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Abstract. Let G be a connected graph. A function f : V(G) — {0,1,2} is a convex Roman
dominating function (or CvVRDF) if every vertex u for which f(u) = 0 is adjacent to at least one
vertex v for which f(v) = 2 and V; U V4 is convex. The weight of a convex Roman dominating
function f, denoted by w&UE(f), is given by wS E(f) = ZUGV(G) f(). The minimum weight of
a CvRDF on G, denoted by vyco,r(G), is called the convex Roman domination number of G. In
this paper, we determine the convex Roman domination numbers of some graphs and give some
realization results involving convex Roman domination, connected Roman domination, and convex
domination numbers.
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1. Introduction

The concept Roman domination was first introduced by Cockayne, Dreyer and
Hedetnieme in 2004 [11] as a variant of dominating set problem in graph theory. Roman
domination is inspired by the ancient Roman Empire’s military strategy, where soldiers
would be stationed at strategic points throughout a location to ensure its protection. In
the Roman domination strategy, an unsecured location can be secured by sending an army
to the location from an adjacent secured location subject to the constraint that one army
must be left behind the secured location. Specifically, in this protection strategy, a vertex
with label (or image under a function) 1 or 2 may be viewed as one or two armies, respec-
tively, stationed at the given location or vertex. A nearby location (an adjacent vertex)
is considered to be unsecured if no armies are stationed there, that is if the label of the
vertex is 0. The convex Roman domination strategy in addition ensures that all locations
that lie along shortest paths between any two secured locations are also secured.
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Since then, Roman domination function has become a popular topic of study in graph
theory, and several variations and related concepts have been studied. Some variations
can be found in [1], [2], [3], [4], [5], [10], [11], [13], [14], [18], and [17].

One of the fundamental concepts in mathematics that has been studied extensively in
geometry and has been extended to graphs is convexity. Convexity in graphs is discussed
in the book of Buckley and Harary [6]. Some studies on convexity in graphs and its related
concepts can be found in [7], [8], [9], [12], [15], [16], and [19]. In this paper, we introduce
the concept of convex Roman domination on which we combine the notions of convexity
and Roman domination.

Let G be a connected graph. For vertices u and v in G, a u-v geodesic is any shortest
path in G joining u and v. The length of a u-v geodesic is called the distance dg(u,v)
between u and v. For every two vertices u and v of G, the symbol Ig[u,v] is used to
denote the set of vertices lying on any of the u-v geodesics.

The set of neighbors of a vertex uw € G, denoted by Ng(u), is called the
open neighborhood of u. The closed neighborhood of u is the set Ng[u] = Ng(u) U {u}.
The degree of a vertex v denoted degg(v) in a graph G is the number of vertices in G that
are adjacent to v. Hence, degg(v) = |N(v)|. The largest degree among the vertices of G
is called the mazimum degree of G and is denoted by A(G). The minimum degree of G
is denoted by 6(G). A graph G is connected if every pair of its vertices can be joined by
a path. A vertex of a connected graph G is an extreme vertex or simplicial if its open
neighborhood induces a complete subgraph of G. The set of extreme vertices of G is
denoted by Ext(G).

A set S C V(G) is said to be a dominating set of a graph G if every vertex v € V(G)
is either an element of S or is adjacent to an element of S. Thus, N[S] = V(G). The
smallest cardinality of a dominating set S is called the domination number of G and is
denoted by v(G). That is v(G) = min{|S| : S is a dominating set of G}. Any dominating
set S of G with |S| = v(G) is called a ~-set of G.

A set S C V(Q) is convez if for every two vertices x,y € S, Ig[z,y] € S. The largest
cardinality of a proper convex set in G, denoted by con(G), is called the convezity number
of G. A set S C V(G) is conver dominating if S is both convex and dominating. The
minimum cardinality among all convex dominating sets in G, denoted by 7Yeon(q) is called
the convexr domination number of G.

A function f : V(G) — {0, 1,2} is a Roman dominating function (or just RDF) if every
vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2. The
weight of an RDF f is given by wg(f) = ZveV(G) f(w). The Roman domination number
of a graph G, denoted by yr(G), is the minimum weight of an RDF in G. Any RDF f on
G with wa(f) = vr(G) is called a yg-function. If f = (Vp, V1, Va) is an RDF in G, then
wof) = Vil +2|Val.

A function f = (Vp, Vi, Va) is called connected Roman dominating function (CRDF)
in G if (V1 UV3) is connected. The weight of a connected Roman dominating function
f=(Vo,V1,Va) in G is given by wSE(f) = |Vi| +2|V2|. The connected Roman domination
number Yor(G) is the minimum weight of a CRDF in G. Any CRDF f in G with

wEE(f) = vcr(G) is called a yog-function.
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A Roman dominating function f = (Vp, V1, V2) on G is a convex Roman dominating
function (or CvRDF) if V; U V4 is convex. The weight of a convex Roman dominating
function f = (Vo, V1, V2) in G is given by w&UE(f) = |Vi| +2|V2|. The minimum weight of
a CvRDF on G, denoted by vour(G), is called the conver Roman domination number of
G. Any CvRDF f in G with wG*R(f) = your(G) is called a yoyr-function.

A complete k-partite graph G is a k-partite graph with partite sets Sy, Sn,, ..., S,
having the added property that if u € S, and v € Sy, i # j, then wv € E(G). If
|Sn;| = n4, then this graph is denoted by Ky, ny,..ny-

The join of two graphs G and H, denoted by G + H, is the graph with
V(G+H)=V(G)UV(H) and E(G+H) = E(G)UE(H)U{w :u € V(G) and v € V(G)},
where “U” refers to a disjoint union of sets.

2. Known Results
Cyman et al. [19] investigated those graphs which have convex domination number
close to their orders. They generated the following results which will be used in this study.
Theorem 1. Let G be a connected graph with n > 5. If Yeon(G) = n, then A(G) < n—4.
Corollary 1. If Yeon(G) = n and G # K, then 2 < 6(G) < A(G) < n —4.
Corollary 2. If veon(G) =n and G # Ky, then n > 6.

3. Results

It is well-known that every convex set in a connected graph induces a connected graph.

Remark 1. FEvery convex Roman dominating function is a connected Roman dominating
function. Hence, your(G) > vor(G).

The next result shows that every pair of positive integers are realizable as the connected
Roman domination number and convex Roman domination number of a connected graph.

Theorem 2. Let a and b be positive integers such that 4 < a < b. Then there exists a
connected graph G such that vor(G) = a and vyour(G) = b.

Proof. Consider the following cases:

Case 1. a =b.

Let G = C,. Then vor(G) = your(G) = a.

Case 2. a < b. Let m = b—a. Consider the graph G in Figure 1. Let Vj = {z1,z2,...,2m},
Vi = {vi,v2,... 002}, Vo = {va1}, V§ = @, Vi = {z1,29,...,Zm,01,02,...,04—2},
Vo = {vg—1}. Then f = (Vp,V1,V2) is a yop-function and g = (Vy,V{,V5) is a your-
function on G. Hence,

Yor(G) = wEH(G) = Vi + 2|Va] =a — 2+ 2(1) = a and
Your(G) = WS E(G) = |V 4 2|Vs| = m + (a — 2) +2(1) = b.
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Figure 1: A graph with 7¢r(G) = a and ycvr(G) = b
This proves the assertion. O

Corollary 3. Let n be a positive integer. Then there exists a connected graph G such that
Your(G) — yor(G) = n. In other words, the difference your(G) — Yor(G) can be made
arbitrarily large.

Remark 2. If f = (V, V1, Vo) is a your-function, then Vi U Va need not be a ~eon-set.

To see this, consider Py = [v1,v2,v3,v4]. Let Vo = {v1}, Vi = {wv3,v4}, and Vo = {va}.
Then f = (Vp, V1, V2) is a youg-function on Py. Clearly, V; U Vs is not a 7eon-set in Pj.

Proposition 1. For any connected graph G of order n,
1 S PYcon(G) S PYCUR(G) S min{n7 2’Ycon(G>}-

Proof. Let f = (V,V1,Va) be a ~voygp-function. Then Vi UV, is a convex
dominating set in G. Hence, 1 < 7.on(G) < [Vi| + [Va| < V1| + 2|Va| = your(G).

Now, let Vj = V5 = @ and V] = V(G). Then g = (V§,V{,V3) is a CvRDF and
Your(G) < |V{| = |[V(G)| = n. Next, let S be a yeon-set of G. Define h = (VJ', V", V')
by setting V3’ = S, Vi’ = V(G)\ S, and V}' = @. Then h is a CvRDF on G. Hence,
Your(G) < w§PE(G) = 2|S| = 29eon(G). Therefore, your(G) < min{n, 27eon(G)}. O

Theorem 3. Let G be a connected graph on n vertices. Then each of the the following
statements holds.

(7) yeur(G) =1 if and only if G = K,
(1) Yyour(G) =2 if and only if G = K1 + H for some graph H
Proof.

(i) Assume that yo,r(G) = 1 and let f = (Vp, V1, V2) be a yopr-function on G. Then
|[Vi] =1 and |Va| = 0. Hence G = K. The converse is clear.
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(74) Suppose that yo,r(G) = 2 and let f = (Vp, V1, V2) be a yoyg-function on G. Then
w&YE(f) = |Vi| + 2|Va| = 2. Consider the following cases:
Case 1. |[V41| #0
Then |V2| = 0 and |Vi| = 2, say Vi = {a,b}. Since V; is convex, ab € E(G). Since
|[Va] =0, |[Vp| = 0. Hence, V(G) = Vi, that is G = Ko = K1 + Kj.
Case 2. |[V1| =0
Then [Va| = 1 since 2|Va| = 2. If n = 2, then G = Ks. Suppose n > 3. Let
Vo = {u} and let w € V(G) \ Vo. Then w € Vp, that is Vj = V(G) \ Vo. This implies
that uw € E(G) for all w € V(G) \ Va. Hence, G = ({u}) + (V(G) \ {u}). Let
H=(V(G)\ {u}). Then G =K; + H.

Conversely, suppose that G = K; + H for some graph H. Define g = (Vj, V{, V)

by setting Vy = V(H), V{ = @ and Vj = V(K;). Then g is a yo,p-function on G
and W& (g) = Your(G) = [Vi] + 2|Va| = 2. u

Theorem 3(ii) can be rephrased as follows:

Corollary 4. For any connected graph G of order n, your(G) = 2 if and only if G #
Ki and v(G) = 1. In particular,

(

(i1) Yovr(Fn) =2 forn > 1;

i) YCwR Kn) =2 forn >2;

(i
(1v

Proposition 2. There exists no connected graph G with you,r(G) = 3.

) (
) (
) Yeor(Wy) =2 for n > 3; and
) (

Your(Sn) = ’YCUR(K1,TL_1) =2 forn > 2.

Proof. Suppose G is a connected graph with vo,r(G) = 3. Let f = (Vp, V1, V2) be
a yopr-function on G. Then vo,r(G) = |Vi| + 2|V2| = 3. This implies that |Va| < 1.
Suppose |Va| = 0. Then |Vp| = 0 and |V4| = |[V(G)| = 3. Hence, G = K3 or G = Ps.
However, your(K3) = vour(P3) = 2, a contradiction. Next, suppose that |V2| = 1. Then
|[Vi| = 1. Let Vi = {w} and V5 = {v}. Since Vj U V4 is convex, vw € E(G). Also, since
Vo € Ng(v), Vo is a dominating set in G. Hence, v(G) = 1, implying that yo,r(G) = 2,
a contradiction. This proves the claim. ]

Proposition 3. Let G be a nontrivial connected graph and let f = (Vp, Vi, Va) be a vour-
function on G. Then the following hold:

(7) If |[Vo| = 0, then |Va| = 0.
(13) If |Vo| = 1, then V| = 1.

(7i1) |Vi| = 0 if and only if Vo is a Yeon-set in G (hence, Yyour(G) = 27con(G)).
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Proof.
(¢) Suppose |Va| # 0. Let Vj = Vo, V] = V1 UVa and Vi = @. Then g = (V§, V{,V5)
is a CvRDF on G and wg“R(g) = V]| = [Vi| + |Vo| < |V4| 4+ 2|V| = wg“R(f), a
contradiction.

(74) Suppose |Vo| = 1, say Vo = {vg}. Suppose further that |Va| > 2. Then V(G) \ {vo}
is a convex dominating set in G. Let v € V3 such that vov € E(G). Let w € Va\ {v}.
Let h = (Vo, V{, V5), where V{ = ViU{w} and Vi = Vo \{w}. Since V] UV] = V1 U Vs,

h is a convex Roman dominating function on G and
wg"(h) = [V{| + 2V = Vi + 1+ 2([Va| = 1) = [Vi| + 2|Va| — 1 < wg(f),
a contradiction. Thus, |Va| = 1.

(747) Suppose |V1| = 0. Suppose further that V5 is not a 7y.en-set in G. Then there exists
Vy C V(G) such that V5 is a convex dominating set in G with |Vj| < |Va|. Let
h = (Vg Vi, V5), where Vi = @, V5 = V3, and V = V(G)\ V5. Then h is a convex
Roman dominating function on G and w§UF(h) = 2|Vy| < 2|Va|, a contradiction.
Thus, V3 is a veon-set in G.

Conversely, suppose that V5 is a 7eop-set in G. Suppose |Vi| # 0. Then
Your(G) = V1| + 2|Va] > 2|Va|. Let V) = Vo uW, V! = @, and Vj/ = Va.
Then V' € Ng(Vy') and V" U VY = Vs is a convex dominating set in G. Thus,
h = (V§,V{,Vy') is a CvRDF on G and w&"R(h) = 2|Va| < w&UE(f), contrary to
our assumption of f. O

We now show that every pair of positive integers under some restrictions are realizable
as the convex domination number and convex Roman domination number of a connected
graph.

Theorem 4. Let a and b be positive integers such that 4 < a4+ 2 < b < 2a. Then there
exists a connected graph G such that Yeon(G) = a and your(G) = b.

Proof. Suppose b = 2a. Consider the graph G’ in Figure 2. Let
S = {v1,v9,v3,...,0,}. Put Vo = S, Vi = &, and Vy = V(G') \ Vo. Clearly, S is
Yeon-set and f = (Vp, V1, V2) is a yopr-function on G'. Thus,

Yeon(G") =S| = a and your(G') = 2|Va| = 2a = b.

o o o 0 0

U1 V2 U3 Va1 Uq

o o o (©) (©)
Figure 2: A graph G’ with Yeon(G’) = a and ycur(G') = 2a
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Next, let b < 2a. Then 2 < m = b —a < a. Consider the graph G in Figure 3.
Let S* = {v1,v2,...,v5}. Then S* is a 7yeop-set in G. It follows that veon(G) = a. Set
Vo = {v1,v2, ..., Um—1,%}, Vi = {Um, VUm+1,-..,Va-1}, and Vy = V(G)\ (V1 UV3). Clearly,
g = Vb, V1, V3) is a yoyr-function on G. Therefore,

our(G) = Vi +2[Va| = (@ =m) + 2m =m +a =b.

o) o) o) o) Q
U1 U2 U3 | Up—1 Um Vg—1 Va
o) o) o) o) o

Figure 3: A graph G with Ycon(G) = a and vour(G) = b < 2a
This proves the assertion. O

Corollary 5. Let n be a positive integer with n > 2. Then there exists a connected graph
G such that your(G) — Yeon(G) = m. In other words, the difference your(G) — Yeon(G)
can be made arbitrarily large.

Proposition 4. Let n be a positive integer. Then

1 ifn=1
Your(Pn) =42 ifn=2,3
n ifn > 4.

Proof. Clearly, your(P1) = 1 and vyour(FP,) = 2 for n = 2,3. Suppose n > 4. Let
P, = [v1,v2,...,v,) and let f = (Vy, Vi, V2) be a yopr-function on P,. If [Vo| =0, [V2| =0
by Proposition 3(i). It follows that V4 = V(P,) and vyour(Pn) = wng(f) = |Vi| = n.
Suppose there exists v; € Vp such that j # 1,n. Thenv;_; € Vo orvjy1 € Vo. If v;_1 € Vs,
then v € Vj for all k > j since V3 U V5 is convex. Again, by convexity in V3 U Vs, vs € 1)
for all s < j whenever v;11 € Va. In either case, f is not an RDF in G, a contradiction.
Therefore, Vo C {vi,v,}. Suppose Vo = {v1} (or {v,}). Since f is a yc,r-function,
Vo = {wva} (resp. {vn—1}) and Vi = V(P,) \ {v1,v2} (resp. V(P,) \ {vn-1,v,}). Hence,
Your(Pp) = wg:R(f) = |Vi| + 2|V2| = n. Suppose Vjy = {v1,v,}. Then Vo = {va,v,-1}
and Vi = V(P,) \ {v1,v2, Un—1,v,}. Hence your(Pp) = wg:R = V1| +2|Va| = n. O

Proposition 5. Let n be a positive integer with n > 3. Then

2 ifn=3
v Cn =
ncvr(Cn) {n if n > 4.
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Proof. Clearly, ycyr(C3) = 2. Suppose that n > 4. Let C,, = [v1,v2,..., Uy, v1] and
let g = (Vo, V1, Va) be a yoyr-function on C,,. If V) = @, then Vo = &, by Proposition
3(7). Hence, your(Cr) = n. Suppose Vy # &. Since Vj U Vs is convex, (Vp) is connected.
Hence, |Vo| < 2. Let n = 4. Suppose |Vp| = 1. Assume without loss in generality that
Vo = {v1}. Then V3 U Vs = {wvy,v3,v4} which is not convex, a contradiction. Hence
[Vo| = 2. Again, we may assume that Vp = {vy,v2}. Then V5 = {vs,v4}. It follows that
Yovr(Ca) = 2|Va| = 4. Let n = 5. By convexity in V; U V3, it can be verified that [Vp| = 2.
This implies that |Va] = 2 and |Vi| = 1. Thus, your(C5) = |Vi| + 2|Va| = 5. Suppose
n > 6. Suppose |Vp| = 2, say Vo = {v1,v2}. Then [vs,ve,v1,v,] is a vs-v, geodesic in Cy,
implying that V; U V5 is not convex. This is a contradiction to the assumption that g is a
CvRDF. Therefore, |Vp| = 1. Since g is a yo,r-function, |Va| =1 and |Vi| = n — 2. Thus,

Your(Cr) = n. O

Proposition 6. Let G = Ky, ... », be the complete k-partite graph with 2 <ni; <mng... <
ng where k > 2. Then your(G) = 4.

Proof. Let Sy, Sny,--.,5, be the partite sets in G. Let 4,5 € {1,2,...,k} with
i # j. Choose any u € Sy, and w € Sy,,. Put Vo = {u,w}, Vo = V(G) \ Va2, and
Vi = @. Then f = (Vo, V1, V3) is a CvRDF on G. Thus, your(G) < wSPE(f) = 2|Va| = 4.
Suppose Your(G) < 4. Let g = (V§,V{,V3) be a yoypr-function on G. Then yoyur(G) =
w&R(g) = |V]| + 2|V4| < 4. This implies that |[V3| < 1. If |Vj| = 0, then |V{| = 0 and
[V{| = |[V(G)| > 4, a contradiction. Thus, |V3| = 1. If wG"F(g) = 2, then |V]| = 0. Let
Vy = {p}, where p € S, for j € {1,2,...,k}. Pick any ¢ € Sy, \ {p}. Since |[V3| = 1,
q € Vp. This is not possible because pg ¢ E(G). This forces wg]”R(g) = 3 which is also

not possible by Proposition 2. Therefore, yoo,r(G) = 4. O

Proposition 7. Let G be a connected non-complete graph and let f = (Vy, V1, Va) be a
Yowr-function on G. If |V1| = 0, then the following hold:

(1) every cut-vertex belongs to Va,
(1) mo extreme vertex belongs to Vo, and
(791) for any u,v € Va such that dg(u,v) > 2, Ng(u) N Ng(v) C Va.

Proof. Since |Vi| =0, V3 is a veon-set in G by Proposition 3(iii). Suppose there exists
a cut-vetex v of G such that v ¢ V. Let G1 and G4 be distinct components of G\ v. Pick
any p € VoNV(G1) and g € VaNV(G2). Since every p-q geodesic contains v, it follows that
V5 is not convex, a contradiction. Hence, (7) holds. Suppose there exists w € Ext(G)NVa.
Since G # K,, there exists z € Ng(w) such that y € Ng(2) \ Ng(w). Suppose z € V.
Then there exists x € Ng(z) N Va. Since Va is Yeon-set, * ¢ Ng(w). Hence, [z, z,w] is a
z-w geodesic, contrary to the fact that Vs is convex. Hence, z € V5. Again, this is not
possible because V3 is a Yeon-set. Therefore, w ¢ Va. Thus, (i7) holds.

Next, let u,v € Vo such that dg(u,v) > 2. If dg(u,v) > 2, then Ng(u) N Ng(v) = 2,
then we are done. Suppose dg(u,v) = 2 and let a € Ng(u) N Ng(v). By convexity of Vs,
it follows that a € V5, showing that Ng(u) N Ng(v) C Va. This shows that (iii) holds. [
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Proposition 8. Let G be a conneted graph of order n. Then Yeon(G) = vour(G) if and
only if Yeon(G) = n.

Proof. If 4eon(G) = n, then vo,r(G) = n by Proposition 1.
For the converse, suppose that Yeon(G) = Your(G). Let f = (Vo, Vi, V) be a yoyr-function
on G. Then Yeon(G) < |Vi| + [Va| < |Vi| 4 2|Va| = vour(G). By assumption, this implies
that |Va| = 0. Hence, |Vp| = 0, implying that veon(G) = |Vi| = n = ycur(G). O

The next two results follow from Proposition 8, Theorem 1, Corollary 1, and Corollary
2.

Corollary 6. Let G be a connected graph of order n. If Veon(G) = vour(G) and G # K,
then 2 < 6(G) < A(G) <n—4.

Corollary 7. Let G be a nontrivial connected graph of order n. If Yeon(G) = vour(G),
then n > 6.

Theorem 5. Let G be a nontrivial connected graph on n wvertices such that
Yeon(G) < Youwr(G). Then Your(G) = Yeon(G) + 1 if and only if there exist a vertex
v and a set S C V(G) such that S C Ng(v) and V(G) \ S is a Yeon-set in G.

Proof. Suppose Your(G) = Yeon(G) + 1. Let f = (Vp, V1, V) be a yopr-function on
G. Since V; U V4 is a convex dominating set in G, vYeon(G) < |Vi| + |Va2|. Consider the
following cases:

Case 1. ’Ycon(G) = |V1| + |V2|

Then veon(G) + 1 = |Vi| + |Va| + 1. By assumption, |Vi| + [Va| + 1 = |Vi| + 2|Va|. This
implies that |Va| = 1 and |Vi| = 7eon(G) — 1. Let Vo = {v} and S = Vj. Then S C Ng(v).
Since V3 U V, is a convex dominating set in G and |Vi U Va| = v.on(G), it follows that
V(G)\ S =V1 UV, is a yeon-set in G.

Case 2. Yeon(G) < [Vi| + [V2l.
Then Yeon (G) +1 < |Vi] 4 [Va|. The assumption yoyr(G) = Yeon(G) + 1 forces the equality
[Vi| + [Va| = |V4| 4+ 2|Va|. Hence, |Va| = 0, [Vo| = 0, and |V3] = n. Consequently,
Yeon(G) =n — 1. Let D = V(G) \ {w} be a veon-set in G and set S = {w}. Since D is a
dominating set and G is non-trivial, there exists v € D such that S C Ng(v).

In either case, the desired properties hold.

For the converse, suppose that there exist a vertex v and a set S C V(G) such that
S C Ng(v) and V(G) \ S is a Yeon-set in G. Let Vo = {v}, Vi1 = V(G) \ (S U V3), and
Vo = V(G) \ (Vi UV,) = S. Then, by assumption, V(G) \ S = V4 UV, is convex and
Vo € Ng(v). Therefore, g = (Vp, V1, V) is CvRDF on G and

Your(G) < w§(g)
V1| + 2| V3]
= n—(n—Yeon(G) +1)] +2
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Yeon(G) + 1.
Since ’Ycon(G) < ’YCvR(G)a 'Ycon(G) +1< 'VCUR(G)- Therefore, 'YCvR(G) = 'VCon(G) +1. O

Graphs G such that your(G) = 27con(G) are called convex Roman graphs.

Theorem 6. Let G be a nontrivial connected graph. The following statements are equiv-
alent.

(1) G is a convex Roman graph.
(i) G has a your-function f = (Vp, Vi, Va) such that |V1]| = 0.
(1it) G has a yoyr-function f = (Vy, V1, Va) such that Va is a eon-set in G.

Proof. Let G be a convex Roman graph and let f = (Vp, V1, V2) be a o, r-function on
G. Then 290 (G) = 2|V1| 4 2|Va| = |Vi| + 2|V2| = vowr(G). This implies that |Vi] = 0.
Hence (i) implies (i7).

Next, let f = (Vp, V1, Va) be a yoyg-function on G with |V;| = 0. By Proposition 3(iii),
Vo is & Yeon-set in G and vour(G) = 2|Va| = 27:on(G). Thus (i7) implies (7).

The equivalence of statements (ii) and (iii) follows from Proposition 3(#i7). O

Corollary 8. Let G be a nontrivial connected graph. If v(G) = 1, then G is a convex
Roman graph.

Theorem 7. Let G and H be any connected graphs. Then

2 ify(G)=1ory(H)=1

4 otherwise.

'YCUR(G+H) = {

Proof. Since G + H # K1, your(G + H) > 2, by Theorem 3(7). Suppose v(G) =1 or
v(H) = 1. Then v(G+ H) = 1. By Corollary 4, vc,r(G+ H) = 2. Suppose 7(G) # 1 and
v(H) # 1. By Proposition 2, vo,r(G + H) > 4. Pick any x € V(G) and y € V(H). Let
Vo =A{z,y}, Vo = V(G) \ Vo, and V} = @. Then f = (V, V1, V2) is a CVRDF on G + H
and wgfﬁ{( f) = 4. Therefore, vou,r(G + H) = 4. This proves the assertion. O

4. Conclusion

The concept of convex Roman domination was introduced and initially investigated
in this study. The convex Roman domination numbers of some graphs and the join of
two graphs were determined. It was shown that every pair of positive integers (with
some restrictions) are realizable as the connected Roman domination number and convex
Roman domination number of some connected graph. A realization result involving con-
vex domination number and convex Roman domination number was also obtained. The
newly defined variant of Roman domination in this study can be studied for other graphs
including those ones under some binary operations.
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