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1. Introduction

As a theory that deals with uncertainty, the fuzzy set theory was studied by Zadeh
in 1965 [12]. It has been applied to many areas, such as medical science, robotics, com-
puter science, information science, control engineering, measure theory, logic, set theory,
topology and others. In 1994, Zhang [13] introduced the concept of bipolar fuzzy sets. In
2000, Lee [8] extended a fuzzy set to theory of a bipolar fuzzy set whose function ranges
from the interval [—1,0] U [0, 1]. As application of the bipolr set theory affects and effec-
tiveness and efficiency of decision making. Therefore, it is used to solve problem related
to decision-making, organization problems, economic problems, and evaluation, risk man-
agement, environmental and social impact assessments. Later in 2012, S.K. Majumder [9]
studied the bipolar fuzzy set in I'-semigroups and integration properties of bipolar fuzzy
ideals in I'-semigroups. The ideal theory is an essential structures in semigroups and many
researchers have applied the knowledge of ideals in I'-semigroups studies in a fuzzy semi-
group. For example, Chinram et al. [1] studied almost quasi-T-ideal and fuzzy almost
quasi-I'-ideals in I'-semigroup, M. K. R. Marapureddy and PRV S. R. Doradla [7] investi-
gated weak interior ideals of I'-semigroups, S.K. Majumder and M. Mandal [4] examimed
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a fuzzy generalized bi-ideal in I-semigroups. In 2021, T. Gaketem and P. Khamrot [2]
discussed bipolar fuzzy weakly interior ideals in semigroups. In the same year, [11] A.
Simuen et al. studied a novel of ideals and fuzzy ideals of I'-semigroups. Recently, in
2022-2023, T. Gaketem and P. Khamrot [3, 5, 6] investigated propertes of a novel of ideals
on intuitionistic fuzzy ideals, cubic ideals and interval valued fuzzy ideals of I'-semigroups.

In this paper, we extend the new fuzzy ideal to the bipolar fuzzy ideal of I'-semigroups
and investigate their properties. We prove connection between almost ideals and bipolar
fuzzy almost ideals of I'-semigroups.

2. Preliminaries

In this section, we review some basic concepts that are necessary to understand our
section.

A sub-I'-semigroup of a I'-semigroup S is a non-empty set K of S such that KT'K C K.
A left (right) ideal of a I'-semigroup S is a non-empty set K of S such that STK C K
(KT'S C K). By an ideal of a I'-semigroup S, we mean a non-empty set of S which is
both a left and a right ideal of S. A quasi-ideal of a I'-semigroup S is a non-empty set K
of S such that KI['SNSTK C K. A sub-I'-semigroup K of a I'-semigroup S is called a
bi-ideal of S if KI'STK C K.

Definition 1. [11] Let S be a I'-semigroup, K be a non-empty subset of S and o, 5 € T.
Then K is said to be

[(D)]

(i) A left (right) almost ideal of I'-semigroup S which is a non-empty set K such that
(sSTK)NK #0((KTs)NK #0) for all s € S.

(i) An almost bi-ideal of I'-semigroup S which is a non-empty set K such that (KTsT'K)N
K #0 forall s € S.

(iii) An almost quasi-ideal of I'-semigroup S which is a non-empty set K such that (sST KN
KUs)NK #0 for all s € S.

(iv) A left a-ideal of a T'-semigroup S which is a non-empty set K such that SaK C K.
A right a-ideal of a T'-semigroup S is a non-empty set K such that KBS C K.

(v) An (a, B)-ideal of a I'-semigroup S which is a non-empty set K such that it is both
a left a-ideal and a right B-ideal of S.

For any m; € [0,1], i € A, define
V m; :=sup{m;} and A m;:= inf{m;}.
icA " 16}4){ i} icA " iEA{ i}

We see that for any m,n € [0,1], we have

mVn=max{m,n} and mAn=min{m,n}.
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Definition 2. [12] A fuzzy set & of a non-empty set T is a function £ : T — [0, 1].

For any two fuzzy sets £ and ¢ of a non-empty set T', define >, =, A, and V as follows:

(D)€ > ¢ = &(k) > (k) forallk e T,{=c& {>cands > ¢ (EAQ)(k) =
min{{(k),<(k)} = £(k)Ac(k) forallk € T, (§V<)(k) = max{{(k),<(k)} = £(k) V< (k)
for all k£ € T. For the symbol £ < ¢, we mean ¢ > £.

For any two fuzzy sets of £ and ¢ of a non-empty of T', we define the support of £ instead
of supp(§) = {k € T' | (k) # 0}, £ C < if £(k) < <(k), (EU<)(k) = max{{(k),<(k)} and
(€ENg)(k) = min{&(k),s(k)} for all k € T.
For any element & in a semigroup S, define the set Fj, by Fy, := {(y,2) € SxS | k = yz}.
For two fuzzy sets £ and ¢ on a semigroup S, define the product £ o ¢ as follows: for
all k € S,

\/ @) As(z)} it Fy #0,
(€0¢)(k) = { woen
0 if F,=0.

Definition 3. Let I be a non-empty set of a semigroup S. A positive characteristic
function and a negative characteristic function are respectively defined by

1 kel,
)\I:S—>[O,1],kr—>/\1(u)::{ 0 kel

The following definitions are types of fuzzy almost ideal on semigroups.

Definition 4. [11] A fuzzy set £ of a semigroup S and s € S, is said to be
[(@)]
(i) a fuzzy almost left (right) ideal of S if AsoENEF#0 (EoAsNEF#O0) forall s €S,

(ii) a fuzzy almost ideal of S if it is both a fuzzy almost left ideal and a fuzzy almost right
ideal of S for all s € S,

(iii) a fuzzy almost bi-ideal of S if o As0&NE#O forall s € S,
() a fuzzy almost quasi-ideal of S if As0&NEoAsNE #O.

Theorem 1. [10] Let & be a nonzero fuzzy set of a semigroup S. Then & is a fuzzy
subsemigroup (ideal) of S if and only if supp(§) is a subsemigroup (ideal) of S.

The following definitions are types of fuzzy subsemigroups on I'-semigroups.

Definition 5. [10] A fuzzy set & of a T'-semigroup S is said to be
[(@)]
(i) A fuzzy subsemigroup of S if {(uyv) > &(u) AE(v) for all u,v € S and v € T.
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(i1) A fuzzy left (right) ideal of S if {(uyv) > £(v) (§(uyv) > &(u)) for all u,v € S and
vel.

(iii) A fuzzy ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S.

(iv) A fuzzy bi-ideal of S if £ is a fuzzy subsemigroup of S and &(uyvfw) > &(u) A &(w)
for allu,v,w e S and~v,8 €T

Now, we review the definition of a bipolar valued fuzzy set and basic properties used
in the next section.

Definition 6. [8] Let S be a non-empty set. A bipolar fuzzy set (BF set)
& on S is an object having the form

§:={(k, & (k),§"(k)) | k € S},
where &P : S — [0,1] and £ : S — [—1,0].

Remark 1. For the sake of simplicity, we shall use the symbol & = (S;&P, &™) for the BF
set & = {(k,&P(k),&"(k)) | k € S}

The following presents an example of a BF set.

Example 1. Let S = {21,22,23...}. Define &P : S — [0, 1] as a function

0 ifu is an old number
P (u) = {

1 ifu is an even number
and " : S — [-1,0] as a function

n —1 if u is an old number
-]

0 if u is an even number.
Then & = (S;&P, &™) is a BF set.

For bipolar fuzzy sets £ = (5;&P,£") and ¢ = (S;¢P,¢™), define the products &P o ¢P
and " o¢™ as follows: For u € S

V {y) AP(2)} itk =yz
(&P o¢P)(k) = ¢ (w,2)EF,
0 if otherwise.

and

AN {"y) v (z)} ifk=yz
(€" 0¢")(k) =  wa)ER
0 if otherwise.

Definition 7. Let I be a non-empty set of a semigroup S. A positive characteristic
function and a negative characteristic function are respectively defined by
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1 kel
. Do) — )
AI.S—>[O,1],k:»—>)\I(u)._{O kel
and
n n -1 kel,
AP S = [-1,0],k — X} (k) ::{ 0 k¢l

Remark 2. For the sake of simplicity, we shall use the symbol A\ = (S; N}, A}) for the
BF set A\p == {(k, N} (k), N} (k)) | k € I}.

For u € S and (t,s) € [0,1] x [~1,0], a bipolar fuzzy point x(, ;) = (S; 7, 2%) of a set
S is a bipolar set of .S defined by

a:f(u)z t fu==x
0 ifu#zx

and

() s fu==zx
() =
B 0 ifu#x.

Next, we study the intersection of the BF set as defined.
Let &€ = (S;€P, &™) and ¢ = (S;¢P,¢"™) be BF sets of a semigroup S.
Define £ N¢ = (€7 N¢P, €™ N ™) where (P N¢P) (k) = EP(k) AP (k) and
("N (k) =&"(k) Vs (k) for all k € S.

Definition 8. [9] A BF set & = (S;¢P,£"™) on a I'-semigroup S is called a BF sub-
semigroup on S if it satisfies the following conditions: &P(uav) > &P(u) A EP(v) and
& (uaw) < €(u) vV E"(v) for allu,v € S and a € T.

The following presents an example of a BF subsemigroup.

Example 2. Let S be the set of all negative integers and I' be the set of all non positive
even intergers. Then S is a I'-semigroup by usual multiplication of integers.

Let &€ = (S;&P, &™) be a BF set of S, as defined follows

1 ifu=0 -1 ifu=0
&P(u) = —% ifu=-1,-2 and "(u) = % ifu=-1,-2
—L ifu< -2 L ifu< -2

Then & = (S;&P, &™) is a BF subsemigroup of S.

Definition 9. [9/ A BF set { = (S;&P,£™) on a I'-semigroup S is called a BF left (right)
ideal on S if it satisfies the following conditions: &P(uav) > &P(v) (€P(uav) > &P(u)) and
" (uav) < () (" (uaw) < "(w)) for allu,v € S and o € T
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3. New Types of Bipolar Valued Fuzzy Ideals

In this section, we define the bipolar fuzzy («a, 8)-ideal and study its basic properties.

Definition 10. Let £ = (S;¢P,£™) be a BF set of a I'-semigroup S and o, 3 € T'. Then
€= (S;&P, &™) is called

[(i)JA BF left a-ideal of S if £&P(uaw) > €P(v) and " (uaw) < "(v) for all u,v € S.
A BF right S-ideal of S if &P(upfv) > &(u) and £ (ufv) < £"(u) for all u,v € S. A
BF («, f)-ideal of S if it is both a BF left a-ideal and a BF right S-ideal of S. A
BF a-ideal of S if it is a BF (a, «v)-ideal of S.

Theorem 2. Let K be a non-empty subset of I'-semigroup S. Then K is a left a-ideal
(right B-ideal, (o, B)-ideal) of S if and only if A = (S; \he, N) is a BF left a-ideal (right
B-ideal, (o, B)-ideal) of S.

Proof. Suppose that K is a left a-ideal of S and u,v € S.

If v € K, then uav € K. Thus, M} (v) = A (uav) = 1 and
N (v) = A (uaw) = —1. Hence, X (uav) > M- (v) and N (uaw) < XNk (v).

If v ¢ K, then uav € K. Thus, M. (v) = A% (v) = 0 and M (uav) = 1, N (uav) = —1.
Hence, X (uawv) > X (v) and A (uow) < A (v).

Therefore, A = (S; A, A) is a BF left a-ideal of S.

Conversely, assume that Ag = (S; M, A\%) is a BF left a-ideal of S and u,v € S
with v € K. Then M. (v) = 1 and A(v) = —1. By assumption, Ay (uawv) > A (v) and
N (uow) < N (v) Thus, uav € K. Hence, K is a left a-ideal of S.

Theorem 3. The positive and negative of the intersection and union of any two BF left -
ideals (right B-ideals, (o, §)-ideals) of a I'-semigroup S is a BF left a-ideal (right B-ideal,
(a, B)-ideal) of S.

Proof. Let £ = (5;&P,€") and ¢ = (5;<P,¢") be BF left a-ideals of S and
let u,v € S. Then

(&P N ¢P)(uaw) = EP(uaw) A ¢P(uaw) > EP(v) AP (v) = (P N¢P)(v)

and
€" N¢")(uaw) = " (uav) V" (uaw) < " (v) V™ (v) = (§" N¢™)(v).
Similarly,
(&P U P)(uaw) = EP(uaw) V ¢ (uaw) > EP(v) V P (v) = (&P UP)(v)
and

(§" U ") (uaw) = £" (uaw) A" (uaw) < £"(v) A" (v) = (§" N<")(v).
Thus, £ N and £ Ug are BF left a-ideals of S.
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Theorem 4. Let { = (5;&P,£") be a BF set of a I'-semigroup S and & ) = (S;€7,¢m)
be BF point with & = {z € S | &(x) > I} and &, = {x € S | &h(x) < m}. Then
§ = (S;€P,€") is a BF left a-ideal (right B-ideal, (o, B)-ideal) of S if and only if & ) =
(S;€7.¢&mn) is a non-empty set and §um) 18 a left a-ideal (right B-ideal, (o, 3)-ideal) of S
for all (I,m) € (0,1] x [-1,0).

Proof. Suppose that £ = (5;&P,£") is a BF left a-ideal of S. Then &P(uar) > £P(r)
and {"(uar) < £"(r) for all u,r € S. Let (I,m) € (0,1] x [~1,0) be such that g,y # 0.
Let 7 € {,) and u € S. Then &P(r) > 1 and £"(r) < m. Thus, {P(uar) > £P(r) > 1 and
EP(uar) < € (r) < m. So, uar € §(,y,). Hence, {; ) = (S;€7,&m) is a left a-ideal of S.

Conversely, assume that £ ,) = (S;€P, &) is a left a-ideal of S if (I,m) € (0,1] x
[—1,0) and () # 0. Let u,v € S and [ = £P(v), m = " (v). By assumption, P(v) > [ and
§"(v) <m. Then v € (). Thus, § # 0. Hence, & is a left a-ideal of S. Since v € & )
and u € S, we have zav € ). Thus, £P(uav) > 1 = £P(v) and " (uav) < m = " (v).
Hence, £ = (S;&P,£") is a BF left a-ideal of S.

Next, we will define the («, 8)-product.
For BF sets £ = (S5;&P, &™) and ¢ = (S;¢P,<"), define the product &P o, ¢P and £" o, ¢
as follows: For u € S

V  {&LWy) AP (2)} ifu=yaz
(&P 0 ¢P)(u) = { (y,2)€Fu,
0 if otherwise.
and
/\ {gn(y) \ §n(2)} if u= Yoz
(€7 00 ™)(u) = { (W,0:2)EFu,
0 if otherwise,

where Fy,, = {(y,2) € S X T x S| u=yaz}, forue S and a €T.
Next, we define BF (o, 8)-bi-ideal and study its basic properties.

Definition 11. Let & = (S;&P,£™) be a BF set of a I'-semigroup S and «, 3 € T'. Then
§ = (S;€P,&") is called a BF («, B)-bi-ideal of S if EPoa NsogP > &P and £M o Nogg™ < &
where g = (S; X, \%) is a BF set mapping every element of S to [—1,1].

Theorem 5. Let K be a non-empty subset of I'-semigroup S. Then K is an («, 3)-bi-ideal
of S if and only if the characteristic function A\x = (S; N, N;) is a BF («, 8)-bi-ideal of
S.

Proof. Suppose that K is an («, §)-bi-ideal of S and KaSSK C K.
If u e KaSPK, then N (u) = (€7 oq X 0 &P)(u) =1 and

Afe(u) = (€ 0a Ag op £")(u) = —1.

Hence, (£ oq X 0 £7)(u) > €P(u) and (£ 0q A§ 0 £")(u) < " (u)
If u ¢ KaSPK, then N (u) = (£ oq X 0 &P)(u) = 0 and

Afe(u) = (€ 0a A 0p £")(u) = 0.

Hence, (£P oq Ng 05 €P)(u) > €P(u) and (§" oq NG 0g £")(u) < £™(u)
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Therefore, A = (S; M-, A) is a BF (o, 8)-bi-ideal of S.

Conversely, assume that Ag = (S; M-, \%) is a BF (o, 3)-bi-ideal of S and
u € KaSBK. Then (€7 oo X og €7)(u) = 1 and (€% oq A% 05 £7)(u) = —1.
By assumption, (£ oq X 0 &P)(u) > £P(u) and (£ oq NG 05 £™)(u) < £™(u).
Thus, u € K. Hence, K is an («a, §)-bi-ideal of S.

Theorem 6. The positive and negative of intersection of any two BF («, )-bi-ideals of
a T-semigroup S are a BF («, 3)-bi-ideal of S.

Proof. Let & = (S;&P, &™) and ¢ = (S;<P,¢™) be BF («, 3)-bi-ideals of S and u € S.
Then

(€7 N6P) oa NG og (€7 NP))(u) > (€7 0a NG 05 £7)(u) A (sP 0a Ng 05 6)(u) > (€PN ¢P)(u)
and
(67 16" 00 X 05 (€7 N16™M)) () < (€7 00 A 05 €")(u) V (6" 00 N 05 5™)(w) < (€7 N6")(u).

Thus, £ N¢ is a BF (a, 8)-bi-ideal of S.

Theorem 7. Let & = (S;€P,£") be a BF set of a T-semigroup S and &g ) = (S;€],&m)
be BF point with & = {z € S | &(x) > I} and &}, = {x € S| & (x) < m}. Then
§=(5;€P,&") is a BF (a, B)-bi-ideal of S if and only if {1 m) = (S;€0, &) is a non-empty
set and & ) 15 an (a, B)-bi-ideal of S for all (I,m) € (0,1] x [~1,0).

Proof. Suppose that & = (S;&P, &™) is a BF («, 8)-bi-ideal of S. Then &P (uavfw) >
EP(u)AEP(w) and " (uavPfw) < ™ (u)VE™ (w) for all u,v,w € S. Let (I, m) € (0,1]x[—1,0)
be such that £ ,,) # 0. Let u,w € { ) and v € S. Then &P (u) > 1, &P(w) and £"(u) < m,
€n(w) < m. Thus, & (uavfw) > &(u) A &(w) > L and & (uavBuw) < €(u) V €"(w) < m.
So, uavfw € &y, Hence, £ ) = (S;€7, &) is an (a, B)-bi-ideal of S.

Conversely, assume that £,y = (S;&/,&,) is an (a, §)-bi-ideal of S if (I,m) € (0,1] x
[—1,0) and &g ) # 0. Let u,v,w € S and | = &P(u), | = &P(u), m = £"(u), m = {"(w).
By assumption, &P(u) AEP(w) > I and £"(u) VE™ (w) < m. Then u,w € & ). Thus, § # 0.
Hence,  is an (o, B)-bi-ideal of S. Since u,w € §(,,) and v € S, we have uavfw € §( -
Thus, £P(uavBw) > 1 = €P(u) A £p)(w) and £ (uavfw) < m = £"(u) V €*(w). Hence,
€= (S;¢&P, &) is a BF («, §)-bi-ideal of S.

Next, we define a BF (a, 8)-quasi-ideal and study its basic properties.

Definition 12. Let & = (S;¢P,£") be a BF set of a I'-semigroup S and o, € T'. Then
£ = (S;¢P,&") is called a BF (o, B)-quasi-ideal of S if N oq &2 N EP og Mo C &P and
NG oq EMUE™ og NG D £

Theorem 8. If £ = (5;&P,&") and ¢ = (S;¢P,¢") is a BF left a-ideal and a BF right
a-ideal of a I'-semigroup S, respectively, then £ N ¢ is a BF a-quasi-ideal of S.
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Proof. Let & = (S;£P,£™) and ¢ = (S;¢P,¢") is a BF left a-ideal and a BF right a-ideal
of S, respectively. Then ¢P on &P C X o4 € C &P and P o, &P C P 04 G C ¢P. Thus,
¢Poq &P C EP NP, So,

)\g O ('Sp N §p) N (ép N gp) Oq )\g - )\g' Oq (fp N gp) O )\g c é.p NP

Thus, &2 NP is a BF a-quasi-ideal of S. Similarly, we can show that £&" N¢™ is a BF
a-quasi-ideal of S. Hence, £ N¢ is a BF a-quasi-ideal of S.

Theorem 9. Every BF («, 3)-quasi-ideal of I'-semigroup S is the intersection of a BF
left a-ideal and a BF right 5-ideal of S

Proof. Let £ = (S;£P,£") be a BF (a, #)-quasi-ideal of S.
Consider ¢ = &P U (M oy €P) and ¢" = £" U (A% o4 ") where ¢ = (S;¢P,¢™), kP =
EP U (EP og N) and K™ = €™ U (£ og AY) where k = (S; kP, k™). Then

/\g oq P = )‘g O« ({p U (/\]g* Oa fp)) - (/\]g* Oa fp) U (Ag Oa ()\g On §p>)
(V00 ) U (V00 NB) 00 €7) = (M 00 7) U (X 0 &7)
C LU o, &P) =P

And

(EP U (&P 0g ML) 0q Al = (EP 0q Alg) U (P 0 N 0g AY)
= (&P oq )‘g‘) Ul og ()\% Oa Ag) = (§7 oa )‘g) U (€F o3 )\%)
C U (o N) = KP.

kP og )\g

Similarly, we can show that A\¢ o, ¢ 2 ¢" and k" og A D k™.
Thus, ¢ = (S;¢P,¢") and k = (S; kP, k™) is a BF left a-ideal and a BF right -ideal of S.
Now,

EP C (P U (N0 &) N (EP U (EP 0g NG)) = P N kP

and
AR = (€U (N 0a €)) N (E7U (705 A5)) = €N (W 0a &) U (705 ) € N7 =

Hence, &P = ¢P N kP. Simlarly, we can show that " = ¢™ N k™.

Theorem 10. Let K be a non-empty subset of I'-semigroup S. Then K is a («, 5)-quasi-
ideal of S if and only if the characteristic function Ak = (S; M-, \%) is a BF (a, 3)-quasi-
ideal of S.

Proof. Suppose that K is a («, 5)-quasi-ideal of S and u € S.
If u e (SaK)N (KBS), then u € K. Thus, - (u) =1 and X% (u) = —1.

Hence, (M} 0a X&) N (M og AB))(w) < N (u) and (A% oq M%) U (A 0 N%))(u) > N (u)
If u ¢ (SaK)N (KBS), then A (u) = 0 and X (u) = 0.

Hence, ((Af 0q M) N (MG 0g ML) (u) < M (u) and (A% oq A%) U (A& og NE))(u) > Ak (u).
Therefore, A = (S; M, A) is a BF (o, 8)-quasi-ideal of S.
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Conversely, assume that Ag = (S; M, A};) is a BF (o, )-quasi-ideal of S and
u € (SaK) N (KBS). Then (A oq X&) N (N0 AL))(u) =1 and
(WL oq X&) N (A% og A))(u) = —1. By assumption, (N, oq M) N (M og M) (u) < N (u)
and (A% 0q AG)U(AGog A% )) (1) > N (u). Thus, u € K. Hence, K is an (a, 3)-quasi-ideal
of S.

4. New Types of Bipolar Fuzzy Almost Ideals

Definition 13. Let £ = (S;&P,&™) be a BF set of a I'-semigroup S, and o, 8 € T' is said
to be

[(@)]
(i) A BF almost left a-ideal of S if (x} 04 EP) NEP # 0 and (2 04 ) V E™ £ 0.
(ii) A BF almost right S-ideal of S if P og () ANEP # 0 and (™ og 2) V " # 0.

(i1i) A BF almost («, 8)-ideal of S if it is both a BF almost left a-ideal and a BF almost
right B-ideal of S.

Theorem 11. If{ = (S;&P, &™) is a BF almost left a-ideal (right f-ideal, (o, B)-ideal) of
a D-semigroup S, and ¢ = (S;<P,¢") is a BF set of S such that £ C ¢, then ¢ = (S;¢P,¢")
is a BF left almost a-ideal (right B-ideal, (o, B)-ideal) of S.

Proof. Suppose that & = (5;&P,£"™) is a BF almost left a-ideal of S, and ¢ = (S;¢P,¢™)
is a BF set of S such that £ C¢. Then (2} o, €P) A P #£ 0 and (27 o, ") V " # 0. Thus,
(@F 00 EP) NEP C (2F 04 P) AP # 0 and (27 04 ™) V € C (27 04 ¢™) V 6™ # 0. Hence,
¢ =(S;¢P,¢™) is a BF left almost a-ideal of S.

Theorem 12. Let K be a non-empty subset of I'-semigroup S. Then K is an almost left
a-ideal (right (-ideal, (o, 8)-ideal) of S if and only if the characteristic function \g =
(S; Ab, N) is a BF almost left a-ideal (right S-ideal, (v, 8)-ideal) of S.

Proof. Suppose that K is an almost left a-ideal of S. Then uaK NK # () for all u € S.
Thus, there exists v € uaK and v € K. So, (2} oo Ab.)(v) = M, (v) =1 and
(27 0q N )(v) = AN(v) = —1. Hence, (zf oq Ni) AN # 0 and (27 o4 A) V AL # 0.
Therefore, Ax = (S; N5, A%, ) is a BF almost left a-ideal of S.

Conversely, assume that Ag = (S; M}, \%) is a BF almost left a-ideal of S and u € S.
Then (2} oq Ab-) AN # 0 and (22 o4 %) V A% # 0. Thus, there exists 7 € S such that
(2} oa M) AN (r) # 0 and ((xf oq N%) V AE)(r) # 0. Hence, r € ua N K implies
uaK N K # (). Therefore, K is an almost left a-ideal of S.

Next, we review the definition of supp(§), and we study the properties between supp(§)
and BF almost left a-ideal (right S-ideal, («, 5)-ideal) of I'-semigroups.

Let £ = (S;£P,£™) be a BF set of a non-empty of S. Then the support of £ instead of
supp(§) = {u € S| £(u) # 0} where &P(u) # 0 and £"(u) # 0 for all u € S.



P. Khamrot, T. Gaketem / Eur. J. Pure Appl. Math, 16 (3) (2023), 1592-1607 1602

Theorem 13. Let £ = (S;EP,£™) be a BF set of a non-empty of a T'-semigroup S. Then
&= (5;&P,&") is a BF almost left a-ideal (right B-ideal, (o, B)-ideal) of S if and only if
supp(&) is an almost left a-ideal (right -ideal, (o, B)-ideal) of S.

Proof. Let £ = (S;&P,&™) be a BF almost left a-ideal of S and w € S. Then
(af 04 EP) NEP # 0 and (27 0, ™) V " # 0. Thus, there exists r € S such that
(2} 04 EP) A EP)(r) # 0 and ((a® o4 £") V €")(r) # 0. So, there exists k € S such that
r = uak, 28 (r) # 0, 2%(r) # 0 and act( ) # 0, 22 (k) # 0. It implies that r, k € supp(§).
Tl;us (:c; g )\fupp(f))( ) # 0, (2% 0a Al (1) # 0, and A oo(6) 7 05 Alupp(e) 7 0. Hence,
(xf on )\supp(f)) A Asupp(£ # 0 and (27 o, Adupp(e )) v )‘supp(g 7& 0. Therefore, Agupp(e)
BF almost left a-ideal of S. This shows that supp(€) is an almost left a-ideal of S.

Conversely, let supp(&) be an almost left a-ideal of S. Then, by Theorem 12, A

supp(§)
is a BF almost left a-ideal of S. Thus, (2} o, )\supp( )) A )‘supp(g # 0 and (27 o, )‘supp(g)) \

)\’S@upp@) # 0. So, there exists r € S such that ((z o, )‘supp(g)) A /\Ts’upp )(r) # 0 and
((x’;oa)\gupp(é))\/)\supp( ))(7‘) # 0. It implies that («f oa)\sup )( ) # 0, (x}0q Supp({))(r) +
0 and X (r) # 0, X% (r) # 0. Thus, there exists k € S such that r = uak, z(r) # 0,

zy(r) # 0 and JUf(k) # 0, 23 (k) # 0. Hence, (zf 0q ) AEP # 0 and (23 0 &) V" # 0.
Therefore, £ = (S;&P, &™) is a BF almost left a-ideal of S.

is a

Definition 14. An almost ideal I of a I'-semigroup S is called minimal if for every almost
ideal of J of S such that J C I, we have J = 1.

Definition 15. A BF almost left a-ideal (right B-ideal, (v, §)-ideal) & = (S;&P, &™) of
a T'-semigroup S is minimal if for all BF almost left a-ideal (right -ideal, (o, §)-ideal)
¢ =(S;¢P,¢™) of S such that ¢ C &, then supp(s) = supp(§).

Theorem 14. Let K be a non-empty subset of a I'-semigroup S. Then K is a minimal
almost left a-ideal (right B-ideal, (o, B)-ideal) if and only if \x = (S; No-, Nk) is a minimal
BF almost left a-ideal (right f-ideal, (o, B)-ideal) of S.

Proof. Suppose that K is a minimal almost left a-ideal of S. Then K is an almost
left a-ideal of S. Thus, by Theorem 12, Ag = (S; M5, \%) is a BF left a-ideal of S.
Let ¢ = (S;¢P,¢™) be a BF left a-ideal of S such that ¢ C £. Then, by Theorem 13,
supp(s) is an almost left a-ideal of S. Thus, supp(s) C supp(Ax) = K. By assumption,
supp(s) = K = supp(Ag). Thus, A = (S; Ah, \) is a minimal BF almost left a-ideal of
S.

Conversely, suppose that Ax = (S; M-, \%) is a minimal BF almost left a-ideal of S.
Then, by Theorem 12, K is an almost left a-ideal of S. Let J be an almost left a-ideal of
S such that J C K. Then by Theorem 12, Ay = (S;A), \") is a BF left a-ideal of S such
that Ay C Ag. Thus, J = supp(\;y) = supp(Ax) = K. Hence, K is a minimal almost left
a-ideal of S.

Corollary 1. Let S be a T'-semigroup S. Then S has no proper almost left a-ideal (right
B-ideal, (c, B)-ideal) of S if and only if for any BF almost left a-ideal (right [(-ideal,
(a, B)-ideal) £ = (S;€P,€") of S, supp(€) = S
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Next, we define the BF almost (o, 3)-quasi-ideals, and we study their properties.

Definition 16. Let £ = (S;&P,£™) be a BF set of a I'-semigroup S, and o, € T' is said
to be a BF almost (a, )-quasi-ideal of S if (§ oa T(t5)) N (%(,5) 08 &) # 0.

Theorem 15. If{ = (5;&P,£") is a BF almost («, §)-quasi-ideal of a I'-semigroup S, and
¢ = (5;¢P,¢") is a BF set of S such that § C <, then ¢ = (S;¢P,¢") is a BF («, 8)-quasi-
ideal of S.

Proof. Suppose that & = (5;&P,£") is a BF almost (a, 8)-quasi-ideal of S, and
¢ = (S;¢P,¢™) is a BF set of S such that £ C . Then (2} o £P) A (€P o ) # 0 and
(27 0n €7) V (€7 05 aT) # 0. Thus, (28 00 &) A (€7 05 27) C (27 00 <P) A (<P 05 27) £ 0,
and (z} o4 £") V (" og a}) C (27 0 ™) A (s 0g z?) # 0. Hence, ¢ = (5;¢P,¢") is a BF
(a, B)-quasi-ideal of S.

Theorem 16. Let K be a non-empty subset of I'-semigroup S. Then K is an almost
(a0, B)-quasi-ideal of S if and only if the characteristic function A\ = (S; N, \%) is a BF
almost («, B)-quasi-ideal of S.

Proof. Suppose that K is an almost («, 5)-quasi-ideal of S. Then
(Kau) N (upK) N K # ( for all u € S. Thus, there exists v € (Kau) N (ufK) and
v € K. So, ((a} oq M) A (Mh og af))(v) # 0 and ((2f oq A%) V (A% op 2%))(v) # 0.
Hence, (Ak oa (15)) N (T(15) 0 Ax) # 0. Therefore, A = (S; N, \i) is a BF almost
(a, B)-quasi-ideal of S.

Conversely, assume that Axg = (S; M, A\%) is a BF almost (o, 3)-quasi-ideal of S
and v € S. Then (Ax oa (1) N (T 0 Ax) # 0. Thus, there exists r € S such
that ((af oq Ab) A (M 0g 27))(r) # 0 and ((af oq A%) V (A% og 27))(r) # 0. Hence,
r € (Kau) N (uBK) N K implies (Kau) N (ufSK) N K # (. Therefore, K is an almost
(a, B)-quasi-ideal of S.

Next, we study the properties between supp(§) and a BF almost («, §)-quasi-ideal of
I"-semigroups.

Theorem 17. Let £ = (S;&P, &™) be a BF set of a non-empty of a I'-semigroup S. Then
& = (S;€P, &™) is a BF almost («, B)-quasi-ideal of S if and only if supp(€) is an almost
(a, B)-quasi-ideal of S.

Proof. Let £ = (S;£P,£™) be a BF almost (a, 8)-quasi-ideal of S and u € S. Then
(A 0a®(,5) N (T (1,5)08 MK ) # 0. Thus, there exists r € S such that (P oq21) N (w105EP) # 0
and (" oq xs) U (x5 08 ") # 0 So, there exists k1, ko € S such that r = kjau = ufks,
2P (r) # 0, 2%(r) # 0 and 2% (k1) # 0, 27(k1) # 0. It implies that r, k1, k2 € supp(€). Thus
(67 0a ) N (w1 05 E7))(r) # 0 and X oy # 0. Similalry, (§" o @5) U (25 05 £")(r) # 0
and Al pe) 7 0- Hence, (A0 e) 0 2) 1 (205 Alipp(e) 0 Mupp(ey # 0 and () O
© # 0. Therefore, Agupp(e)

) U (27 op )‘gupp(g)) U A p is a BF almost («, 5)-quasi-ideal
of S. This shows that supp(¢) is an almost («, 3)-quasi-ideal of S.
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Conversely, let supp(§) be an almost (o, 5)-quasi-ideal of S. Then, by Theorem 16,

Xsupp(¢) 1S @ BF (o, §)-quasi-ideal of S. Thus, [()‘Z;upp(g) ot )N (2 OB)‘supp(g))] supp(§ #0

and [()‘supp(f) a ) N (2 op )‘supp(g))] N App(ey 7 0- So, there exists r € S such that

[(/\Zs)upp(é) oay) N (27 0 Asupp(é)” ﬁ)‘Sulop £)< ) # 0 and ([()‘Zum)( ¢) Qs $)N(agop )‘suz?p( ))] N
)\gupp(g))(r) # 0. It implies that ((Asupp(e) o Tt) N (Tt 0 Asupp(e))) (1) # 0 and, Ak (r) # 0.
Thus, there exist ki, ky € S such that r = kjau = ufke, £P(r) # 0, £"(r) # 0, and
gp(k.) 7£ 0, gn(k,) 7£ 0. Hence, (gp O« xt) N (:Et °p Ep) 7& 0, and (é'n O« '1:8) U (1’3 o gn) 7& 0.
S0, (€ 0a T(1,s)) N (T(1,s) 05 &) # 0. Therefore, £ is a BF almost («, 3)-quasi-ideal of S.

Definition 17. A BF almost («, 3)-quasi-ideal § = (S;&P,&™) of a T'-semigroup S is
minimal if for all BF almost («, 5)-quasi-ideal ¢ = (S;¢P,s™) of S such that ¢ C &, then
supp(s) = supp(§).

Theorem 18. Let K be a non-empty subset of a I'-semigroup S. Then K is a minimal
almost (e, B)-quasi-ideal if and only if A = (S; N, Nt) is a minimal BF almost (c, B)-
quasi-ideal of S.

Proof. Suppose that K is a minimal almost («, §)-quasi-ideal of S. Then K is an almost
(o, B)-quasi-ideal of S. Thus, by Theorem 16, A = (S; A2, A%) is a BF (a, 8)-quasi-ideal
of S. Let ¢ = (S;¢P,¢™) be a BF («, 8)-quasi-ideal of S such that ¢ C Ag. Then, by
Theorem 15, supp(s) is an almost («a, §)-quasi-ideal of S. Thus, supp(s) C supp(Ax) = K.
By assumption, supp(s) = K = supp(Ak). Thus, Ax = (S; A}, \%) is a minimal BF almost
(a, B)-quasi-ideal of S.

Conversely, suppose that A = (S; M-, \%) is a minimal BF almost (c, 3)-quasi-ideal
of S. Then, by Theorem 17, K is an almost («, 5)-quasi-ideal of S. Let J be an almost
(v, B)-quasi-ideal of S such that J C K. Then, by Theorem 17, A\; = (S; A\, A7) is a BF
(o, B)-quasi-ideal of S such that A\;j C Ag. Thus, J = supp(As) = supp(Ax) = K. Hence,
K is a minimal almost («, )-quasi-ideal of S.

Corollary 2. Let S be a I'-semigroup. Then S has no proper almost («, 3)-quasi-ideal of
S if and only if for any BF almost («, 8)-quasi-ideal £ = (S;&P, &™) of S, supp(§) =

Next, we define the BF almost («, 5)-bi-ideals and we study their properties.

Definition 18. Let & = (S;&P,£™) be a BF set of a I'-semigroup S, and o, € T' is said
to be BF almost (c, 8)-bi-ideal of S if (§P oq 2t 0gEP)AEP # 0 and (€M oq ™0z E™)VE™ # 0.

Theorem 19. If £ = (5;&P,&™) is a BF almost («, 5)-bi-ideal of a I'-semigroup S, and
¢ =(S;¢P,¢™) is a BF set of S such that £ C g, then ¢ = (S;<P,<™) is a BF («, 3)-bi-ideal
of S.

Proof. Suppose that & = (S;¢P,£") is a BF almost (a, 8)-bi-ideal of S, and ¢ =
(S;6P,¢™) is a BF set of S such that £ C¢. Then (£P o, z} 05 EP) ANEP # 0, and (£" 0, 2" 0
EM)VEM £ 0. Thus, (€700 28 05E7) AEP C (P00 a? 0p6P) AGP # 0, and (€% oq 27 05 E™) VE™ C
(™ oq & 0g ™) V¢™ # 0. Hence, ¢ = (S;¢P,¢") is a BF (a, 8)-bi-ideal of S.
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Theorem 20. Let K be a non-empty subset of I'-semigroup S. Then K is an almost
(a0, B)-bi-ideal of S if and only if the characteristic function A\g = (S;Ah-, N%) is a BF
almost (a, B)-bi-ideal of S.

Proof. Suppose that K is an almost (o, 3)-bi-ideal of S. Then KaufSK NK # () for all
u € S. Thus, there exists v € KaufK and v € K. So, (A}, oq af 0g M) (v) = A (v) =1,
and (A% oq 22 05 AN%))(v) = Ni(v) = —1. Hence, (N oq 2} 0g Ab.) A XE- £ 0 and
(N oq 2l 0g N) V X # 0. Therefore, A = (S; M, A)) is a BF almost («, 8)-bi-ideal of
S.

Conversely, assume that Ag = (S; M\, \%) is a BF almost («, §)-bi-ideal of S, and
uw € S. Then (N oq 2} 0g MNi-) AXE- £ 0, and (A} 0q 27 0g N ) V A # 0. Thus, there exists
r € S such that (AP oq 2} 0g Xb ) AN ) (1) # 0, and (A oq 2% 0g AL) VA% ) (1) # 0. Hence,
r € KaufK N K implies that KauBSK N K # (. Therefore, K is an almost («, 3)-bi-ideal
of S.

Next, we study the properties between supp({) and a BF almost (a, 3)-bi-ideal of
I'-semigroups.

Theorem 21. Let & = (S;&P, &™) be a fuzzy set of a non-empty of a I'-semigroup S. Then
€& = (S;€P, €M) is a BF almost («, B)-bi-ideal of S if and only if supp(&) is an almost
(a, B)-bi-ideal of S.

Proof. Let £ = (5;&P,£") be a BF almost (o, 3)-bi-ideal of S, and u € S. Then
(EPoq af 03 EP) NEP # 0 and (€™ oy 2T 05 £™) V €™ # 0. Thus, there exists r € S such that
(&P oq af 0 EP)Y NEP)(r) # 0, and ((§" oq 2205 &™) VE™)(r) # 0. So, there exists ki, ke € S
such that r = kjaBke, EP(r) # 0, "(r) # 0, and &P(k) # 0, "(k) # 0. It implies that

1(", ki, ke € supp(€). Thus, ()\§upp(§) oq T} op )\supp(é))(r) # 0 and )\gupp(f) # 0. Similarly,
A

Zupp(f) %a T3 °p )‘Zupp(f))(r) # 0, and A:upp(ﬁ) # 0. Hence, KASUPP(&) Ca a:f °B Afupp(&))] A

)\fupp(g) # 0, and [()‘;lupp(g) 0q T} 0g )‘gupp(g))] VA on(©) # 0. Therefore, Agpp(e) is a BF

almost («, 8)-bi-ideal of S. This shows that supp(£) is an almost («, §)-bi-ideal of S.
Conversely, let supp(&) be an almost («, §)-bi-ideal of S. Then, by Theorem 20, A
is a BF almost («, §)-bi-ideal of S. Thus, [(A

p
supp(§) supp(&)
E(()\;;upp(g) 0q XY 08 )\;’upp(g))] V Aupp(e) 7 0- So, there exists r € S such that
A

D p p n n n n
supp(¢) “o Lt Oﬁ)‘supp(ﬁ))/\ASUPp@))(r) # 0, and ((Asupp(ﬁ)oaxé‘ OB}‘SUPP(&))\/)‘SUPP(O)(T) 7 0.

It implies that (Agupp(ﬁ) 0 2} 0g )\supp(g))(r) # 0, and )\fupp(g) (r) # 0. Similarly,

()‘gupp(g) oq TP Og )\gupp(é))(r) # 0, and AL g (r) # 0. Thus, there exist ki, ko € S such

that r = kiauBke, EP(r) # 0, £"(r) # 0, and &P (k) # 0, £™(k) # 0.
Hence, (&P oq 2} 0g EP) NEP # 0, and (£ oq 2 05 £™) V E™ # 0. Therefore, £ is a BF almost
(a, B)-bi-ideal of S.

supp(§)
oq 2} og AP )NA )\Supp(f) # 0, and

Definition 19. A BF almost («, 3)-bi-ideal § = (S;&P,£™) of a I'-semigroup S is minimal
if for all BF almost («, B)-bi-ideal ¢ = (S;¢P,¢™) of S such that ¢ C &, then supp(s) =
supp(§).
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Theorem 22. Let K be a non-empty subset of a I'-semigroup S. Then K is a minimal
almost (a, B)-bi-ideal if and only if A\ = (S; No-, N is a minimal BF almost (., 3)-bi-
ideal of S.

Proof. Suppose that K is a minimal almost («, 3)-bi-ideal of S. Then K is an almost
(o, B)-quasi-ideal of S. Thus, by Theorem 20, Ag = (S; X}, A) is a BF (a, 8)-quasi-
ideal of S. Let ¢ = (S;¢P,¢™) be a BF («, 3)-bi-ideal of S such that ¢ C A\g. Then, by
Theorem 21, supp(s) is an almost («, 3)-bi-ideal of S. Thus, supp(s) C supp(Ax) = K. By
assumption, supp(¢) = K = supp(Ag). Thus, Ag = (S; N, \%,) is a minimal BF almost
(a, B)-bi-ideal of S.

Conversely, let Ax = (S; A, A) be a minimal BF almost (o, )-bi-ideal of S. Then,
by Theorem 20, K is an almost (o, 3)-bi-ideal of S. Let J be an almost (o, 3)-bi-ideal of S
such that J C K. Then by Theorem 20, \; is a BF («, 5)-bi-ideal of S such that \; C \g.
Thus, J = supp(A\y) = supp(Ax) = K. Hence, K is a minimal almost («, 3)-bi-ideal of S.

Corollary 3. Let S be a I'-semigroup S. Then S has no proper almost («, B)-bi-ideal of
S if and only if for any BF almost («, 5)-bi-ideal & = (S;&P,£™) of S, supp(§) = S.

5. Conclusion

In this article, we introduce the concept of a new bipolar fuzzy ideal and bipolar fuzzy
almost ideals in I'-semigroups. We also study properties of new bipolar fuzzy ideals and
bipolar fuzzy almost ideals. We hope that the present study will be useful mathematical
tools. In further, we extend to hesitant fuzzy almost ideals and algebraic systems.
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