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Abstract. This paper is devoted to introducing and studying two concepts, o-skew strongly M-
reflexive and o-skew strongly M-nil-reflexive on monoid rings, which are generalizations of strongly
M -reflexive and M-compatible. The paper covers the basic properties of skew monoid rings of the
form R+ M. It is shown that if R is a left APP (quasi Armendariz, semiprime rings, respectively),
then R is o-skew strongly M-reflexive. Moreover, if R is a NI-ring and M is a u.p-monoid, then R
is o-skew strongly M-nil-reflexive. Additionally, under some necessary and sufficient conditions, a
skew monoid ring R * M is proven to be o-skew strongly M-nil-reflexive when o : M — Aut(R) is
a monoid homomorphism. Furthermore, if R is a left APP, then the upper triangular matrix ring
T,.(R) is o-skew strongly M-nil-reflexive, where n is a positive integer. Finally, the paper provides
some examples and discusses related results from the subject.
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1. Introduction

Throughout this article, R and M denote an associative ring with identity and a
monoid, respectively. Mason introduced the reflexive property for ideals and this con-
cept was generalized by some authors, defining idempotent reflexive right ideals and rings,
completely reflexive, weakly reflexive (see namely, [13], [15] and [24]). Let R be a ring and
I be a right ideal of R. In |24], I is called a reflexive right ideal if for any =,y € R,zRy C I
implies yRx C I. The reflexive right ideal concept is also specialized to the zero ideal of a
ring, namely, a ring R is called reflexive [24], if its zero ideal is reflexive and a ring R is called
completely reflexive if for any x,y € R, zy = 0 implies yx = 0. Reduced rings are completely
reflexive and every completely reflexive ring is semicommutative. The notion of Armendariz
ring is introduced by Rege and Chhawchharia [21]. They defined a ring R to be Armendariz
if f(x)g(x) = 0 implies a;b; = 0 for all polynomials f(z) = ap + a1z + asz® + -+ + apa™
and g(z) = bg + b1z +byx? + - - -+ b,2" € R[z]. In [21] aring R is called semicommutative
if for all z,y € R,xy = 0 implies xRy = 0. This is equivalent to the definition that any
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left (right) annihilator of R is an ideal of R. An ideal I of a ring is called semiprime if
xRx C I implies x € I for x € R and R is called semiprime if 0 is a semiprime ideal.
It should be noted that every semiprime ideal is reflexive, as can be easily verified and
therefore every ideal of a fully idempotent ring (i.e., a ring where I2 = I for all ideals I) is
reflexive according to [6]. The ring R is said to be weakly reflexive if zry = 0 implies yrz
is nilpotent for z,y € R and all r € R.

The rings without nonzero nilpotent elements are said to be reduced rings. According
to [9] a ring R is called quasi-Armendariz if whenever polynomials f(x) = ag + a1z +
az? + -+ apa™, g(x) = by + b1 + bew? + -+ + by € R[z] satisfy f(z)R[x]g(x) =0,
then a;Rb; = 0 for each i,j. It was proved in [10], if R is an Armendariz ring, then
R is completely reflexive if and only if R[x| is completely reflexive. According to [22],
a ring R is o-skew nil M-McCoy if af € Nil(R) * M there exist a nonzero element
¢ € R such that a;o4(c) € Ni(R) for each i, where o = a191 + a292 + -+ + amgm and
B = bihy + boha + - -+ + byhy, are nonzero element in R * M. In [3] the author defined
“nil skew generalized power series reflexive rings" for which f,g € [[RS,w]] satisfying
fhg € [[nil(R)®<,w]] implies that ghf € [[nil(R)*<,w]]. Similarly, in [1] the author
discussed “ the nilpotent elements and nil-reflexive property of generalized power series
rings", where fhg € [[nil(R)%<]] implies that ghf € [[nil(R)%<]] for f,g,h € [[R¥<]]. The
investigation of the composition of the collection of nilpotent elements in noncommutative
ring constructions is a crucial and highly active field in noncommutative algebra. This is
evidenced by numerous studies conducted by various authors see [3], [1], [22], [15], [13],
[4], [5], [2] and [18].

This paper is devoted to examining the nilpotent elements found in skew monoid rings.
In this context, let R be a ring and M be a u.p.-monoid. It is assumed that M oper-
ates on R through a homomorphism that maps to the automorphism group of R. This
homomorphism is denoted as o : M — Aut(R), i.e., a module homomorphism from M
to the group of automorphisms of R, here, an automorphism of R is a ring isomorphism
from R to itself, so, Aut(R) is the group of all such isomorphisms. For any given element
g € M, the notation o4 denotes the image of g under the module homomorphism o, i.e.,
g = 0(g) € Aut(R). In other words, o, is an automorphism of R that depends on the
choice of the element g € M. By using the monoid homomorphism o, we can create a
skew monoid ring denoted as R+ M. This ring consists of finite formal combinations of ele-
ments in M, represented as ¥ cprx49. Multiplication in this ring is induced by the formula
(2g9)(ynh) = (xg04(yn))(gh). Therefore, R« M is a ring that is free as a left R-module
with basis M. A commonly accepted fact is that if a polynomial f(z) is defined over a
commutative ring, then it is nilpotent if only if the coefficient of f(z) is too. However, it
should be noted that this statement does not hold true for noncommutative rings.

The researcher introduced and studied two concepts, o-skew strongly M -reflexive and
o-skew strongly M-nil-reflexive on monoid rings. The paper covers the basic properties of
skew monoid rings of the form R*M . It is shown that if R is a left AP P (quasi Armendariz,
semiprime rings, respectively), then R is o-skew strongly M-reflexive. Moreover, if R is a
Nl-ring and M is a u.p-monoid, then R is o-skew strongly M-nil-reflexive. Furthermore,
under certain conditions, a skew monoid ring R * M is proven to be o-skew strongly M-
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nil-reflexive when o : M — Aut(R) is a monoid homomorphism. Additionally, it is proved
that a ring R is o-skew strongly M-nil-reflexive if and only if R/I is g-skew strongly
M-nil-reflexive. Consequently, if R is a left APP, then the upper triangular matrix ring
Tn(R) is o-skew strongly M-nil-reflexive, where n is a positive integer. Finally, the paper
provides some examples and discusses related results from the subject.

To recall, a monoid M is referred to as a unique product (u.p.)-monoid if, for any
two non-empty finite subsets X and Y of M, there exist an element z € X and an
element y € Y such that their product zy is distinct from the product of any other pair
(u,v) € X xY, ie, (u,v) # (z,y) implies uv # zy. The element zy is termed as a
u.p.-element of the set XY = {pg: p € X,q € Y}. Unique product monoids and groups
have significant implications in ring theory, particularly in providing a positive solution to
the zero-divisor problem for group rings. Their structural properties have been extensively
studied in literature (see references [17, 19]). The category of monoids that fall under the
classification of w.p.-monoids is both extensive and significant. This category encompasses
monoids that are either right or left totally ordered, submonoids of a free group, and
torsion-free nilpotent groups. For a positive integer n, let Mat, (R) denote the ring of all
n x n matrices and T,,(R) the ring of all n x n upper triangular matrices with entries in R.
We write R[z] and S, (R), for the polynomial ring over a ring R and the subring consisting
of all upper triangular matrices over a ring R with equal main diagonal entries.

2. Reflexive-Type Properties in Skew Monoid Rings

In this section, we discuss various constructions and extensions under which the class
of o-skew strongly M-reflexive rings is closed. By Definition 2.3 [18], a monoid homomor-
phism o : M — Aut(R) is called compatible if the ring R is o4-compatible for each g € M,
that is, zy = 0 & 20,(y) = 0 for all z,y € R. Now we have the following generalization of
reflexive.

Definition 1. We say that a ring R is o-skew strongly M -reflexive (o-skew strongly re-
flezive relative to a monoid M ), if (R + M)y = 0 implies that bjog,(Ros(aj)) = 0, where
@ ="01g1 +bago + -+ + bpgn and Y = a1hy + asho + - - - + amhm are nonzero elements in
Rx M, then (R« M)p =0 forall1 <i<n,1<j<m.

Definition 2. In [20]. A ring R is called strongly M -reflexive, if whenever p,v € R[M]
with ¢ RIM | = 0, then Y R[M]p = 0.

In [16], Nasr-Isfahani and Moussavi introduced a ring R with an endomorphism ¢ and
defined it as o-weakly rigid if the condition zRy = 0 holds if and only if xo(Ry) = 0
for any z,y € R. A ring R is o-rigid if and only if R is o-compatible and reduced by
[8]. According to [16], any prime ring that has an automorphism o is considered to be
o-weakly rigid. If a monoid homomorphism o : M — Aut(R) is weakly-rigid (compatible),
it means that the ring R is also weakly rigid (compatible) with respect to each g € M
under the automorphism 4. The following example illustrates that the compatibility of o
is necessary.
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Example 1. Let S be any nonzero reversible ring and M be a monoid generated by an
element p such that p has infinite order. Suppose R = S @& S with the usual addition and
multiplication, and define o : M — Aut(R) such that o,((x,y)) = (y,x). Then the ring
R is reflexive and M is u.p.-monoid, but o is not compatible, since (1,0)(0,1) = (0,0)
whereas (1,0)0,((0,1)) = (1,0). Now we will prove that the ring R is not o-skew strongly
M -reflexive. For, let ¢ = (1,0)e 4+ (1,0)g and » = (0,1)e — (1,0)g be nonzero elements
in Rx M and any ¢ € R* M. Then we can easily see that pdp = 0, but ooy(p) # 0.
Therefore, R is not o-skew strongly M -reflexive.

Theorem 1. Let R be a ring, M be a monoid generated by an element p such that p has
infinite order and o : M — Aut(R) a compatible monoid homomorphism given by o, = 1.
Suppose N be any monoid with an element of infinite order. If the skew monoid ring Rx M
s a strongly N -reflexive, then R is o-skew strongly M -reflexive.

Proof. Let ¢ = > ", a;gi ¥ = > .| bjg; be nonzero elements in R * M such that
opp = 0 for any ¢ = >, lrgr € R M. Then, for each 1 < k < m + v + n, we have
Ck = Ditrijek i0g(bros(bj)) = 0 for s € M. Now, let h € N such that O(h) = oo
and define F,G € (R« M)[N] as in the following: F = (ajep)en + (a19)h + (azg2)he +
<o+ (amgm)hm and G = (brear)en + (brg)h + (bag2)ha + « -+ + (bngn)hn. Since ¢, ¢ and
1 are nonzero in R * M, so F' and G are nonzero elements in (R x M)[N]. Moreover,
from p¢tp = 0 and compatibility of o, = 1), one can easily obtain that FHG = 0 for any
H € (R+M)[N]. Since the skew monoid ring R+ M is strongly N-reflexive. Then, a;c;b; =0
for each ¢ and so aiagi(Ras(bj)) =0foreachl <i<mand1l<j<n,se€ M Bya
compatible automorphism, we have bjo,, (Ros(a;)) = 0. Therefore, R is o-skew strongly
M-reflexive. O

An ideal I of R is said to be right s-unital if, for each a € I there exist an element
e € I such that ae = a. Note that if I and J are right s-unital ideals, then so is I N J
(if @ € INJ, then a € alJ C a(I NJ)). We say a ring R is a left APP-ring if the left
annihilator [p(Ra) is right s-unital as an ideal of R for any element a € R.

The following result follows from Tominaga Theorem 1 [23].

Lemma 1. Anideal I of a ring R is left (resp. right) s-unital if and only if for any finitely
many elements ay,as,...,a, € I, there exists an element e € I such that a; = ea;(resp.
a; = a;e) for eachi=1,2,... n.

Lemma 2. (Lemma 1.13 [14]). Let M and N be u.p.-monoids. Then so is the monoid
M x N.

Lemma 3. (Ezample 2.2 [7]). Let R be a ring and M be a monoid with an element of a
finite order n > 2. Let p = Effz_olgi and ¥ = e — g, where |g| = n. Then ey =0 and so R
is not M -nil-Armendariz.

Lemma 4. (Lemma 1.1 [5]). Assume M is a u.p.-monoid. Then M is cancellative (i.e.,
for g,h,x € M, if gx = hx or xg = xh, then g = h).



E. Ali / Eur. J. Pure Appl. Math, 16 (3) (2023), 1878-1893 1882

Proposition 1. Let R be a ring, M be a u.p.-monoid and o : M — Aut(R) a compatible
monoid homomorphism. If R is a reduced left APP-ring, then R is o-skew strongly M -
reflexive.

Proof. Suppose ¢, € R* M such that o(R* M) = 0 implies that b;oy, (Ros(aj)) =0
for any s € M, where ¢ = b1g1+baga+- - -+bng, and ¥ = a1hi+ashs+- - -+amhy, € RxM.
We shall prove that (R x M)y =0, (i.e., ajon;(Ros(b;)) = 0 for all 4, 5.

Let r be an arbitrary element of R. Then we have the following equation:

(b1g1 + baga + -+ - + bpgn)(rs)(arhy + agha + -+ + apmhy,) = 0. (2.1)

We proceed by induction on both n and m for every s € M and for 1 <i<n,1 <j<m.
If m =1, then ¥ = ajhy. Thus 0 = (bi1g1 +baga + - - -+ bngn)(rs)(arhi) = biog, (os(rar)) +
boog, (0s(rar)) + - -+ + byog, (0s(rar)) for every r € R. By Lemma 4, M is a cancellative
monoid. Thus g;shi # gjshi for g; # g;. Then bjoy, (05(ra1)) = 0. Hence b; € {r(0s(Ra1)).
By hypothesis, R is left APP, {r(Ray,) is left s-unital by Lemma 1. Hence, there exist
em € {r(Ray) such that ane,, = ay since oy, is an automorphism, i = 1,2,...,n.

Now suppose that m > 2. Since M is u.p.-monoid, there exists p, ¢ with 1 < p < n and
1 < ¢ < msuch that g,sh, is uniquely presented by considering two subsets {g1, 92, ...,9n}
and {shiy, sha,...,shy} of M. Thus, from ¢(rs)y = 0 it follows that byoy, (0s(ray)) =
0 and so b,04,(0s(rag)) = 0. Thus o4, (cy05(raq)) = 0 for ¢ € R, which implies that
cpos(rag) = 0 for every r € R since o, is an automorphism. Hence, ¢, € £g(0s(Ray)).
Since ¢r(0s(Ray)) is pure as a left ideal of R by Lemma 1, there exist an element e, €
lr(0s(Ray)) such that ¢, = cpeq. Thus, for every r € R, we have

0= @(egrs)y = (brg1 +baga + - - + bugn)(eqrs)(arhi + aghg + - - - + amhm)
= (b1g1 +b2g2 + - - - + bpgn)(eqrs)(arhy + agha + - - - + ag—1hg—1 + ag+1hg41
+ ot amhy) = (bigr +baga + - - + bngn)((egrog(aq))ghy)

(b10g, (€q)g1 + b20g,(€q)g2 + -+ - + bnog, (eq)gn)(rs)
(a1h1 + asho + -+ + aq_lhq_l + aq+1hq+1 + -+ amhm). (2.2)

Moreover, since b;og,(eq) = 04,(cieq) by induction, it follows that cie, € (r(Ros(aj))
fori=1,2,...,n,5=1,2,...,¢—1,q9+1,...,m. Therefore, ¢, = cpe, € ﬂ;-ilER(Ras(aj)).
Now we have b,o,(Ros(aj)) = os,(bpRos(a;)) = 0. For every g; € M, since oy, is an au-
tomorphism of R and oy, (R) = R, we obtain byoy,(Roy,.(aj)) = 0 for any j = 1,2,...,m.
Thus, from ¢(rs)y = 0 it follows that 0 = (b1g1 + bago + ... + bp—1gp—1 + bpr1Gpt1 +
oo 4 bpgn)(rs)(arht + ashs + - -+ + amhy,). By using the previous method, there exist
ke{l,2,...,p—1,p+1,...,n} such that ¢, € NJ lr(0s(Ra;)). Thus, byoy, (05(Raj)) =
0g, (ckos(Raj)) = 0 for any j = 1,2,...,m. Hence (b1g1 +baga+- - - +bp—19p—1+bpt19p+1+
coo+ bp_19k—1 + bkr1gk+1 + -0+ bugn)(rs)(arhy + agha + -+ + amhy,) = 0. Continu-
ing this procedure yields c¢1,ca,...,¢, € DTZIZR(JS(RCL]-)) for every s € M. Thus, b, €
lr(0s(Raj)) for any k =1,2,...,n,j =1,2,...,m. Using induction on m + n, we obtain
biog,(0s(Raj)) = 0. Thus, ajop,;(0s(Rb;)) = 0 since R is reduced. Therefore, R is o-skew
strongly M-reflexive. O
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Let (M, <) be an ordered monoid. If for any gi,g2,h € M,g1 < go implies that
gih < goh and hg; < hgo, then < is called a strictly ordered monoid.

Corollary 1. Let R be an M-ring, where M is a strictly totally ordered monoid and
o: M — Aut(R) is a monoid homomorphism. If R is quasi Armendariz, then R is o-skew
strongly M -reflexive.

Proof. Let ¢ = X7 1bigi and ¢ = X7 a;h; € R * M satisfying ¢(R* M)y = 0 implies
that b, (Ros(a;)) = 0 for any s € M and any i, j. We write

(blgl + b292 + -+ bngn)(rs)(alhl +aghy + -+ -+ amhm) =0. (2'3)

With g1 < g2 < ... < gn,h1 < hy < ... < hy. We will use transfinite induction on a strictly
totally ordered set < to show that (R x M)¢ = 0. If we take m = 1 in Eq. (2.3), then
we have (b1g1 +baga + - - - + bpgn)(7s)(a1h1) = 0. Therefore, we obtain b;oy,(Ros(a1)) =0
for each 1 < i < 4. Since M is a strictly totally ordered monoid, we have gih; < g;hy <
gihj = gihi for i # 1 or j # 1. Thus, Eq. (2.3) becomes

(bigr + baga + -+ - + bugn)(rs)(azhe + azhs + - - - + amhm) = 0. (2.4)

The case n = 1 is proved by similar argument. By applying the induction hypothesis for
all 2 <i <mand 2 <j <m. Suppose that bjoy, (Ros(a;)) =0forall1 <i<n,1<j<m
with A € M is such that for any g; and hj, g;h; < X\. We will show that b;o,,(Ros(a;)) =0
for any g; and h; with g;h; = A. Set X = {(¢gi,hj)|gih; = A}. Then X is a finite set.
We write X as {(gi,,hj,)l¢ = 1,2,...,d} such that g; < g;, < ... < gi,. Since M
is cancellative, g;;, = ¢i, and g; hj, = gi,hj, = X imply h;, = hj, since < is a strict
order, g;; < gi, and g;;hj, = gi,hj, = X imply hj, < hj,. Thus we have h;, < h;, | <

- < hyy < by Now Yo e x biog (rog(ay) = Yo bi,0g,, (ros(a;,)) = 0. For any
q = 2,9ihj, < gi,hj, = A, and so b; 04, (ros(aj,)) = 0 by induction hypothesis. Thus,
bi,og,, (raj,) = 0 because R is M-rigidness and o is automorphism.

For the case where n > 2 for M is cancellative. We can repeat this process to show
that b0y, (Ros(a;)) = 0 for all s € M and all 4,5. Consequently, we can see that
ajop;(Ros(b;)) = 0 for all s € M, 1 < j < m,1 <4 < n by rigidness and o is auto-
morphism. Thus, ¥(R x M )¢ = 0. Therefore, R is o-skew strongly M-reflexive.

Proposition 2. Let R be a ring, M be a strictly totally ordered monoid and o : M —
Aut(R) a compatible monoid homomorphism. If R is semiprime, then R is o-skew strongly
M -reflexive.

Proof. Since a semiprime ring is quasi-Armendariz and so reflexive, the proof follows
from Corollary 1.

For a ring R and n > 2, let V,,(R) be the ring of all n x n upper triangular matrices over
R that are constant on the diagonal. Let o : M — Aut(R) be a monoid homomorphism.
For each g € M, o can be extended to a monoid homomorphism & from M to Aut(V,(R))
defined by 7((ai;)) = (04(asj)).
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Theorem 2. Let R be an M-rigid ring, where M is a monoid and o : M — Aut(R) is a
monoid homomorphism, let n > 2. If R is a left APP-ring, then V,(R) is o-skew strongly
M -reflexive.

Proof. Suppose that R is a left APP-ring and let ¢ = A1g1 + A2g2 + - -+ + Angn and
Y = Bihi + Baha + -+ + Bphy € Vi (R) x M such that ¢(V,(R) * M)y = 0. We use
(a1,a2,...,ay) € Vo(R), where

a1 @ ay® q3® . g, b D) by pgG) . @)
0 a® a® ... g, ,® 0 bW b ...op O
A; = 0 0 a1 .. q,_0@ B = 0 0 b@ ... op, o0
0 0 0 - a® 0 0 0 o bW

We note that there is an obvious isomorphism V,,(R) * M = V,, (R x M ). Therefore, we
can rewrite ¢ and v as

Y1 P2 Y3 o Pn Y1 Yo Pz e Ay

0 @1 w2 - Yn-1 0 1 P2 - Yy
o= 0 0 @1 - ona | o= 0 0 Y1 - Ypoo

0 0 0 - ¢ 0 0 0 -

Let A(V,(R))B = 0 for A = (a1,a2,...,a,),B = (b1,ba,...,b,) € V(R). For any
r € R, A(r,0,...,0)B = 0. Thus we have the following equations:

a1Drb9) = 0. (2.5)

a1 Dby + ayVrbU) = 0. (2.6)

al(i)rbg(‘j) + ag(i)’l”bg(j) + a3(i)r,«b1(j) =0. (27)

a1 Drb, 19D 4 as@pp, o 4. g, Drp D = 0. (2.8)

Now for a monoid M and o : M — Aut(R) a monoid homomorphism. From Eq.(2.5)
we see al(i)agi(Ras(bl(]))) = 0 for all 4,5 and s € M. Hence a;") € fgr(Ro(b1"))). By
hypothesis, R is a left APP, {r(Rog(by7))) is left s-unital by Lemma 1. Hence there exist

en € KR(RJS(bl(j))) such that a1@e,, = a1® since 04, is an automorphism, i =1,2,...,n.
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This implies that, bV )ah (Ros(a1®)) = 0 by rigidness and we obtain 1y (V;,(R) * M)p; =
0. If we multiplying Eq.(2.6) on the right-hand side by th1Y) for any ¢ € R, then

a1 Drby Dty D 1 gy pp, Dp, ) = (2.10)

Hence as@Rb ) = 0. Since R is M-rigid we have as®o,, (Ros(b19))) = 0. Hence
a2 € Lr(Ros(b1Y))). By hypothesis, R is a left APP, then {z(Rog(b1\7))) is left s-unital
by Lemma 1. Hence there exist e, € {r(Ros (bl(]))) such that as@e,, = ay® since oy, s
an automorphism. This shows that b1V )O'h (Ros(as™)) = 0 since by rigidness we obtain
1 (Vi (R)x M )2 = 0. Thus, we deduce the other side of Eq. (2.10), al(i)agi(Ras(bg(j))) =0
and so ¥y (V,(R) * M)p1 = 0. Similarly, if we multiply Eq.(2.7) on the right-hand side by
th1Y) for any ¢ € R, then

a1 Db Dby D) 1y @by D, 0) 4 a3 @by D, ) = (2.11)

And so az®Rb;Y) = 0. Since R is M -rigid and oy, is an automorphism, we have
(Ig(i)O'gi(RO'S(bl(j))) = 0. Hence, a3® € lx(Ro(b1"7))). By hypothesis, R is a left APP,
(r(Ros(b11))) is left s-unital by Lemma 1. Hence, there exist e, € {r(Rog(b;))) such
that a3Pe, = a3 since by rigidness we obtain v, (V;,(R) * M)ps = 0. Then, Eq. (2.7)
becomes

a1Wrb39) + ay Wby = 0. (2.12)

If we multiplying Eq.(2.12) on the right-hand side by thy\9) for any ¢ € R, then a; @ rb3() =
0 and as@rby9) = 0 by the similar argument to above. Thus, we have a;( )0, (Ros(b; @)y =
0 and b; (])O'hj (Ros(a;D) =0 for all 2 <i+j < 4.

Inductively, we assume that a;Po,, (Ras(bj(j))) =0 and bj(j)ahj(Ras(ai(i)) = 0 for all
i+ j < n. if we multiply Eq.(2.9) on the right-hand side by 1619, t2by@) ... t,_1b,_1 )
for any t1,t2,...,t,—1 € R, in turn, since R is M-rigidness and oy, is an automorphism,
we have

an Doy (Rog (b)) = 0,a,1P 0, (Rog(ba)) = 0,...,a5V0, (Rog(by 1Y) =0
and al(i)Ugi(RUs(bn(j))) = (. Hence,
( ) S ER(RUs(b G ))) Ap— 1( 2 € KR(RUS(Z) ())), .. .,al(i) S KR(RO'S(bn(j))).

By hypothesis, R is a left APP, {g(Roy(b19)),€r(Ros(bs")),. .. , tr(Rog(by_1))) and
14 R(Ras(bn(j))), respectively, is left s-unital by Lemma 1 again. Hence, there exist e, €
(r(Ros(b19)), Lr(Ros(b1Y)), ..., lr(Ros(b1))) such that a,®e, = a,®,

an,l(i)en =ap1Y,... a1 i)en = al(i). Now, it is straightforward to see that
Aiog,(Ros(Bj)) = 0 for all 4, 5. Since R is rigidness we option Bjoy,(Ros(A;)) = 0. This
prove that ¢¥(V,,(R) x M)y = 0. Therefore, V,,(R) is 7-skew strongly M-reflexive.
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Corollary 2. (Theorem 3.8 [12]). Let R be a ring with an endomorphism « and n > 2. If
R is a semiprime and right a-skew reflexive ring, then Vi, (R) is right @-skew reflezive.

3. Nilpotent Elements of Reflexive in Skew Monoid Rings

In this section, we introduce the concept of o-skew strongly M-nil-reflexive ring and
consider its properties.

Let ¢ = big1 + baga + - -+ + bpgn € R[M]. The element ¢ € Nil(R)[M] if and only
if b € Nil(R) for all 1 < i < n. Also, we say that ¢ € Nil(R =« M) if ¢ is a nilpotent
element in the skew monoid ring R * M. For any ¢ € R * M, we denote by C, the set of
all coefficients of . For more details on this, please refer to [18].

Definition 3. We say that a ring R is o-skew strongly M -nil-reflexive (o-skew strongly
nil-reflezive relative to a monoid M), if p¢ip € Nil(R) * M implies that biog, (cos(a;)) €
nil(R), where o = bygr + bags + -+ + bpgn, ¢ = c1li + calo + -+ + cqlqg and Y = arhy +
aghg + -+ + amhm € Rx M, then Yoo € Nil(R) x M for all i, k, j.

If M = (NU{0},+) and o4 = idg for all g € M, then a ring R is o-skew strongly
M-nil-reflexive if and only if R is strongly nil-reflexive. Also, if M = {e} and o, = idg
for all g € M, then any ring R is o-skew strongly M-nil-reflexive.

A ring R is called an NT ring if nil(R) forms an ideal. For a unique product monoid
we have the following result.

Theorem 3. Let R be an NI-ring, M be a u.p.-monoid, and o : M — Aut(R) be a
compatible monoid homomorphism, then R is o-skew strongly M -nil-reflexive

Proof. Let o = b1g1 +bago + -+ + bpgn, ® = c1ly + cala + - -+ + cqlg and Y = a1hy +
aghg + -+ + amhy, be nonzero elements in R x M such that o¢ip € nil(R) * M implies
that bjoy, (0s(ca;)) € nil(R). We will show that ajop,(0s(cb;)) € nil(R) for each 1 <
i1 <nl<k<dand 1l < j < m. We proceed by induction on both n and m. By
using freely o is compatible monoid homomorphism. Let n = 1 and hence ¢ = big;.
Since M is u.p.- monoid then by Lemma 4, M is cancellative monoid, g1h; # g1h; for
i # j. So biog, (c(aj)) € nil(R) for any ¢ € R and each j. The proof of the case m =1
is similar. Now, let m,n > 2. Since M is u.p.-monoid, there exist 7,5 with 1 < ¢ < n
and 1 < j < m such that g;sh; is uniquely presented by considering two subsets K =
{91,92,.-.,9n} and H = {shi,sha,...,shy} of a monoid M,s € M. We may assume
without loss of generality, that i = n and j = m. Thus b,oy, (c(an)) € Nil(R). Hence
for any ¢ € R,bn0o4,(cr(am)) € nil(R) so, there exist a positive integer & > 1 such that
(burgn (e (@m))* = 0. Then (bucry, (¢ (a))) (burgy (¢ (@) - (bucrg, (¢ (am))) = 0. Now,
since by hypothesis o : M — Aut(R) is a compatible monoid homomorphism, we have that
(bnog, (cam)) - - (bnog, (cam))(bncan) = 0 and then we conclude that (b,oy, (cam)) - --
(bnog, (cam))og, (bpcam) = 0. So (bpog, (cam)) - - - bnog, (cambpam) = 0 and hence
(bnog, (cam)) -+ (bpog, (cam))(bnc am)? = 0. Continuing this procedure yields that
(bncam)* = 0, hence b,y (cay) € Nil(R). Therefore, anoy, (05(cby)) € nil(R) for each
¢ € R. Then we have a, (¢ — bpgn) P = ampdth — ambngndyy € nil(R) * M, since nil(R)



E. Ali / Eur. J. Pure Appl. Math, 16 (3) (2023), 1878-1893 1887

is an ideal of R. By induction hypothesis and by compatibility, we have b,oy, (cajb,) =0
implies b0y, (cam) € nil(R) for all i. Applying the preceding method repeatedly, we
obtain b0y, (0s(caj)) € nil(R) for each 4, j and each ¢ € R. Thus, by rigidness we have
ajon;(os(cb;)) € nil(R) as desired.

Corollary 3. (1) Every o-compatible NI-ring is o-skew strongly Z-nil-reflexive.
(2) Every NI-ring is nil-reflexive.

Proof. (1) Taking M = {..., 272, 271 1,2',2%,...} and o,=()\) = 6™(\) for each n € Z
and any A € R, we have R+ M = R[z,x!, 0], and the result follows from Theorem 3.
(2) Taking M = {1,z',2% ...} and g,=()\) = X for each n € NU {0} and any r € R, we
have R+ M = R[z], and the result follows from Theorem 3.

Corollary 4. (Theorem 3.1 [20]) Let M be a u.p.-monoid and R be a reduced ring. Then,
R is strongly M -reflezive.

Corollary 5. Let R be a ring, where nil(R) is an ideal of R. Let M be a u.p.-monoid
and o : M — Aut(R) be a compatible monoid homomorphism. Then, R is o-skew strongly
M -nil-reflexive

Proof. Since nil(R) is an ideal, it is an NI-ring. Therefore, the proof follows from
Theorem 3.

The following example shows that R being a reduced ring in Theorem 3 is not super-
fluous.

Example 2. Let M be a monoid with | M |> 2,S = Ms(F) and 0 : M — Aut(R) be a
compatible monoid homomorphism. Then, S is not o-skew strongly M -nil-reflexive.

Proof. Take e £ g € M and let

0 1 10 1 1 1 1
@(0 0>e+(0 0>g,1/1<0 0>e+<0 0>g€S*M.

For ¢ = ( (1) (1) >g€ S« M, it is easy to check that opip € nil(S * M).

w¢w=<8 (1)>9+<(1) _01>92+<_01 8)93#0

which implies that S is not o-skew strongly M-nil-reflexive.

Shaban and Mohammed [22] proved that Nil(R* M) # Nil(R) * M for an NI-ring R
and a w.p.-monoid M with | M |> 2. Based on their work, we have the following result.

But, we have

Theorem 4. Let R be any ring, M be any monoid with | M |> 2 and o : M — Aut(R)
be a compatible monoid homomorphism such that Nil(R * M) = Nil(R) « M. Then R is
o-skew strongly M -nil-reflexive.
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Proof. Let ¢ = X big; and ¢ = Y7 a;h; be nonzero elements in R+ M such that
oy € nil(R) x M for any ¢ € R M. We have p¢1p € nil(R * M), which is equivalent
to the existence of a positive integer ¢ such that (o)t = (i) (Pt ... () = 0.
Since o is a compatible monoid homomorphism, we have b;joy, (c(a;)) € nil(R). Therefore,
ajop,(c(b;)) € nil(R), and the proof is complete.

In Proposition 3.4 [20], it was proved that if I is a reduced ideal and R/T is strongly
M-reflexive, then R is strongly M-reflexive. Based on this result, we have the following
statement.

Theorem 5. Suppose that R is a ring, M is a strictly ordered monoid, and o : M —
Aut(R) is a compatible monoid homomorphism. If I is an ideal of R contained in nil(R),
then R/I is -skew strongly M -nil-reflexive if and only if R is o-skew strongly M -nil-
reflexive.

Proof. “ =" Let ¢,¢ € RxM satisfying oo € nil(R)+M for all ¢ € RxM. We write
@ =b1g1 +baga+ - +bugn,® = c1li +calo+- - +c4lg and Y = arhy +azhg + - - -+ anhp
with g1 < g2 < ... < gn,h1 < ho < ... < hy,. We will use transfinite induction on the
strictly totally ordered set (M, <) to show that ajon, (os(rb;)) € nil(R). Since R/I is
a-skew strongly M-nil-reflexive and

0= (big1 +baga + - + bngn)(rs)(@rh1 + agha + - - - + amhim)
= (i +1)ag (r(ar + 1)) + (ba + I)Gg,(r(az + 1)) + - + (bn + 1), (r(am + I))
= (biog, (rar) + 1)+ (baog,(raz) + 1)+ -+ (bndg, (ram) + 1) € (R/I) « M

for r € R,s € M, so we have bjog,(ra;) € I for all i,j. Since M is a strictly totally
ordered monoid, we have g1h1 < g;h1 < gihj = g1hy for ¢ # 1 or j # 1. It follows that
biog (rai) =0, ie., biog (0s(rai)) € nil(R) since I is an ideal of R contained in nil(R).
Now suppose that b;ra; = 0 for all 1 < ¢ < n,1 < j < m with w € M is such that
for any g; and hj,g;h; < w. We will show that b;og,(0s(ra;)) € nil(R) for any g; and
hj with gih; = w. Set X = {(gi, hj)|gih; = w}. Then X is a finite set. We write X
as {(gi,, hj,)[t = 1,2,...,k} such that ¢;; < ¢, < ... < g;,. Since M is cancellative,
9i, = Gi, and g; hj, = gi,hj, = w imply hj, = hj,. Since < is a strict order, g;; < g;, and
9irhjy = giyhj, = w imply hj, < hj,. Thus, we have h;, < hj, , <...<hj, <hj,. Now

k
7 biog(os(ra) =D bi,04, (05(raj,)) = 0.
t=1

(9ihj)eX

For any t > 2, gi, hj, < gi,hj, = w, and so b;, 04, (05(raj,)) = 0 by induction hypothesis.
Thus, b;,raj, = 0 because R is M-compatible. Since I is reduced and oy, (a;,)I(b;y) C I,
then we have (aj,Ib;)? = 0 and [ is reduced. Thus, for any t > 2, (b;,ra;,)(b;,raj)? =
(bi,raj,)(biyraj, ) (b ras, ) € (bi,raj,)(bi,raj,) = (bi,raj,)(bi,raj,) = 0, which implies
that (b;,raj,)(bi,raj,)* = 0. Now multiplying Zle bi,04,(0s(raj,)) = 0 on the right by
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(biyoiy (raj,))?, we obtain

0= (bitgit (Tajt))(bhail (Tajl))Q = (bi1ai1 (Tajl))Q(bilgil (ra’jl)) = (bi1gi1 (Ta’jl))3‘

Since b;, 04, (raj;) € I and I is reduced and R is M-compatible, we have b;, 04, (raj,) = 0.
Thus, 211;2 bi,0i,(raj,) = 0. Then, b;,0;,(raj,) € nil(R) for t > 2. Multiplying (b;, 04, (ra;,))?
on Zf:2 bi,0i,(raj,) = 0 from the right-hand side, we obtain b;,0;,(ra;j,) = 0. Thus,
bi,0i,(raj,) € nil(R) by the same way as the above. Continuing this process, we can prove
bi,0i,(ra;,) = 0 for t = 1,..., k. Thus bjog,(0s(ra;j)) € nil(R) because I is an ideal of R
contained in nil(R) for any ¢ and j with g;h; = w. Therefore, by transfinite induction
biog,(0s(raz)) € nil(R) for any i and j. Thus, ajop,(0s(rb;)) € nil(R). Therefore, R is
o-skew strongly M-nil-reflexive.

“ =" Let ¢,9 € (R/I)* M with p¢yp € nil(R/I) * M for all ¢ € (R/I)+ M. Where
p=>b1g1+baga+---+bngn,d =crli+calo+---+cqglyg and Y = arhy +agho+- - -+ amhy, be
nonzero elements in R+ M. Since Nil(R) is an ideal of R, we write R = R/nil(R) and define
G : M — Aut(R) by o4(x + Nil(R)) = o4(x) + Nil(R), for each g € M. We claim that 7 is
a compatible monoid homomorphism. For each z,y € R, let (z+ Nil(R))(y+ Nil(R)) = 0.
Then zy € Nil(R) and hence (z + Nil(R))o(y + Nil(R)) = 0. The converse is similar.
Therefore, & is compatible. For any ¢ = b1g1 + baga + -+ + bpgn € R x M, we denote
¢ =" ,(bi+nil(R))g; € Rx M. It is easy to see that the mapping 7 : R+ M — Rx M
defined by o(p;) = @; is a ring homomorphism. Since ¢ty € nil(R/I) * M. Then there
exist a positive integer £ € N such that (¢¢y))¢ € nil(R/I) * M. So boy,(ra;) € I for any
i,j and r € R. So bjog, (0s(ra;)) € nil(R) since I C nil(R) and by compatibility, we have
biog,(ra;) € nil(R) and ajop,(0s(rb;)) € nil(R) since R is o-skew strongly M-nil-reflexive,
this mean that ¥¢e € nil(R) «+ M. Thus ¢¢p € nil(R/I) = M. Therefore, R/I is -skew
strongly M-nil-reflexive.

Proposition 3. Let M be a finitely generated abelian group and o : M — Aut(R) be a
compatible monoid homomorphism. Then M is torsion free if and only if there exist a
non-zero ring R such that R is o-skew strongly M -nil-reflexive.

Proof. Let M be a finitely generated torsion-free abelian group. Thus, M = I1VZ and
so M is a u.p.-monoid, as shown in Lemma 2. Therefore, for any NI ring R, R is o-skew
strongly M-nil-reflexive by Theorem 3.

Conversely, suppose g¢ = e for some e # g € M and positive integer £. Let N be a
cyclic subgroup of M generated by {g}. Therefore, R is o-skew strongly N-nil-reflexive,
which leads to a contradiction, as shown in Lemma 3. Hence, M is torsion-free.

We will now provide some examples of o-skew strongly M-nil-reflexive ring. In Theo-
rem 2.6 [13], Kwak and Lee proved that R is a reflexive ring if and only if Mat,(R) is a
reflexive ring for all n > 1. However, this is not the case in o-skew strongly M-nil-reflexive
rings of R. There exist o-skew strongly M-nil-reflexive rings over which matrix rings need
not be o-skew strongly M-reflexive, as shown below.
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Example 3. Let S be a torsion-free and cancellative monoid and o : M — Aut(R) be a
compatible monoid homomorphism.

(1) If R is a ring with nil(R) an ideal of R, then R is o-skew strongly M -nil-reflexive.
(2) For any reduced ring R, the ring T,,(R) is o-skew strongly M -nil-reflexive. Howewver,
the ring of all 2 x 2 matrices over any field is not G-skew strongly M -nil-reflexive.

(3) For R be a reduced ring. Consider the ring

a a2 a3 -+ Qlp
0 a agg - a

S.(R) = 0 O a o Wn | a0 € R1<i,5<n
0 O 0O -+ a

Then Sy, (R) is not o-skew strongly M -reflexive, when n > 4, but S, (R) and R are o-skew
strongly M -nil-reflexive for all n > 1.

Solution (1). Suppose p, 1 € R * M, with @¢1) is nilpotent for all ¢ € R * M, where
Y = blgl—l—bggz—i-- -'-f—bngn,gb = 01l1+62l2+' : '+Cdld and 1/) = alhl +a2h2+---+amhm.
So there exist a positive integer ¢ such that (p@i))’ = 0. Therefore (b;oi(os(ca;)))t = 0,
for any s € M, i, j. Then, bjoy,(0s(ca;)) € nil(R) and so ajop,(0s(cb;)) € nil(R). Hence
Yo is nilpotent.

nil(R) R R - R

0 wnil(R) R -- R

(2). Let R be a ring, by [4], nil(T,(R)) = 0 0 nil(R) - R
0 0 0 - nil(R)

Assuming that R is a reduced, we know that nil(R) = 0 and that nil(7,,(R)) is an ideal.
From (1), it follows that T,,(R) is o-skew strongly M-nil-reflexive. However, if we take
A = Ej9 and B = Ey € Maty(F), where F'is a field, and C' € Mata(F'), we see that ACB
is nilpotent, but BCA = Fy is not nilpotent. This shows that Mats(F') is not g-skew
strongly M-nil-reflexive.

(3). By the same argument as in Example 2.3 [13]. For a nonzero reduced ring S, the

a B 0
ring R = 0 a v | |a,B,7 €S p issemicommutative by Proposition 1.2 [11]. If we
0 0 «

take ¢ = Cpy,g and ¢ = Cp,h € Sy, (R)* M for any g, h € M, we have p(S,(R)*M )i =0
but (S, (R) * M)y # 0. Therefore, S,,(R) is not o-skew strongly M-reflexive. Since R is
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reduced, it follows that S,,(R) is o-skew strongly M-nil-reflexive. Note that

a aiz2 aiz -+ Qin
0 a a3 -+ a

nil(Sp(R)) = 00 a - a3 ||aenil(R),a;€R1<i,j<n
00 0 - a

The ring R being reduced implies that nil(S,(R)) is an ideal. By (1), Sn(R) is o-skew
strongly M-nil-reflexive.

By Example 3(2) for n by n upper triangular matrix ring over R. It is easy to verify
the next result.

Proposition 4. Let M be a torsion-free and cancellative monoid and o : M — Aut(R)
a compatible monoid homomorphism. A ring R is o-skew strongly M -nil-reflexive if and
only if T,,(R) is o-skew strongly M -nil-reflexive, for any positive integer n.

Proof. 1t suffices to show “ =" Let ¢,¢ € T,,(R) * M such that p¢ip € nil(T,(R)) *
M, where ¢ = (bi;),¢ = (cij) and ¥ = (ai;) for all (4,7)th entry of the matrix. Since
nil(T(R)) = {(asj)|ai; € nil(R)}, then we have Cyy,,0,; € nil(R) for each 1 < 4 <
n. Since R is o-skew strongly M-nil-reflexive, there exist some positive integer m; such
that (bjjog, (0s(ciiai;)))™ = 0. Then, by compatibility b0y, (ciiai;) is nilpotent and so
aiioh,; (0s(cizbi; is nilpotent. Thus, Yoy € nil(T,(R)) * M. Therefore, T,,(R) is o-skew
strongly M-nil-reflexive.

Proposition 5. Let M be a strictly ordered monoid and o : M — Aut(R) a compatible
monotd homomorphism. If R is finite subdirect product of o-skew strongly M -nil-reflexive
rings, then R is o-skew strongly M -nil-reflexive.

Proof. Let Iy(k = 1,...,1) be ideals of R such that R/I} is o-skew strongly M-nil-
reflexive and ﬂizl I, = 0. Let ¢ and v be elements in R M such that oo € nil(R) * M
for all ¢ € R+ M. Clearly, g € nil(R/I;) * M. Since R/I}, is 7-skew strongly M-
nil-reflexive, we have (b;o,,(0s(ra;)))* € I, where o is compatible and r € R, for some
positive integer £. Therefore, (b;o;(0s(ra;)))t € ﬂizl I, = 0. Hence, (bjo,,(0s(ra;)))t =0,
and we conclude that by, (0s(raj)) € nil(R) since o is compatible and nil-reflexivity.
Then, ajop,(0s(rbi)) € nil(R). Therefore, ¢ € nil(R) * M, the proof is done.

4. Conclusion

This paper introduced and studied two important concepts, namely o-skew strongly
M-reflexive and o-skew strongly M-nil-reflexive. The study covered the fundamental
properties of skew monoid rings of the form R % M, and established several important
results. The study provided some examples and discussed related results from the subject.
Overall, our study provides important insights into the properties of skew monoid rings
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and their relationship to nilpotent elements. We anticipate that our findings will have
significant implications for the theory of noncommutative algebra, and will lead to further
research in this area.
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