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Algebras satisfying a polynomial identity of degree six
that are principal train
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Abstract. In this paper we study the class of algebras satisfying a polynomial identity of degree
six that are principal train algebras of rank 3 or 4, for which we give the explicit form of the train
equation. If the rank of A is n > 5 in general, we provide the form of the train equation in some
cases.
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1. Introduction

In 1923, Serge Bernstein gave a mathematical proof of the principle of stationarity of
Hardy-Weinberg ([3]). From 1939 onwards, Etherington introduced the notion of weighted
algebra and principal train algebra for an algebraic model of genetics. However, it was
not until 1975 ([5])that Philip Holgate defined algebraically the so-called Bernstein ([6]).
Following him, several authors studied various classes of algebras satisfying polynomial
identities, in order to model the process of genetic transmission. (see, for instances, [9],[1],
[2]). The aim of this paper is to study the algebras verifying the polynomial identity
22%2* = w(z)?z* + w(z)?2? that are principal train algebras. In ([8], the authors prove
that such an algebra,assuming the existence of nonzero idempotent, admits a Peirce de-
composition. The use of the Peirce decomposition will allow us to finally establish links
between this class of algebras and principal train algebras.

2. Preliminaries

Let K be a commutative field and A a commutative K-algebra, not necessarily as-
sociative. For any element = of A we define the principal powers of by z! = x and
k1 = 2k for any integer k > 1. An idempotent is any element e of A such that e = e.
In this paper the idempotents considered are all non-zero.
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Definition 1. We will say that the algebra A is a baric if there exists a non-zero morphism
of algebras w: A — K. The morphism w is then called the weight function of the algebra
A. The weight of an element x of A is the scalar w(x).

Definition 2. A baric K-algebra (A,w) is a principal train algebra of rank n > 2 if there
are scalars yi, ..., Ym—1 € K such that z" + yiw(z)z" ' 4+ - + v_qw(2)" e = 0, where
the integer n > 2 is the smallest having this property.

Definition 3. A baric K-algebra (A,w) is a Bernstein algebra if (%)% = w(x)?2? for any
x in A.

In the rest of the document, K denotes an algebraically closed infinite commutative
field with characteristic different from 2.

In [11], it is shown that if A denotes a Bernstein algebra, then for any = in A, 22’2/ =
w(x)ia? + w(x)at, Vi,j > 2; in particular, for i = 2 and j = 4, 22%2* = w(x)?2? +
w(x)*2?, Vo € A. In this paper, our attention will be focused on the structure of algebras
satisfying the latter polynomial identity and that are principal train. Let us consider the
identity

2222t = w(z)%x! + w(x)z? (1)

In the rest of the paper, K = C, i.e the field of complex numbers. In [8], the authors
obtained the following two theorems. .

Theorem 1. [8] Let (A,w) be a K-algebra verifying (1) and e be a non-zero idempotent
of A. Then A admits a Peirce decomposition relative to e: A = Ke® Ag® A1 ® Ay D Ay
2

where Ay = {z € Kerw, ex = ax}, with a € {0; %;)\ = _l_j‘/ﬁ; A\ = _lem}.

Theorem 2. [8] Let A = K. & Ay & A1 & Ay & A5 be the Peirce decomposition of an
2
algebra verifying (1), then:

i) Aodo C Ay;

i) A1A; C Ag® Ay @ Ay;
iii) AyA; =0;

iV) AyAy =0;

V) AzA5 =0:

Vi) AgA; C Ay ® Ay & Ay
Vii) AyA1 C AL © A © Ay
Viii) AzA; € AL @ Ao ® Ay;

iX) ApAy C A%;
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X) AgAs C A .
2

Let (A,w) be a baric commutative K-algebra not necessarily associative verifying the
identity (1). The partial linearisation of this identity gives the following result:

Proposition 1. Let (A,w) be a K-algebra verifying (1). For all x,y, z,t in A we have:

d2?[2(t(zy)) + 2(x(ty)) + t(z(zy)) + 2(2(ty)) + tx(y2)) + x(t(y2)) + 2(y(te)) + t(y(2z)) +
z(y(tz))+y(z(tz))+y(t(zz)) +y (o (tz)) +4zt2z(x(vy) )+ 20 (2 (vy)) +22(2(y2) )+ 22 (y (22))+
2y(e(x 2)) + 2(2%y) + y(2®2)] + dty[za® + 2(22?) + 22 (2(22))] + day[2(ta®) + 22(2(at)) +
t(22?) + 2a(2(xt)) + 2t(x(22)) + 2z (t(22)) + 22(x(t2))] + 4tz[22(x(2y)) +2(y2?) + ya°] +
4yz[t$3+x(m )+ 2x(x(xt))] + 4wz 2t (x(zy)) +22(t(xy)) + 22 (2 (ty)) + t(yx?) + 22 (y(zt)) +

y(ta?) + 2y(a(at))] = 2w(tz)[22(z(zy) + 2(a?y) + 2y] + 2w(zz)[2t(z(2y) + 22(t(ay) +
2z (z(ty) +t(z2y) + 22 (y(at) +y(tz?) + 2y (x(tz)] + 2w(zt)[22 (2 (2y) + 22(2(2y) + 22 (2 (2y) +

2(2%y) + 22 (y(22) +y(22?) + 2y (2 (22)] + 2w (2?) [2(t(wy)) + 2(2(ty)) +t(2(zy)) + 2 (2(ty)) +
t(x(yz)) + x(t(yz)) + 2(y(zt)) + t(y(z2)) + x(y(tz)) + y(z(xt)) + y(i(z2)) + y(z(t2))] +
24[w(zyzt)2r? + w(yza?)at + w(yte?) vz +w(ztz?)zy] + 8lw(x3y) 2t + w(a32)yt +w(x3t) zy] +
2w(yz) [t + z(tx?) + 2z(x(xt))] + 2w(ty)[zz® + 2(22?) + 22(x(x2))] + 2w(zy)[z(t2?) +
t(za?) + 2z(z(xt)) + 22(2(xt)) + 2t(x(22)) + 22(t(x2)) + 22 (x(21))]

The previous proposition allows us to establish the following lemma.

Lemma 1. For all xo,y0,20 € Ao; 1,Yy1,21 € A1; xx,Yx, 2x € Ax; T3, U5, 25 € Ay the
2 2 2 2
following identities are verified:

1) [zo(@oyo) + zo(yoz0) + yo(z0z0)]x = [20(zoy0) + To(y020) + Yo(zo20)]5 = 0;

2) [4(z 2( 1zi)otyi(ziza)otzi(yizes)o)+ A1) (21 (yrz)atys (w1z)a+21(yr21)a)+
A+ D(@1(yiz)s +vi(eiz)s+ 21 (yres)3)] =0

3) (z1(y020))o = 0;

4) A+ 1)(z1(yoz0))x = —4yo(r120)1 + 20(yoz 1) 1)1;

5) (A+1)(z1(y020))x = —4(yo(z120)1 + 20(y071) 1)5;

6) [75(yoz0)]o = [zA(y020)]o = 0;

7) [ya(zo2r)1lo = [yx(wozy)

1
2

8) [zA(y020)]1 = [zx(¥020)]1 =

1 1
2 2

9) [yA(:I?oZA)%]A = [ys(zoz3)1]
10) [za(yo20)

11) [ya(zoza)1lx = [yxa(wo2y)

1
2
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12) [yo(z520)1 + 20(z390)1]5 = 0;

1
2

14) (=22A=1)((y1 (zoz1)r)o + (21 (woy1)a)o) + (=2A = 1)((y1 (woz1)3)o + (21 (z0y1)5)o) +
6(y1(zoz1)1)o + (21 (zoy1)1)o = 0;

15) (zA(y12z1)o)1 = (zx(y121)0) 1

16) (—6A—13)((y1 (waz1)o)a+ (21 (@ay1)0)a)+(=6A=2A=T)((y1 (zaz2)x)a+(z1 (2ay1) 2)x) +
(=22 = 12)((y1 (zaz1) 1)a + (21 (2ayn) 1)n) = 0;

17) (=6A=13)((y3 (z322)0)5+ (25 (2391)0)3)+H(=6A=22=T)((y1 (z521)2)5+(z1 (231)2)3) +
(=22 = 12)((y1 (z521) 1)5 + (21 (2391)1)3) = 0

18) (ya(zrzn) o+ (2aa(z1ya) )o = (Ux(r125) 1)o+(2x(21yx) 1)o = (a(z120) )5+ (2 (2 1yn)
(x(z123) )x + (25(21yx) 1)r = 05

19) (=142 = 6)((ya(z12n) 1)1 + (2a(@1ua) 1) 1) = 16A((ya(z120)0) 1 + (2a(z1yn)o)1 = O;

20) (—14X = 6)((ya(z123) 1)1 + (2ax(z19a)1)1) = I6A((Ua(z123)0)1 + (23 (z1y5)0)1) = 0;

21) (2a(yoz1)1)o + (21 (xay0) 1)o = (#x(y0z1)1)o + (21 (z390) 1)o = 0;

22) (z1(zago) 1)x + (o(xaz1) 1)x = (21 (2590) )5 + (Yo(2321) )5 = 0

23) (z1(zago)1)x + (Bo(zaz1)1)5 + (2a(2190)1)5 = 0;

24) (z1(zxy0)1)x + (o(z321) 1) + (2x(2190) 1) = 0

25) (—18\ — 2\ + 5)(2a(@3%0) 1)o + + (—18X — 2\ + 5)(x5(2x50) 1 )0 = 0;

26) (—3A + 1)(2a(3y0)1)1 + (=33 + D(xx(2ay0) 1)1 = 0;

27) (2a(exy0) )5 = (25(2ag0) 1)x = 0;

28) (12X — 21+ 4)(za(2391) )0 + (128 — 22+ ) (3 (2a1)1)o = 0

29) (—12M46)(2a(z3y1) 1) 1+(=120+6) (w5 (2ay1) 1) 1 —16A(2x (231 )0) 1 —16A (x5 (2091 )0) L

0;

30) (aa(zsy1)1)x = (zx(22y1)

1
2
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Proof. Consider the identity of Proposition 1. Setting x =e, y € Ay, 2 € Ag, t € A,,
we have respectively ey = ay, ez = 8z, et = vyt and:

doe(z(ty) + de(z(e(ty))) + dae(t(zy)) + de(e(z(ty))) + de(t(e(yz))) + de(e(t(yz)))+
dye(z(yt)) + 4Pe(t(yz)) + de(e(y(tz))) + 4ve(y(zt)) + 4Bey(tz)) + de(y(e(tz))+
8ya’t(zy) + 8yat(e(zy)) + 8yt(e(e(y2))) + 8vBt(e(y2)) + 8v8%t(yz) + dyat(zy)+
4yBt(yz) + 4Bz (ty) + 46%=(ty) + 85°2(ty) + dayy(at) + 8ar?y(t) + 4afy(tz)+
Sayy(e(zt)) + 8afy(tz) + 8afy(e(tz)) + Sae(e(tz)) + 863y (tz) + 46%y(tz) + 4By (tz)+
Ayt (yz) + 47t (y2) + 87 t(y2) + 86%2(ty) + 85°z(e(ty)) + 8Bz (e(e(ty))) + 482 (ty)+
86vz(e(yt)) + 487v2(yt) + 8677 2(yt) = 282(ty) + 2z(e(ty)) + 2at(zy) + 2e(2(ty))+
2t(e(yz) + 2e(t(yz)) + 2vz(yt) + 26t(yz) + 2e(y(tz)) + 2yy(zt) + 2By(tz) + 2y(e(tz))(2)

T+

By setting o = 8 = v = 0, the relation (2) becomes

de(z(e(ty))) + de(e(z(ty))) + de(t(e(yz))) + de(e(t(y2))) + de(e(y(tz))) + de(y(e(tz))
= 2z(e(ty)) + 2e(2(ty)) + 2e(t(yz)) + 2e(y(t2)) + 2y(e(tz)) + 2t(e(yz) (3)

Since A3 C A1 according to Theorem 2, therefore the relation (3) becomes
2

de(e(z(ty))) + de(e(t(yz))) + de(e(y(tz))) = z(ty) + yltz) + tyz) (4)
Using the relations 7) and vi) of Theorem 2, relation (4) gives [z (ty)]% + ANz (ty)]n +
AN[z(ty))s + [Ey2)] s + AN [E(y2))a + 4N [E(y2)]x + [y (tz )}% + AN [y(t2)]n + AN2[y(t2)]; =
[2(ty)]1 + [2(ty)] +z(ty)ls + [t(y2)l1 + [Hy2)x + [Hy2)l5 + [y ()]s + [y(E2)Ix + [y(E2)]5

which implies that

{(4{\2 — D([=(ty)]x + [ty2)Ix + [y(E2)])) =

(42 = D ([=(ty)]x + [ty2)]x + (t2)]5) =

As 4N* =1 # 0 and 43* — 1 # 0, then [2(ty)]x + [t(y2)]x + [y(t2)]x = [2(ty)]x + [t(y2)]x +
[y(tz)]5 = 0; posing t = xo;y = yo; 2 = 20, we have (1).

By proceeding in a similar way, we find the other identities.

the following two results are immediate consequences of Lemma 1 and Theorem2.

Corollary 1. If Ay = 0, then A2 C Ay @A)\, A1A>\ C A1 @AN A1A>\ C Al @ Ay,

A3 = A2 Ay\Ax =0 and for all 3:1 € A1 Ty € AA, Ty € A)\ the following zdentztzes are
verified:

i) [+ Doy @)+ G+ Doy @)l = 0

T
2

i) (204 3)(2y (232)3)x + (A 6) (23 (2322)1)a = 0;

N
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iif) (2A +3)(z1(z125)2)5 + A+ 6)(1(z125)1)5 = 0;

N

1 1
2 2
iv) a:A(x)\a:%) =0;

v) ax(exey) = 0;

vi) (za(z321))5 = 0;

vii) (x;\(m\x%))A =0;

viii) (2 — 1)3:,\(x5\x%) + (2\ — 1)x5\(a:>\x%) =0.

Corollary 2. If Az = 0 with o € {\, \}, then the following identities are verified:

i) (1223 (23)o) + 3(a + Dy (63)a)] = 0

i) (o -+ (a3 (23)1) + 8(zo(wos )1 )] = 0;

iV) [(—4a = 2)(21 (2071 )a) + 12(21 (2021)1)]0 = 0;

V) [(6a +13)(21 (zaz1)o) + (20 + 12) ()1 (2az1)1)]a = 0;
Vi) [(7a +3)(2a(mar1)1) + 8a(za(waz1)o)]s = 0;

Jo = [Ta(z07a)1]0 = [xa(:z:%xa)

1
2

In [4], the author give Peirce decomposition of a principal train algebra

Theorem 3. (see Theorem 1, [4]) Let (A,w) be a principal train algebra with an idempo-
tent e and with principal train polynomial P(X) = (X —1)(X — A1) - (X = A1) (the \;
are two by two distinct). Then A splits into the direct sum A = Ke® Vi @ Vo @ --- @ Vg
where Vi = N N (Le — 7iig), Le : A — A, z—ex,ig: A— A, x — x.

In [7] the authors gave a characterization of principal train algebras of rank 4.

Theorem 4. (Theorem 5, [7]) Let (A,w) be a baric algebra. The algebra A is a principal
train algebra of rank 4, with principal train polynomial X (X — 1)(X — A)(X — A2) where
A1 and Ao different and different from %, if and only if:

1) A possesses an idempotent e and, with respect to e, it has the Peirce decomposition
A=Ke® Uy ® Uy, ® Uy, where Uy = {x € kerw,ex =iz} (i € {1/2,A1,\2})
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2) U 1/2 C U\, ®Uxy, UpppUyy CU @ Uy, UpppUysy, CUp® Uy, Ufl C Uy,, U)\22 Cc Uy,
Uy, Uy, = 0,(U)\1 S5) U>\2)3 =0.

3) For all x € kerw, u € Uy 9, v € Uy, and w € Uy,, the following relations are verified:

(i) (3 —X2)(w(u?)x)1y2 + (5 — M) (w(w?)r,) 2 5
(i) (A = A2)(u(uv)yj2)r, + (A1 — 3)(u(wv)a)r,
(iii) (Ao — M) (u(ww)yja)a, + (A2 = ) (u(ww)r)y, ;
(iv) (1=2Xo)(v(uv))12 + (A1 — §)uv? ;

(v) (1= 2X1)(w(uw))12 + (A2 — §uw? ;

(vi) (3 — A1) (v(uw)yo)1/2 + (5 — A2) (w(uv)1 )12 ;
(vii) (A — A2)

(w(uv)y2)a + (A1 = 3)w(uv)y, ;
(viii) (A2 — A1) (w(wv)1j9)x, + (A2 — 5)w(uv)y, ; where (x); denotes the projection of
x € kerw onto the subspace U;, i € {%, AL, Ao}
(iz) =t = 0.

3. Relation with principal train algebras

Proposition 2. Let A = Ke® Ao ® A1 ® A\ @ A5 an algebra satisfying the identity
2
2220t = w(x)?xt + w(x)*2?. If AL =0 then A is a principal train algebra satisfying the
2

equation ° — Jw(z)zt + w(z)?23 — 3w(x)32? = 0.

Proof. A% being zero, we have A2 = A%\ = A/z\ = A)\Ap = A5A40 = A54, = 0.
For z = e+ o + ) + 5, we have 2?2 =e+ 2 xy + 25@;\, 2 = e — 3z — 3zy, zt =
e —2\x\ — 2Azy, 2° = e + (2A + 3)2\ + (2X + 3)73. So, 2° — Fat + 23 — 322 = 0 and we

obtain 2° — Jw(z)z! + w(z)?2® — Sw(z)32? = 0 because the set of elements of weight 1 is

dense in A according to Zariski’s topology.

Proposition 3. Let A = Ke® Ag @A% @A) ® A5 be a Peirce decomposition of an algebra

satisfying the identity 2z%x* = w(z)?2* + w(z)*x?. If Ag = Ag = 0 with a € {), j\}, then
A checks the train equation

— (1 + a)w(z)z? + aw(z)*x = 0.

Proof. Let A = Ke@® Ay & A1 & Ay & A5 be an algebra satisfying the identity
22274 = w(r)?at + w(x)a?. Suppose2 Ag=A5=0.
Let = e+ x1 + x) be an element of weight 1 of A. By exploiting the relations of the
Corrolary 2, W; have: z2 = e—i—x% —1—2)\95)\4—372l —1—233%@\, 22—z = (2/\—1)&7)\4—:62l —1—233%@\,
r(x? — 1) = )\xé + (2202 = N)z) + 2)\$Xx% - Mz? — ), so x(z? —2) = )\(x22— x) and
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23— (14+X)2? + Az = 0. Since the set of elements of weight 1 is dense in A by the Zariski’s
topology, then for any z in A, we have 3 — (1 + A\)w(z)2? + Aw(z)?z = 0. The proof is
similar when we assume Ag = Ay = 0.

Theorem 5. Let A be an algebra satisfying the identity 2z%x* = w(x)?x? + w(x)*x?;
then A is a principal train algebra of rank 3 if and only its train equation is of the form
23 — (1 +y)w(z)z? + yw(x)?z = 0, where v € {0, \, A}

Proof. Let A be an algebra satisfying the identity 2z22* = w(x)?2? + w(z)*a2?.
Suppose A is a principal train algebra of rank 3, its equation is

—(1+a)w@)z® +aw(x)’c =0 with a€K (5)
And a partial linearisation of (5) gives us
22y + 2x(2y) — (14 o) [w(y)z? + 2w(z)zy] + a2w(zy)z + w(x)?y] =0 (6)

setting y = z* in (6), we have

222t + 225 — (1 + a)w(z)*2? — 2(1 + a)w(z)z’ + 20w(z)z + aw(z)?z? = (7)
or 22% = 2(1 + a)w(z)2® — 2aw(z)?z?, we also know that 2%zt = Lw(z)?z? + Jw(z)iz?;
substituting 22% and x?2* by their expressions in (7), we get

1 1
(5 — a)w(z)2xt — (5 + a)w(z)*z? + 2aw(z)’z = 0 (8)

We can notice that 23 = (1+a)w(z)2? — aw(z)?z; which implies that z* = (14 a)w(x)x® —
aw(z)?2? = (1 + a+ o®)w(z)?2? + (—a? — a)w(z)3z. Substituting x* by its expression in
(8), we get
sa(202+a+3)w(z)? (m2—w( )x) = 0. The algebra A being of rank 3, then 22 —w(x)x # 0
Wthh implies that —1a(20? + a +3) = 0 hence « =0, a = X or o = \.
Conversely, suppose that A is a principal train algebra of train equation

— (1 +a)w(x)z? +aw(x)?r =0 with o€ {0,\\} 9)

If « = 0, A is a Bernstein Jordan algebra (see [10]) and therfore satisfies the identity
22%2% = w(r)?r? + w(x)*2? (see [11]).
For av = A, the partial linearisation of (9) gives us

22y 4 2x(zy) — (14 N [w(y)z? + 2w(@)zy] + A\2w(zy)z + w(z)?y] =0 (10)

= =220 +(1+A) [w(@) 2’ +2w(2)2%] - A2w(z) r+w(z) 2],
5—2)\w( )22t 4+ dw(z)?zt + (1 + Nw(z)2? — 2 w(z)®

2 4
)
()’ hence
4 _

By setting y = 2, we have
so 22zt = [~ 2x +2(1+)\) (x

(1 4+ Nw(z)*2? — 2 w(z)%z +
P20t bula)a~ Ju(a s <A2+2 Dula)s + (342 4 D(a)'a” - 2wz’
SO :c2x4 sw(@)iz? — tw(z)?a? = —2w(x ) 342X + 2)w(x)*2? — 2)w(x)®x. Therefore

2zt %w(x)4x2—%w(x)2 4= 2w(z)? ( — (A +Dw(z)2? + dw(z)?z) = 0 and A satisfies

the identity 2z%2* = w(z )23:4 + w(x)*22. The proof is similar for a = .
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Theorem 6. Let A = Ke ® Ay ® A1 ® A\ ® A5 be an algebra satisfying the identity
2

202zt = w(x)2x4 +w(x)42?; if A is a principal train algebra of rank 4, its train equation

1s one of the following forms:

i) 2t — (1 4+ y)w(r)z® + yw(z)?2? =0, v € {0,\,\};

i) 2! — lw(z)2d + w(z)?2? — Sw(z)dz = 0;

iif) o — (2 + w(@)a® + (4 + Inw@)2? - yw(@)e =0 ;v e {40}

V) 2t — (14 29)w(@)2 + 5(y + 2w(@)2? — v2(@)®e = 0 ; 7 € {\ A},

Proof. Let A = Ke® Ag ® A 1 @ A\ @ Aj be an algebra satisfying the identity
2222 = w(r)?x? + w(z)?2z?. Assuming that A is a principal train algebra of rank 4,
its train equation is of the form z* — (1 4+ a + B)w(z)z? + aw(x)?2? + Bw(x)3z = 0
with o, 8 € K so its minimal train polynomial is P(X) = X(X —1)(X —a1)(X — ) =
X4~ (1+ai+a2) X3+ (a1 +as+aras) X2 —ajae X ; we then notice that o = oy +as+ajae
and 8 = —aqas therefore

2t — (14 g + az)w(z)z® + (o + az + aaz)w(z)?2? — ajasw(z)3z =0 (11)

Now let us look at the different cases related to the train roots o and as:

1st Case: a1 # g, a1 # % and ag # %

By exploiting the theorem 5 of [7] and the theorem 1, we observe that A admits relatively

to an idempotent e, the following Peirce decomposition: A = Ke ® A1 & Ay, ® A, =
2

Ke® Ag® A1 & Ay & Ay then we have by identification aq, az € {0, A, A}. Indeed:

2

for ay = 0 and ag = X, (11) becomes 2! — (1 + Nw(z)z® + Iw(z)?2? = 0,

for a; =0 and ay = A, the equation (11) becomes

ot — (1 4+ Nw(z)z? + Aw(z)%x? =0, and

if ap = X and ap = A, (11) becomes z* — fw(z)z® + w(z)?2? — Sw(z)3z =0

2nd Case: a1 # as and a3 = %
Considering the theorem 1 of [4] and the theorem (1), it follows that A admits the follow-
ing Peirce decomposition: A = Ke ® A1 @ A,, with as € {0, A\, A\}. The train equation is
therefore one of the following forms: ’
For a; = 3 and as = 0, (11) becomes 2! — 3w(z)23 + tw(z)?2? = 0;

For a; = 1 and ay = ), the equation (11) becomes

at — (3 4+ Mw(@)z® + (5 + 3Nw(x)?2? — Faw(z)’s = 0;
For oy = %ﬁ and ag = A, (11) becomes B

2t = (3 + Nw(z)2® + (5 + 3N w(z)?2? — Fw(z)3z = 0.

3rd Case: a1 = a9, a1 # % and ag # %
According to the theorem 1 of [4] and as A admits nonzero idempotents, the Peirce de-
composition of A with respect to an idempotent e is
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A= Ke@A% ® B with B = NN Ker(l, — aiI)?. If B =0, we have z = ety and
22 = e+ x1 so 22 = w(x)r which is an elementary Bernstein algebra and this contradicts

2
the fact that A is a train algebra of rank 4. Otherwise, there are three possibilities. Indeed:
i) a1 = ag = 0 implies that the train equation of A is 2% — w(z)z® = 0;

ii) a1 = ag = X implies that the train equation of A is
' — (14 20 w(@)z? + A\ + 2)w(z)?2? — N2w(z)3z = 0;

i) ap = ay = ):\ implies that the train equation of A is
ot — (1420 w(x)2? + A\ + 2)w(z)%2? — Nw(x)3z = 0.

Definition 4. For any fixed o in K, we consider the map
oo K[X] - K[X], P— (X —a)P

We easily establish the following lemma.
Lemma 2. For a € C, we have ¢, 0 pa = ¢a © Pa

Theorem 7. Let A = Ke ® Ag ® A% @ A\ ® Ay be an algebra satisfying the identity
2222% = w(x)?2* + w(x)*2? such that Ag = 0. Let setting p = X% — X. If A is principal
train algebra of rank n > 5, its train equation is of the following form: cu(a;)"((gotx op3 o
go’lﬂ/Q)(u)(ﬁ) =0,7r>0,8>0,t >0 are integers and r +t+s=n — 2.

Proof. Let x = e + T3 + x) + x5 an element of weight 1 in A. We have 22—z =

:1:2% + (2A = Dzy + (2A — Dy + 2:17%33,\ + Qx%m;\. By setting 22 — x = ai +ax +ax with
ao € Ay, a € {\, A}, we show using Corollary 1 that there exists an integer r > 0 such
that cp’l"/z(,u)(x) = arx + a3, arx € Ay, and a, 5 € Ay. Similarly, there exists an integer
s > 0 such that () o gp’i/z)(u)(aﬁ) = by with b5 € As. Finally, for some integer ¢t > 0, we
have (p50pa0 (pg/Q)(,u)(x) = 0. The set of element of weight 1 being dense in A according
to Zariski topology, for any x in A, we have w(z)™((¢§ o ¢3 o go'l’/Q)(,u)(ﬁ) =0.
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