varying condition (Ry), (see, e.g., [10], Page 48), which is
necessary to quantify the speed of convergence in (5). This condition can be formulated in
different ways, below we state it in terms of the tail quantile functions U(x) = Q(1 —1/x):
(Ru): There exist a function a(x) — 0 as x — oo of constant sign for large values of
and a second order parameter p < 0 such that, for any x > 0,

I logU(tz) —logU(t) — ylogz af —1
im = .
t=00 a(t) p

(15)

Note that the condition (Ry) implies that |a| is regularly varying with index p (see, e.g.,
[10];[18]; [33]). As an example of heavy-tailed distributions satisfying the second order
regularly varying condition (Ry), we have the so called and frequently used Hall’s model
which is a class of cdf’s, such that U(t) = ct?(1 + dp~a(t) + o(t?)), as t — oo, where
v>0,p<0,c>0,and d € R*. This sub-class of heavy-tailed models contains the distri-
butions such as Pareto, Burr, Fréchet and Student-t. For statistical inference concerning
the second-order parameter p, we refer, for example, to [12] and [38].

Section 4.1 below gives the asymptotic normality of our proposed estimator ﬁfllz) (a, B).

4.1. Asymptotic normality of the kernel estimator 77(7[,:) (o, B).

n

To establish the asymptotic normality of the kernel-type estimator 777%) (a, ), some clas-

sical assumptions about the kernel K are needed.
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Condition (K). Let K be a function defined on (0, 1] such that

(i) K(s) > 0, whenever, 0 < s < 1and K(1) =0; (ii) K(-) is differentiable, non increas-
ing and right continuous on (0,1];  (iii) K and K’ are bounded;  (iv) fo w)du = 1;
(v) Jo w V2K (u)du < 1.

These conditions are not restrictive but are satisfied by the usual weight functions used
in the literature, including the power kernel K(s) = (1 + 7)s"Ijg<s<1}, 7 > 0, and the
log-weight function K(s) = (—logs)”/I'(7 + 1)Ijo<s<1}, {7 > 1}. In particular, we note
that the classical Hill’s estimator in (12) can be viewed as a particular case of our power
kernel-type estimator corresponding to 7 = 0 and K (s) := K(s) = [{ocs<13-

Under the second order regularly varying assumption (Ry) and the condition (K),
[13] showed that

1
A8 Loy + a(n/k) / STV (s)ds + kY2 &+ op(k12), (16)
0

where &, j, is asymptotically a centred normal distribution with variance 72 fol K2(s)ds.
In this spirit, we establish in Theorem 1 below the asymptotic normality of the class of
kernel type estimators ﬁn(lkf) (a, B) for the QSR index.

Theorem 1. Let K be a kernel satisfying (K) and assume that the distribution F' satisfies
(Ruy) with v € (1/2,1). Then for any sequence of integers k = k(n) satisfying k — oo,
k/n — 0 and VEka(n/k) — X € R as n — oo, we have, for 0 < a < 3 < 1 —k/n,

Vi (i) (@) =n(Q.a,8)
(k/n) X

N(MB D (y, p, ), AV&?)(%a)),

where

) ._ 1 1 I
AB (7, p, ) := 17 L0 (7+p_1+ 1_7/0 s '”K(S)dé’)

AV 00 1= 5 )2L2(Q7)<271—1 (1-7 /K2 )

Proof of Theorem 1.

Let Y1,...,Y, be independent and identically distributed random variables from the unit
Pareto distribution G, defined as G(y) =1 — y~t y > 1. For each n > 1, let Yip<...<
Y, n be the order statistics pertaining to Y1,...,Y,. Clearly X;, 4 U(Yjn), 7 =1,...,n.
In order to use the results from [8], a probability space (£2, A, P) is constructed carrying a
sequence &1, &a, ... of independent random variables uniformly distributed on (0,1) and a

and
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sequence of Brownian bridges B, (s), 0 < s < 1,n = 1,2... such that for all 0 < v < 1/2

and A; > 0
1Bals) = Bu(s)| _ 5 vy, (17)

sup
A /n<s<l-X\i/n (3(1 - S))l/Q_V

where [3,, is the resulting empirical quantile function denoted by:

Bn(t) - \/ﬁ (t - Vn(t))

with V,,(s) = &n, =g < ,j=1,...,nand V,(0) =0.

n

S\N

Before we establish the asymptotic results in Theorem ‘1, let’s introduce the following
notations. Next, from (8), (13), (14) and (42), the QSR index 7(Q, o, 5) and its biased

estimator ﬁr(f? (o, 8), 0 < < 8 <1—k/n, can be respectively rewritten as:

Unp1(@:B) | Unk2(Q)

n(Q, o, B) = ,
L(Q. a) L(Q, a)
and )
70 (4, ) = Un k1 (Qn, B) n Un.k.2 (Q"vk>
R Lp(a) Ln(a) ’
where L, ( fo Qn Yds = n~! Z[na] X n is the empirical estimator of the lower
integral L( Q, fo s)ds and the U-functional integrals are defined as:
1-k/n
Uppr(Q,8) = / Qls)ds, for 0<t<1—k/n
t

1
Unia(@) = /1 Qs

1-k/n
Ut (Qnit) = / Qn(s)ds, for 0<t<1—Fk/n,
t
! k/n) X gm
Unra (@) = [ @(syas = Tk,
’ 1-k/n ’ 1—;}/\n7k

with @, (-) (respectively, fo? is the empirical estimator (respectively, the Weissman’s
type estimator) of the quantile function Q(-) and k = k(n) is a sequence of integers satis-
fying k — oo, k/n — 0 and as n — oo.

To simplify the proof, we need the following preliminary results whose proofs are given
after this one.

Lemma 1. Assume that the distribution F satisfies the regularly varying condition (5)
with v € (1/2,1). If k = k(n) is a sequence of integers satisfying k — oo, k/n — 0, as
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n — oo, then for 0 < a < 1—k/n, we have:

Vi(La(a) - L(Q, )
(k/m) X

= op(l), asn— occ. (18)

Lemma 2. Assume that the distribution F' satisfies the regularly varying condition (5)
with v € (1/2,1). If k = k(n) is a sequence of integers satisfying k — oo, k/n — 0, as
n — 0o, then for 0 < a < f < 1—k/n, we have:

Un,k,l(Qnaﬁ) Un,k,l(QaB) }
<y,

\/ﬁ{ > .
n(Q) L(Q,«)
(k/1) X = Waa1 + op(1), (19)

as n — 0o, where
Jo " Bu(s)dQ(s)
L(Q. @) (k/n)'2Q(1 — k/n)’

Lemma 3. Under the assumptions of Theorem 1, we have for 0 < a <1 —k/n:

Wn,a,l = -

Un,k,Q (Qiffl;)) _ Un,k,?(Q)
Ln(a) L(Q’ a)

(k/n)l/QXn—k,n

NZD

4 )\AB(K”) (v, ps ) + Wy a2 + Wi a3+ op(1), (20)

as n — oo, where .AB&?)(%p, «) is defined in Theorem 1 and

o g} "B (1—k/n
Moz =) L(Q,a)\/; Sl ki,
= 7 \/ﬁ s —sk/n)d(sK(s)).

Now, coming back to the proof of the theorem, under assumptions, we have:

{ Un,k,l(QThﬁ) Un,k,’,l(QaB) }

=~ (K)

77n7]<; (O[, B) - n(Qv «, ﬁ)

L,(a) L(Q,«a)

(U2 (@) v
Ln(Oé) L(Q7 Ck)

= An,l + An’g. (21)

For all values of n large enough, we get respectively from Lemma 2 and Lemma 3:

v Apa d
(e Py et o)
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and
VnAn 2
(k/n)Y2 X _km

This leads to

Vi (i (@, 8) = 1@, 8)
K/ 2Kk

4 )\AB%) (v, psa) + Wy a2+ Wy a3+ op(l).

1=

)‘AB(KT]) (’Yﬂ P, a) + Wn,a,l

+ Wn,a,Q + Wn,a,S + O]P’(l)' (22)

Now, our next step is to compute the asymptotic variance of the process Wy, o1+ Wy a2+
Wh.a,3- The computations quite direct and we give below the main arguments, i.e.

f(]l k:/n . (fo SdQ ) dQ(t) fol—k/nt (ftl—k/n S) ( )) (t)
2Q.a) ki Q2L —k/n) | L2Q,a) k/nQ2(1—k/n)
fkl/nu(fl}dQ(l—deQ(l—u) fkl/n ( del—v) (1 —w)

2 —
EWya1 =

L2(Qa)k/n@(—k/n)  L2(Q,0)k/nQ>(1 — k/n)
S (S0 vdQ( =) dQ( =) i u (), vdQ(1L = v)) dQ(1 ~ )
L2(Qa)k/n@( —k/n)  LXQa)k/n@(1—k/n)

=: Qn,a,l + Qn,a,Z + Qn,a,B + Qn,a74~

Recall now that Q(1—s) = s77g(s) with £g a slowly varying function at 0. By integration
by parts and using Lemma 6 in [13]

1 1+fkl/nQ2(1—u)du . ~
212(Q,q) k/nQ*(1 = k/n) 2y -1 L*(Q, )

Remark that d <fu1 vdQ(1 — v)) = —udQ(1 — u) which implies that

1k [lperd@0 -]t
2L2(Q,a) n | k/nQ(1 —k/n) =o(l)

this last result coming from the fact that, according to Proposition 1.3.6 in [5] for all € > 0,
27%l(z) — oo as z — 0. Thus, choosing 0 < ¢ < v — § entails

JitdQ—1)\" L
09( sQ(1 =) ) B 3(” sl-%(s))

s(1+ 087_1_5)2 =0 (sHQh_l_al) =o0(1)

Qn,a,l =

Qn,a,Q = - (23)

IN

where C' is a suitable constant. Consequently, Q),.o,2 — 0. The two others terms, @, o3
and @y, o4, can be treated similarly, leading to

gl
2y -1 L*Q, )

Qn,a,i’) = Qn,a,l —
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Qn,a,4:Qn,a,2 — 0.

Finally,
2y
EW?2,, — :
@b T (2y - 1) L2(Q,0)
and direct computations now lead to
2
v
E(W2,,) —
Wee2d = G5 2@
2 1
EW2, 5 — 7 K?(s)ds by Corollary 1 in [13
i T gl =
gl
EWn.a1Wh.a by (23),
Wnaillned) = 0 gy ™%
E(Wn,man’a,g) = 0 and E(Wma,nga,g) =0.
Combining all these results, Theorem 1 follows. [ |

Proof of Lemma 1. Let t € |0,1 — k/n), we have:

Vi(Unk (@) =Uniea(@8) 17" i(Quls) - Q(s)) ds

(k/n)l/QXn—k,n (k/n)l/QXn—k,n

Since Q(1 — -) is a regularly varying function at zero with index —+, then from Theorem
241 in [10], X;—ppn = Qu(1 — k/n) = Q(1 — k/n)(1 + op(1)), as n — oo. Using the
approach in (17) and the Vervaat process (see [45]), [34] showed in Statement 4.3, p. 8,
for all t € (0;1), that

S VAQu(9) = Qs 4 i Ba(s)dQ(s)
(k/n)Y2 X gm N _(ko/n)l/2Q(1 " k/n) + op(1). (24)

Also note that this result in (24) [when ¢ = 0] is equivalent to that of [37]. More precisely,

we have 1k 1k
Jo 7 Vn(Qa(s) = Q(s))ds 4 fy " Bu(s)dQ(s)
X (6 PQU— k) P 29)
This concludes that for 0 < ¢ < 1 — k/n, we have, as n — 00 :
U, n,t) — Upn ,t 1=k/n
V(U1 Qo) = Unsn(@:0) 4 Jo UBa(9)AQ) (26)

(k/n) 2 X (k/n)'2Q(1 — k/n)

Next, we remark also that, L(Q, ) := Up 1,1(Q,0)—Up 11(Q, ) and Ly (a) := Up j;1(Qn,0)—
Un.i1(Q, c). This leads to:

Vi(Ln() = (@) Vii(Uns(@n0) ~ Unir(@,0))

(k/n)2X,, g n N (k/n)1 2 X, g pn
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ﬁ(Un,k,l(an Ct) - Un7k71(Q’ a)>
N (k/n)Y2X ‘

From (26), we get for all large values of n:

Vit(Lu(o) - L(Q. )
(k/n)lﬂank,n

= op(1). (27)
The Lemma 1 follows. []

Proof of Lemma 2. We first have:

Un,k,l(Qna/B) _ Un,k,l(QwB) _Un,k,l(anB) _ Un,k,l(Qmﬁ)
Lp(a) L(Q, o) a Ln(a) L(Q, o)

Unge 1 (@Qn, ) Unpea(Q,5)
L(Q, ) L(Q, )

( Un k,1(@n, B) — nkl(Qaﬁ))

B 1
L(Q, )
n,k,l(Qnyﬁ) o o
- Ln(a)L(Q,a) <Ln(a) L(Qa ))

_|_

This leads to:

Un,k,l(Qnaﬁ) Un,k’,l(Qwﬁ)

\/ﬁ{ Ln(a) B L(Q,O[) } _ 1 \/>( nkl(anﬁ) nkl(Qmﬁ))
(k/n) 2 X T L(Qa) (/1) 2 X o
Un,k,l(Qm/B) % \/ﬁ(Ln(a) — L(Q,Oz))
Ln(a>L(Q7 Oé) (k/n)1/2ank,n .

Next, from (26), we have for all large values of n,

Vi Ut (@ B) = Unp1 (Q.8) o Jy /" Bu(5)dQ(s)
L(Q, ) (k/n) Xk L(Q, a)(k/n)'2Q(1  k/n)

Since the right term in (28) is bounded in probability, we get for all large values of n,

nkl(Qmﬁ) nkl(Qa6)+0P( )

+op(1).  (28)

Remarking that Uy, 1 1(Q, 8 fl k/n s)ds and k/n — 0, as n — oo, we have

Uit (@ B) = /ﬂ Q(s)ds{1+ op(1)}.
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In the other hand, from Lemma 1, we have L, (a) = L(Q, a)+op(1), as n — co. Therefore,
usmg again the Lemma 1 and the fact that the lower integral L(Q, o) and the upper integral

f 5 s)ds are finite, we get for all n large enough:
Un,k,l(QnaB) % \/ﬁ(Ln(a) — L(Q,a)) _ 0]}])(1). (29)
Ly () L(Q, «) (k/n)lenfk,n

Finally, combining (28) and (29), the Lemma 2 follows. |

Proof of Lemma 3.
We use the following decomposition:

Unz () Unia(@ _Unia (QU)  Uniea (@40)
La(a)  LQa)  Lula)  L(Qa)
Uni2 (@) Unin(@)

TTIQe) L@
_ 1 (K)
= m (Un,k,z (Qn,k > - Un,k,Z(Q))
Un,k,Q (fof];)
- W (Ln(a) - L(Q, a)).
This implies that:
(K)
[ () Unse@)
Ln(a) L(Qa a) 1 \/’ﬁ <Un,k:,2 (ngg)) - Un,k,?(Q))
(k/n)' 2 X0k T LQa) k/n)1/2Xn o
_Um( ) Vi (L “))<30>
Recall that
(K)\ _ k/n
Un,k:,2 (ka) = WXn—k,n.

According to Theorem 1 in [13], we have as n — oo:

\/E(y,(f?—v) @a(n/k‘)/ sTPK (s dsﬂ\[/ 5B, <1—sk>d(sK( ))+op(1)
(31)
(K)

This leads to the weak consistency of 7, to . Since Q(1—-) is a regularly varying function
at zero with index —~, then from Theorem 2.4.1 in [10], X,,_x,, = Q(1 — k/n)(1 4+ op(1)),



M. Kebe et al. / Eur. J. Pure Appl. Math, 16 (4) (2023), 2509-2543 2523

as n — oo and (k/n)Q(1 — k/n) = (k/n)'""4g(k/n). Since v € (1/2,1), we have from
Proposition 1.3.6 in [5], (k/n)*~7lg(k/n) — 0, as n — oo. Therefore U, 1 o <Q£LI?) 5 0,

as n — oQ.

Finally, according to the Lemma 1 in this paper, the second right term of the Equation
30 is equal to op(1).
Now, it allows us to look at the first right term of the Equation 30. Clearly X, 4

U(Yp—kn) with U(z) = Q(1 — 1/z) and

(K)) 4 K/n
Un,k,? (Qn7k ) = 1 ,’-}/\(IZ) U (Yn—k,n) .

By remarking that X,,_;, = U(n/k)(1+ op(1)) with U (n/k) = Q(1 — k/n), we have:
Vn (Un,k,Z (Qif?) - Un,k,Z(Q)) VAT (Un,k,2 (Qﬁf?) - Un,k,2(Q)>

L(Q, o) (k/n)Y2 X, k., - L(Q, o) (k/n)/2U (n/k) {1+0p(1)}.
As a consequence, the following expansion holds:
\/ﬁ (Un,k’,Q (Qgﬁg) — Un,k,Q(Q)) d 4
L(Q, &) (k/m)2U (n]k) _;Tnm
where
vk U (Y k) <k >W]
Tn = : - *Yn— n 3
! L(Q,a) (1 — @(f?) [ U(n/k) n "k
gl
Tny = vk ~(K) [(kynkn> - 1} ;
LQayi -0 L\n
Tos = : Vi (3 =),
7 L(Q,a) (1 —ﬁi{?)(l —7) "
— Vvn k/n B
Ind = 100 a) (k/n) 2 U (k) [1 — Un/k) Un,k,z(Q,ﬂ)] -

We study each term separately.
Term T, 1. According to the Theorem 2.3.9 in [10], for any § > 0, we have

(1 (b)) =) { (B ot (1))

U(n/k) p

We study each term separately.
Term T), 1. According to [10] Theorem 2.3.9) , for any ¢ > 0, we have

Vk (W B (ﬁYwny) —Via (%) {(flynkn)v (ZYn_k/,)n)” -1, o) ( iyﬂﬂ)%pﬂ} |




2524

LN v, as n — o0, it readily

— A€ Rand?,,
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(K)
(32)

Thus, since kY, rn/n — 1, Vk a(n/k)

follows that
Tn,l = 0]}»(1).
Term T}, 2. The equality Y, 1, 4 (1-— fn_km)’l yields
-y
\/E ((Z(l - fn—k,n)) - 1)
n .
Wk (%(1 —&n—kn) — 1> (1+o0p(1)) by a Taylor expansion

I~

Al -

_ _,y\/iﬁn <1 - :) (1+op(1))
- E (D) o () e
(B) 5 5, it follows that

n,k

. Thus, using again the fact that 5

for 0 < v < 1/2, by [8]
d Y n k
- 7B (1——)( 1)) =Wna 1). 33
L(Q,a)(l—fy)\/; < n)( +op(1)) a2 top(l).  (33)
) to v and the equation 31, we get

\/Z/O1 s B, <1 — st> d(sK(s))} + op(1)
(34)

Tn,2
Term T, 3. By using again the weak consistency of ?nli

1
\/Ea(n/k)/o sTUK(s)ds + v

1
s = L@ aa—p {
1
VE a(n/k:)/o s K (8)ds + Wi.a3 + op(1).

II=

1

B L(Q,Oé) (1 - ’7)
Term T, 4. A change of variables and an integration by parts yield
L, Una/k) dx}

e = L(é,ga){liv‘/lwx U(n/k)
Vk - nT
- el 2<Htju(<n//k]?‘ﬁ> -

Theorem 2.3.9 in [10] entails that, for v € (1/2,1),
Fa (2) [ P_1
_w/ =227 2 0 (1 4 op(1))
1 p
(35)

T (O X)
: (1 + 0p(1)).

vka (%)

T L@ A-hte-1)

Combining (32)-(35), Lemma 3 follows.
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Remark 1. Since Q(1 — +) is a regularly varying function at zero with index —v, then

from Theorem 2.4.1 in [10], Xp_pn = Q(1—k/n)(1+o0p(1)), as n — oo and (k/n)"/?Q(1—

k/n) = (k/n)Y/2= 7o (k/n), fork — oo, k/n — 0, asn — co. Remarking that n'/?/(k/n)"/2Q(1—
k/n) is equal to kY?/(k/n)""g(k/n) and since v € (1/2,1), we have from Proposition

1.8.6 in [5], (k/n)"7lg(k/n) — 0, as n — oco. and the rate of convergence in Theorem 1

tends to infinity as n goes to infinity.

From Theorem 1, it is clear that the estimator ﬁélz) (a, B) exhibits a bias due to the

fact that we use in its construction a symptomatic estimator of Q(-) derived from the
Weissman’s type estimator fo’?(‘), which is known to have such a problem. To solve this
issue, we propose in the next section to use a bias reduction method and to introduce an
improved estimator of the QSR index n(Q, «, 3).

4.2. Reduced bias estimation of the QSR index

In this section, we propose to substitute in (13), the Weissman’s estimator fo? with
an asymptotically unbiased estimator of the extreme quantile. Our approach is similar to
the bias reduction procedure introduced in [19] and [26].

In order to find an asymptotically unbiased estimator of the extreme quantile, we use the
second order condition (Ry), for which the following approximation holds:

Q(u) ~ (%(1 —u))_”Qu — k/n) {1 - “(”p/k) [1 - (%(1 - u)>_p] } u—1, (36)

where 7, a(-) and p are unknown. The first part (2(1—u)) ' Q(1 — k/n) in the right

side of (36) is exactly estimated by the Weissman’s type estimator fo? (u) and defined in

(9). Clearly, the estimator Qg? exhibits a potential bias because it depends on the Kernel

type estimator 7 (Ik() of the tail index -, which from (16) has such problem. The expression

n
1—p~ta(n/k,)[1 — (2(1 —u))"”] can be viewed as a correcting term since a(n/ky,) tends
to 0. This leads to the necessity to find good estimators for v, a(n/k,) and p.

We first propose to introduce an asymptotically unbiased estimator for v by following an
approach similar to [19]. To this end, consider two kernel functions K and K satisfying
(K) and define a mixture of them in the form Ka (s) = AK; (s) + (1 — A) Ky (s), for
A € R. Clearly Ka also satisfies the condition (K) and hence by the result given in (16),

the asymptotic bias )\fol sTPKa(s)ds of Q(IZA) is such that

n

1 1 1
/\/ s PKA(s)ds = /\A/ sTPK (s)ds + A1 — A)/ s PKs(s)ds.
0 0 0

Equating the right-hand side of the above equation to zero leads to the value of eliminating
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the asymptotic bias
fol sTPKy(s)ds

fol s—P{Kg(s) - Kl(s)}ds,

provided fol s~F {Kg(s) -K 1(5)}d$ # 0. Clearly, the tail index estimator @%A*) is shown
to be asymptotically unbiased in the sense that the mean of its limiting distribution is
zero, whatever the value of \. More precisely, we have from (16):

1
E1/2 ( ~(Kax) _7> 4 A <0,72/ K%(s)ds) . (38)
0

A" =

(37)

An open problem is to determine whether among this class of unbiased estimators ’y(KA ),

we can find the asymptotically unbiased estimator with minimum variance. Clearly7 the
asymptotic variance 2 fol K3.(s)ds is minimal for a minimum value of fol K3.(s)ds. Ac-
cording to [19] and [13], the minimum of fol K3.(s)ds is obtained at the “optimal” function

given by: ) ( Y )
L=p - L=p) (L =2 s P, for s
( ) - < p > p2 P, f € (07 1) ) (39)

and Ka:  (s) =0 otherwise. Note that this unction can be viewed as a mixture between
two power kernels: K (s) := K(s) = [jgcs<1) and Ka(s) := K ,(s) := (1 — p) s lgcsc1)
and A* = (1 — p)?/p? is as in (37). In that case, the minimal variance 2 fol Kizpt(s)ds
equals to y2(1 — p)?/p?.

KA:pt

From a practical point of view, the unbiased tail index estimator with minimum variance
(Kas

~ AO . . . .
Yor " cannot be obtained directly, since it depends on the unknown parameters and

expressions: v, p, a(n/k) and K A, are unknown. To solve this issue, we propose to
replace p by p, where p is either a canonical negative value p = p = pg or an external
estimator p = pi,, consistent in probability to p, with k, := k,(n) an intermediate sequence
of integers greater than k, satisfying k, — oo and k,/n — 0, as n — oo. Finally, as in
(11), we arrive to the following tail index estimator:

k
Agpt l lo Xn —Jj+1n
kz:: °”t<k+1> g( Xn—jn )’

where K A, is defined as Kar ! (39) with p replaced by p.

Next, for the estimation of the rate a(-), we use the result in (16) from which we have,
as n — 0o,
2
SE)  S(K2p) p
N =7 —a(n/k)—————= +op(1).
n,k n,k (/)(1—P)(1—2ﬂ) ()
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Thus, we can approximate

2
p SE) (K,
————— by — Ay~ :
(1-p)(1—2p) { ko Ik }

which mean that a(n/k) can be estimated by;

a(n/k)

PN 1-0)(1—2p) (k) ~(Ksjs
SN (EL YRS
(K3

*
Aopt

Clearly, the estimators 7 and @ (p ) can be easily viewed as the least squared
based estimators of v and a(n/k) studied in [16]; [3]; [4] and [13]. This approach is based
on the following exponential regression model:

Xn—jtin O\’ ,

where ¢ are zero-centered error terms and in which p is substituted by p.

Finally, using the relation in (36), we arrive at the following unbiased estimator of the
extreme quantile Q(u), u — 1:

i 0= (f0-0) ™ e {15 = Gu-0) )

(Kz=
opt

n,k,p (u), we obtain

In the spirit of (2), substituting the extreme quantile Q(u) with @
the following unbiased estimator of the QSR index

Ky ) 1 ([ j-1
st @8 = > |(58) - (5 8) |

(k/n) Xn—kn an,k’(ﬁ)
RERN (42)
Ln(a) (1—%,k h ) Yk +p—1

A possible choice for py, is one of the most performed estimator among those studied in
[21], generalized in [12]) and defined by:

652 — 44 ,/35% — 9
S i , provided S,(j)) € (2 3), (43)

Pk, =
’ 182 —3

374
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{Mép) _ o4 (M(p))‘l} [Mlgi) _9 (Mig,l,))Q]

o)

nj—i—ln "
M = kz( ),7«>o.

X kp,n

where

2
Sy =

3
4

i

and

The consistency of ﬁé ) to p have been established in [21] and [12]) under the second order

condition (Ry) and the assumptions k, — oo, k,/n — 0 and k;ﬂa(n/k‘p) — 00, a8 N — 00.

Our next goal is to establish, under suitable assumptions, the asymptotic normality of

(Ka» )

Tkp (a,B). This is done in the following theorem.
Theorem 2. Under the assumptions of Theorem 1, if p is either a canonical negative
value p = p = po or an external estimator p = py,, consistent in probability to p, with
k, :=k,(n), an intermediate sequence of integers greater than k, satisfying k, — oo and
k,/n — 0, as n — oo, then we have:
~(K&2pt)
V(T (@,8) = (@, 8))
(k/n) 2 Xk

4N (0, ;l\lj(% P, a)) ,

where

4 2
— (v —p)
AV(v, p,a) = .
000 = G = )i + o~ D2 L2 0)
Proof of Theorem 2

For simplify the proof, we introduce the following Lemmas, whose proofs are given just
after this one.

Lemma 4. Suppose that the distribution F satisfies the second order condition (Ry). If
k— o0, k/n— 0 and Vk a(n/k) = X\ € R, as n — oo and p is either a canonical negative
value p = p = po or an external estimator p = py,, consistent in probability to p, with
k, := ky(n) an intermediate sequence of integers greater than k, satisfying k, — oo and
k,/n — 0, as n — oo, then we have

() Neor
VE (a8 =y | Ly n/k/o s 1B (1 — sk/n)d(sKa; ,(5)) + op (1)
and

d

VE @n(p) — a(n/k)) =~ (1—p)V/n/k / n(1=sk/n)d(s(K1(s)—Kaz,(s)))+oe (1).
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Lemma 5. Under the assumptions of Theorem 2, we have for 0 < a <1 —k/n:

(Ksy,,)
Un k2 (Qn,k,ﬁ ) ~ Uni2(Q)
Ly(a) L(Q, o)

(k/n) 2 X o

NG

d
= Wn,a,l + Wn,a,2 + Wn,a,4 + Wn,a,5 + 01?(”[44)

as n — 0o, where

A b
W= it e Ty VTR )+ Bl = ks, )
W s A=A =p)
n,a,5 - ('y+p— 1) n,a,3-

Now coming back to this proof, under the assumptions, we have:

,\(Kﬁ* t) Un ns U, )
K,
. Un7k',2 <Qn7k > - Un,k’2<Q)
Ln(e) L(Q, @)
= Bn,l + Bng. (45)

For all values of n large enough, we get respectively from Lemma 4 and Lemma 5:

Vn Bya d
)Xy et T op(L):

and

VnBn2 d
o — Wriaa + Wias & Waes + op(1).

This leads to

v (i (@ 8) = n(Q.a, 9))
(k/n)lanfk,n

d
- Wn,a,l + Wn,a,Q + Wn,a,4 + Wn,a,5 + O]P’(1>' (46)

We only have to compute the asymptotic variance of the sum of process in the right term
of (46).

As in Theorem 1, the computations are quite direct and the desired asymptotic variance
can be obtained by noticing that

(1 = p)?

EW2, . —
0 (1—7)2(y+p—1)2L%(Q, )
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E(Wn,a,IWn,aA) = 0
EWpas) = 0
4
7(L-p)
EWpaa =
ol 1= +p-1)2L%Q,0)
E(Wn,a,QWn,a,S) = 0
E(Wn,a,Wn,aA) = 0
3

py°(1—p)

EWhn,aaWh.a, = - .
Wnoalnas) (120 + o 1P L2(@0)
Combining all these results, Theorem 2 follows. ]

Proof of Lemma 4.
Note that the first quantity of interest can be expanded as

VE :Y\(KKSPJ — 5 N ;Y\Sj:&épt) _ A(KAgpt) + N A(KAZpt) —

’Yn’k k Fyn,k

where

1-p)2\> (1—p)(1-2p) _
(s) = (( p) ) ( p)p(2 P b te (0.1),
and Kay  (s) = 0 otherwise,

K3- 1s defined as Kax o with p replaced by p. We have all ready mentioned that the
opt o

function K b 18 viewed as a mixture between two power kernels: Kj(s) := [g<s<1) and
Ky y(s) := (1= p) s Pligcs<1) with and A* = (1 — p)?/p*. Thus, according to the proof of
Theorem 3.2 of [4], we have

j . anjJrln
Kax | —— 1 —— | =op(1
v Z{ Bopt <k+1) So <k+1> }] Og< Xn—jn ) (1)

\/E azl(j:&;pt),y :\/% ?Sj:A;pt)’y + op(1).

Recall now that

(Ran) -y (=20

Yk - p2 Tnk — p2 n,k
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We use the following decomposition,

Vk ;Y\n(f:Azpt) -7 | = M\/E (:},\(Kl) _ 7) _ M\/E (;Y\fliz,p) _ ’)’)

,02 n,k ,02
From (31), it is clear that

VE(GUD —q) = vE LY 7\/2 / ‘1B, (1 - 7’2) 4(sK1(5)) + op(1)

and

Vi (3027 —) = f_‘fpﬁa (n/k) + ”\/2/01 1B, (1 - si) A (5K2,0(5)) + 0p(1).

Finally, combining these two previews expansions, we get:
A<KA: ) n b k (1—-p)?
vk Tn.k I 7\/;/0 s B, (1 - Sn) d <s{ 2 Kl(s)}>

_7\/2/01 sT'B, <1 - si) d <s{1;22pK2,p(s)}> + op(1)
= 7\/2/01 1B, (1 — Si) d (SKA(*)N(S)) + op(1).

The first part of Lemma 4 follow.

Focussing on the second part and we have

i o (p 1=p)(1—=2p) (k1) ~(Kap
Gun(P) = _()ﬁ(?) (300 _ 5],

Thus,

a(n KR
VRG@nilp) ~aln/k) = 1=V (35 == 0~ -5 VR fy(,k ) _

+VE a(n/k) (8:2 - 1) |

Since p is a consistent estimator of p, this leads to the desired result. ]

Proof of Lemma 5.
Following the same approach as in the Proof of Lemma 3, we have
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(Kﬁépt ) (Kazpt )
Unk2 \ @i Uni2(Q) _Un’k’z @ Uni2(Q)

Ly () L(Q, ) Ly(a) - L(Q.a)
(Kx+ )

U, oo
n 2 <Q"’k’p ) - Unp2(Q)

L(Q,a) L(Q,a)

(KA*

1 az,,)

- M@’W <Qn,k,ﬁ ) - Un,k,z(Q))
(Kx» )

Un,k,Z (Qm;:gpt )

T T I (@)L, o) (Enl) - L(@. ).

This implies that:

(Kﬁzpt)
Ln(a) L(Q,Oé) . \/ﬁ <Un,k,2 <Qn’k7£pt > - Uka(Q))
(/1) 2 X om T I@Qa) " (/)2 X, g
(K&* t)
Unk2 <Qn7k7,§p ) \/ﬁ<Ln(a) — L(Q,a))
_ 47
La(@)L(@Qa) (k/n) 2 X g )
Recall that
Bar N (k/n) Xn_s ank(P)
opt . n—k,n _ n,
Un,k,Q(QnykJ)\ >_ (Ka ) (Bae )
1_’Yn7k ’ Tn,k ' +p-1

For a given p be either a canonical negative value p = p = pg or an external estimator
p = Dk, consistent in probability to p, with k, := k,(n) an intermediate sequence of inte-

gers greater than k, satisfying k, — oo and k,/n — 0, as n — oo, we have from Lemma,
(K

4,7, kAopt 5 v and @ x(p) 5 0, as n — oo. Since (k/n) X;_kn 50 ( see the Proof of
(K Rz«
Lemma 3). Therefore, Uy, 2 (Qn kAgpt LY 0, as n — 0. Consequently, according to the

Lemma 1, the second right term of the Equation 47 is equal to op(1).

Now, it allows us to look at the first right term of the Equation 47. Thus, we have
the following decomposition:

Vi as,,) N
L(Q,a) (k/n)/2U (n/k) <Un,kz,2 (Qn,k,ﬁ ) - Un,k,z(Q)> = ;Sn,l
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where
o 1 an,k(ﬁ) [U (Yn—k,n) k 7
Sn,l = A(K&gpt) 1-— A(th)pt) R \/]; _W - ﬁYnfk‘,n
L(Q, ) (1 ~ Tk ) Tnge T FP—1
a (D r v
Sn 2 = ! - an,k(p) \/% EYvnflcn -1
’ IR Exe ) no
L(Q’O‘)(l Tk ) Vg TP—1 -
1 A(K&gp )
Sy = Bz ) ”ﬁc<7mk t"”)
L@ (-2 ) (1)
g VEa(n/k) 1 1
nd = -
’ L(Q, 1- +p—1 Bz O\ ( (Bze )
(@Qa) [A=7(+p—1) (1 5, S ) <,Yn’kAop o 1)
1 ~
Sn,5 = - (K ) (K&F ) \/% (an,k(p) a(n/k))
2@ (1-7,.7 ) (3 +5-1)
Vn [k/n ( a(n/k) > ]
Spe = 1— 2 N ynk) - U, .
¢ @m0 [T \' 5 p=1) 0 7 (@

Next, we are going to study separately the terms Sy, 1, ..., Sn6-
Term S, 1. Note that

~(K) SN
S 1 - fyn,k . an,k(p) T
wl (Ka: ) ) ml
~ opt -~ opt [N
L=, " Vg +P—1

where T, 1 is defined in the Proof of Lemma 3. Thus combining Lemma 4 with the
consistency of p and (32), we obtain that

Sur = op(1). (48)
Term Sy, 2. Similarly, we observe that S, 2 = T}, 2(1 + op(1)) where T}, 2 is defined in the
proof of Lemma 3. Thus according to (33), we have

II=

Sn,2 Wn,a,Q + OIP’(]-)- (49)
(Kx.

~ AO
Term Sy, 3. Combining Lemma 4 with the consistency of 7, , "

, we infer that

d Y+p—1
Sz < %Wn,a,4+oﬂ»(l). (50)
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Term Sy, 4. Under the assumption that vk a(n/k) — X\ € R, as n — oo and by the
(K"*

. ~ ~A
consistency of p and 7, , " , we have
b

Sna = op(1). (51)

Term S, 5. Using again the Lemma 4, we get

Sns 2 _(1—3((%,0—1 \f/ 5B, (1—81‘/’> d(s(K (s) = K, (5))+02(1)

1-p)(1— +p—1

1—p)(1—
= Wn,a,S + wwn,aA + O]P’(l)' (52)

sH

Term S, 6. Remark that

k k
Sn6 = — Vha(n/k) + T a,
1= +p-1)
where T}, 4 is defined in the proof of Lemma 3. Thus using (35) and the assumption that
VE a(n/k) = X € R, as n — co. We deduce that

Sn,6 = op(1). (53)

Combining (48)-(53), Lemma 5 follows. ]

5. Simulation study

In this section, the class of biased estimator 7 U,?(OQ 0.8) and the reduced-bias estimator
Kx
ﬁi & ;pt)(O 2,0.8) of the QSR index 7(Q,0.2,0.8) are compared in a simulation study. To
this end, N = 500 samples of size n := 1000; 1500; 2000 are generated from a Burr
distribution defined as F(z) = (1 + 2~?/")'/? with v = 2/3 and different values of
p = —0.5; —0.75; —1. It is known that this distribution is heavy-tailed and satisfies
the second order condition (Ry) with a(t) = v¢”. This kind of Burr distribution and its
unidentified parameters were previously used by various authors such as [13], [14] and
[11] to assess risk measures for heavy-tailed losses. [29] and [15] also used this kind of

distribution to estimate the QSR index for heavy-tailed capital incomes.

Now, for computation and the comparison of the estimators, we adopt the following steps:

e The estimator ﬁrg[,?(OQ,O.S) is computed with the tail index estimators /V\T(LII?, for

different sample fractional numbers of top order statistics k& = 10, ..., m,,, where m,, is the
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integer part of 0.2 x n, which ensures the validity of the condition = 0.8 <1 — k/n.
For the choice of the kernels K, we use the power kernel, which satisfies the assumption

(K) and is defined by K(s) = (1 + 7)s"Ijo<s<1}, With 7:= 0, 1. In the case where 7 = 0,

we denote K := K; = K and 7775%) (0.2,0.8) corresponds to the QSR index estimator asso-

ciated with the Hill’s estimator 37%) For 7 = 1, the corresponding kernel is exactly the

above mentioned K := Kj ;, with p = —1.

(K 3 (Kxe )
opt opt

e The estimator 7, kAA (0.2,0.8) is computed with the tail index estimators 7, kA ,
for k =10, ...,m, and p:= ﬁk; defined in (43), where &} is selected as follows:

2n

k, = Sup{k:p: k, < min (n—l,w

> and Dy, exists}.

e Next, we compare on the one hand the performance of the mentioned QSR index es-
timators by computing the absolute value of the median together with the median squared
errors (MSE) based on the N samples, and defined as:

(1) 7(NV)
ABias(n, k) := ‘median {n, e 7)} -1
n n

2 2
B ' S )
MSE(n, k) := median e 1] ,..,1— -1 ,

and

where 7 := 17(Q,0.2,0.8) is the true value of the QSR index and 7" is the i-th value
(i = 1,...,N) of an estimator of 1(Q,0.2,0.8) evaluated at different sample fractional
numbers of top order statistics £ as mentioned above.

Figure 1 resp. Figure 2 show the Absolute bias of the median resp. the Median Squared

Exror of 7 e, (K29 - S
rror of 77,,,7(0.2,0.8) (black line), 7, ,**7(0.2,0.8) (blue line) and 7, , =** (0.2,0.8) (red

line) as a function of k based on N = 500 samples of size 1000 (top), 1500 (middle) and
2000 (down) for QSR index 1(Q,0.2,0.8) from the underlying Burr distribution. From the
left to the right: (p = —0.5, 1(Q,0.2,0.8) = 292.93), (p = —0.75, 1(Q,0.2,0.8) = 73.47)
and (p =—1, 7(Q.0.2,0.8) = 37.70).

To compute the confidence intervals of the estimators under simulation, we need an optimal
number of k, whose choice is a serious challenge. The algorithm of [39], Page 137, gives
an automatic choice of the number of top extremes k for tail index estimators in 7% .
According to these authors, an automatic choice of top extremes used in ?;Lk is as the
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value k£* that minimizes
k
1~
% Z J
j=1

where 0 < § < 1/2. By the way, choosing § = 1/4, we compute the optimal values
k* as in (54) for each tail index estimator used in the computation of their associated
QSR index estimators. In the Table 1, Table 2 and Table 3, we present the results of
the estimated values of the above mentioned QSR index estimators with respect to the
sample size. Remarking that from Theorem 1 and Theorem 2, the asymptotic variances
of the QSR index estimators under study depend on unknown parameters, we opt to use
a block bootstrapping method to construct a 95% confidence interval for the QSR index
estimates. The block bootstrapping follows the routine boot of the package boot in R
software. By repeating such bootstrapping procedure T = 10,000 times, we obtain T
bootstrapped estimates for each QSR index estimator. The sample standard deviation
across the T' estimates gives an estimate of the standard deviation of the underlying QSR
index estimators for given k € {10,...,m,}. We construct the 95% confidence interval
using the point estimate and the estimated standard deviation. This procedure is applied
to all values of k of each estimator. The point estimates of QSR index at its optimal value
k* as well as the lower and upper bounds of the confidence intervals are given in Table 1,
Table 2 and Table 3.

Ynj — median(;y\al, ﬁﬁk) ‘, 10 <k < my, (54)

Based on these simulations, we can draw the following conclusions:

e It appears on Figure 2 that the closer p is to 0, the more important is the bias of

A*
~ Aopt

Mok (0.2,0.8) with a longer stability as a function of k. The bias is also less variable
than the two others for the lowest values of k. Also, The effect of the bias correction on

the MSE is well illustrated on Figure 2. We can observe that the MSE of the reduced-bias
(K 3
estimator 77, kAffpt

ﬁé%)(O.Q, 0.8) and 7/7\7(1[22’5)(0.2, 0.8) are strong, i.e, when p is close to 0.

(0.2,0.8) is almost constant with respect to k, especially when bias of

e After the inspection of the tables, two conclusions can be drawn regardless of the
situation. First, we notice that the absolute bias of both estimators increases as p goes to
0. Second, the reduced bias estimator is more efficient than the biased estimators regard-
less to the absolute bias, the median squared errors and the cover values when p is closer
to 0. That illustrates well our conclusions drawn from the graphical analysis.
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Figure 1: Absolute bias of the median of 7%)(0.2,0.8) (black line), 7."%7)(0.2,0.8) (blue i d
igure 1: solute bias of the median of 7,77(0.2,0.8) (black line), 7, ,”""(0.2,0.8) (blue line) an
_(Kxe ) ) ) ) .
k.o (0.2,0.8) (red line) as a function of k based on N = 500 samples of size 1000 (top), 1500 (mid-
K,

dle) and 2000 (down) for QSR index n(Q,0.2,0.8) from a Burr distribution defined as F(x) = (1 + ac’%p)l/p.
From the left to the right: (p = —0.5, 7(Q,0.2,0.8) = 292.93), (p = —0.75, 1(Q,0.2,0.8) = 73.47) and
(p=—1, 7(Q.0.2,0.8) = 37.70).
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ﬁiﬁz’ﬁ)(O.Z,O.S) (blue line) and

(0.2,0.8) (red line) as a function of k based on N = 500 samples of size 1000 (top), 1500 (mid-

dle) and 2000 (down) for QSR index n(Q,0.2,0.8) from a Burr distribution defined as F(x) = (1 + x_%p)l/”.
From the left to the right: (p = —0.5, 7(Q,0.2,0.8) = 292.93), (p = —0.75, 1(Q,0.2,0.8) = 73.47) and

(p=—1, 1(Q,0.2,0.8) = 37.70).

6. Conclusion

In this paper, we introduced a large class of asymptotically normal estimators of the Quintile
Share Ratio (QSR) index for heavy tailed income distributions. From that class, we derived a
bias reduction procedure and we proposed an unbiased estimator with minimal variance of the
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(K a
Table 1:  Estimation results of the QSR index estimators 7, ; = °"t (0.2,0.8), Afl k*(02 0.8) and

Aﬁi")(o 2,0.8) with their 95% confidence intervals, computed with their associated optimal num-

bers of top statistics k*, based on N = 500 samples of size n = 1000, from a Burr distribution defined

as F(z) = (1+ 2~ %)1/7. The true values of the QSR index are 1(Q,0.2,0.8) = 292.93 for p = —0.5,
1(Q,0.2,0.8) = 73.47, for p = —0.75 and 7(Q, 0.2,0.8) = 37.70 for p = —1.

n = 1000
p H v-estimates H QSR-estimates Abias MSE 95%-Conf. Int Cover
8 083 78)(02,0.8) 396559 0.353  0.165 (287.176; 698.188) 411.012

0.5 || 3527 0.864 <K“>(02 0.8) 404973 0.382 0.367 (280.834; 712.542

nk*

(K a-
Ve 0.733 ﬁn k*(’ﬁ“ (0.2,0.8) 297.701 0.016 0.055 (257.609; 310.992

431.708
53.382

AL 0.749 77(1,?*(0.2,0.8) 84 0143 0.032  (70.909; 104.751

/\(K2 p (K2 p)

33.841

9.604

(Kxe )
ﬁn,k*op‘ 0.687 77” k*(’ﬁt (0.2,0.8) 75.140 0.009 0.028 (66.043; 75.648
A(K)

730 0736 || 75(0.2,0.8) 42859  0.136  0.024  (36.466; 44.092
A(K2af5 (K2p)

(
0.754 || 7v,27(0.2,0.8) 46,517  0.203 0.056  (36.106; 49.632
(34.252; 38.446

(Kz )
AT 0.672 ﬁn k*ORt (0.2,0.8) 37.810 0.002 0.018

)
)
)
)
0.75 | A2 0768 || 7327(0.2,08)  89.821  0.222  0.059  (69.444; 131.834)  62.390
)
)
)
)

7.626
13.526

4.193

(K )
Table 2:  Estimation results of the QSR index estimators 7, °‘“ (0.2,0.8), nﬁf? (0.2,0.8) and

AfLKki”)(O 2,0.8) with their 95% confidence intervals, computed W|th their associated optimal num-

bers of top statistics k*, based on N = 500 samples of size n = 1500, from a Burr distribution defined

as F(z) = (1+ 2~ %)1/P. The true values of the QSR index are 1(Q,0.2,0.8) = 292.93 for p = —0.5,
7(Q,0.2,0.8) = 73.47, for p = —0.75 and 1(Q,0.2,0.8) = 37.70 for p = —1.

n = 1500

p H y-estimates H QSR-estimates Abias MSE 95%-Conf. Int

Cover

B 0817 | 20)(02,08) 380375 0.293  0.108  (284.818; 667.245

05 || 3520 0850 | 7%2702,08) 392540 0.369 0.267 (281.455; 702.841

n,k* nk*
(Kz« ) (Kz« )
T ™ 0.717 nnkfcet (0.2,0.8) 295998 0.010 0.038 (258.821; 303.800

382.427
421.386

44.978

3B 035 || a0 (0.2,08) 81594 0132 0.020  (69.898, 100.133

nk*
Kz ) (K )
o™ 0674 || 7, 2 (0.2,0.8) 73599 0.006 0.018  (66.998; 73.983

30.235

6.985

~E) A(K)

B ores | 35002,08) 42206 0119 0018 (37.105; 43.399
1 || A8 0749 (i’i“(o 2,0.8) 45521 0198 0.038  (36.469; 47.377
(

Ry ) ek )
B 0.669 || 7, o2 (0.2,0.8) 37.360  0.001 0.014

34.357, 37.751

)
)
)
)
075 || A2 0.762 7520(02,0.8) 86718 0213 0.038  (69.231; 124.037)  54.806
)
)
)
)

6.293
10.907

3.394

QSR index. Comparing the bias reduction procedure to the alternative estimators, our unbiased
estimator provides, in addition to lower absolute bias and median squared error in general, more
stability over the number of top statistics k, especially when bias of the alternative estimators
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(K a
Table 3:  Estimation results of the QSR index estimators 7, , = °"t (0.2,0.8), & (02 0.8) and

n,k*
Ag,ii")(() 2,0.8) with their 95% confidence intervals, computed with their associated optimal num-

bers of top statistics k*, based on N = 500 samples of size n = 2000, from a Burr distribution defined

as F(z) = (1+ 2~ %)1/7. The true values of the QSR index are 1(Q,0.2,0.8) = 292.93 for p = —0.5,
1(Q,0.2,0.8) = 73.47, for p = —0.75 and 7(Q, 0.2,0.8) = 37.70 for p = —1.

n = 2000
p H v-estimates H QSR-estimates Abias MSE 95%-Conf. Int Cover
B o2 | 28)(02,08) 352200 0223 0102 (286.512; 574.367) 287.855
0.5 || 3527 0.804 ﬁiﬂ’(o 2,0.8) 37L115 0279 0212 (282.517; 621.934) 339.417
(Kx ) (KA
By ™ 0.602 || 7, k;’zﬁ (0.2,0.8) 293.616 0.008  0.018 (271.012; 297.014)  26.002
AL ot ﬁ%i(o.z,o.s) 79.682  0.117  0.012  (71.515; 101.509)  29.994
075 | 380 o758 | 3%20(02,08) 82763 0185 0.024 (70208 130.72)  60.563
(Kxe ) (Kxe )
Fpoe ™ 0668 || 7,22 (0.2,0.8) 73416 0.0007 0.010  (68.456; 73.943)  5.486
AL 04 ﬁff‘kl (02,0.8) 40918 0.085 0009  (36.921; 43.617)  6.695
1| g oz | %002,08) 43246 0146 0019 (35.998; 48.017)  12.018
) (K )
ﬁn’kf“’“ 0.657 || ,. ,c:’Rt (0.2,0.8)  37.461 0.0005 0.0007 (35.149; 37.706) 2.557

are strong. The comparison are also made at their optimal point of top statistics and with their
95% confidence intervals, constructed from a Bootstrap methodology. The results show that, the
reduced bias estimator is more efficient than alternative estimators regardless to the absolute bias,
the median squared errors and the coverage. An important feature expected in this type of of bias
reduction approach to be applicable in practice. In application, the unbiased estimator can be
proposed to any heavy-tailed income distributions for which QSR index needs to be calculated.
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