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Abstract. In this paper a new Rabinovitch-Fabrikant (R-F) four dimensional (4D) continuous
time dynamical system was generated from three dimensional (3D) Rabinovitch-Fabrikant dynam-
ical system using the state augmentation technique by adding new state variables u. The sys-
tem employs thirteen terms includes five cross-product terms and one irreversible function. The
dynamical behaviors of the system were investigated which include equilibrium points, stability
analysis, wave form analysis, phase space analysis, multistability, Hopf-bifurcation, the Lyapunov
exponent and Lyapunov dimension. The values of Lyapunov exponents are:L; = 14.025946, Ly =
0.295151, Ly = —2.854401, L, = —13.736833. and Lyapunov dimension is (3.83474) , so the system
is unstable and hyperchaotic with coexistence attractors. Chaos was handled in two ways: adap-
tive control and adaptive synchronization, it was found that the new system is stable and achieved
good results.
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1. Introduction

The origin of nonlinear dynamics goes back to French scientists (Henri poincar) [14], [2].
Dynamic systems are evolutionary process, which are generally characterized by differential
equation including mechanics and fluid flow [17], [16], [18], [1], [5]. Chaos theory is now
attractive to various fields such as physics, chemistry, medicine, biology, mathematics, and
engineering [13], [3], [6], [7]. Chaos control has received widespread attention of research
because contrability of chaotic attractors are index of utility in very totally different designs
like in communication and arificial intelligence [9], [12], [8], [4]. The synchronization of
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chaotic system is a very energetic subject in non-linear science, this phenomenon happens
where two non-linear system are combined, there are different types of synchronization
phenomena including complete synchronization, linear feedback synchronization, Hybrid
synchronization, Anti- synchronization, etc [10]. Due to the increasing importance in
many fields at the present time to generate a high dimensional system, a new 4D (R-F)
dynamical system was generated and it seen from the comparison table 1 that the new 4D
(R-F) is chaotic system with unstable real equilibrium points, several tools were used to
analyze the new system. It was found that the new 4D (R-F) coexistence of self-existing
chaotic attractors Table 1, comparison of the new 4D (R-F) dynamical system with results
of published papers.

Table 1: Comparision on new R-F system with published papers.

Dimension of References of
System nature
the system papers and year

1- System with real equilibrium points

2- Composition of a controlled (R-F) system with a fractional

3D (R-F) time derivative [20] In 2014

3- Synchronization between fractional order and chaos
controlled (R-F) SYSTEMS

1- System with real equilibrium points

3D (R-F) 2- Hidden transient chaotic attractors [11] In 2016
1- System with real equilibrium points
3D (R-F) 2- The system is unstable by Routh-Hurwitz criterion [19] In 2021
3- Configure an electrical circuit
1- Perform hybrid projective synchronization for 3D (R-F
4D (RF) system angi] 4D (II){-F]) systemy 5 [15] In 2017
1- System with real equilibrium points.
2- The system is unstable by: the roots of the characteristic
equation, Routh stability criterion, Hurwitz stability criterion,
and Lyapunov function
. o . New 4D
4D New 3- coexistence of self-existing chaotic attractors (R-F) dynamical
(R-F) 4- the system is highly chaotic because of the two positives of system

Lyapunov exponent.

5- The system has hopf-bifurcation.

6- By adaptive control and adaptive synchronizal the new
system is stable and achieved good results

2. New 4D Rabinovitch-Fabrikant(R-F) System

To construct a 4D system from 3D continuous time dynamical system, state augmen-
tation technique [15], was used by adding new state variable(u), with irreversible function
(trigonometric function) term, to the 3D dynamical system, that exhibits similar dynam-
ics.

The new thirteen terms system (1) with six non-linearities terms, given by four differ-

ential equations with three parameters a,b, k and z,y, z, u are state variables.
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Expressed as:
i =y(z—1+2%) +ax
y=2z(32+1—2%) +ay
Z2=-2z(b+ xy)
U= a(x —y) + ksin(u)
where a = 0.077,b = 0.1,k = 4.

3. System Analysis
To analyze the system we follow the steps:

3.1. Equilibria

We set the system equal to zero and find the equilibrium points.

So, the equilibrium points of the system are : Ey = (0,0,0,0),
Ey o = (£1.5378,F0.065, —0.26909, F1.768), E3 4 = (+0.0438, F2.2831, 1.7635, F2.5673).
3.2. Analysis of stability

3.2.1. Characteristic equation

The Jacobian matrix of new system (1), at equilibrium point Ey(0,0,0,0) is:

0.077 -1 0 O
1 0077 0 O
0 0 —-02 4
0 0 -0.2 4

It’s characteristic equation
At — 3.954)3 + 0.791129\% — 3.6993302)\ — 0.8047432 = 0. The roots of characteristic
equation are:

A =4, = —0.2,\3 = 0.077 + i, Ay = 0.077 — i since Ay is positive and A3, \y4 are
complex numbers with positive real part, Therefor the new (R-F) system (1) is not stable.

3.2.2. Criterion of Routh stability

Routh criteria states that new R-F system (1) is steady that each term in Routh Array
table’s first column are positive values, is necessary and sufficient condition.

as = 1,a3 = —3.95,a2 = 0.791129, a; = —3.6993302, ap = —0.8047432

_ bra1 — aszb
by = B2 T YUY 79679 ¢ = w = —5.5421
as 1

Since the characteristic equation contains different signs and the first column contains
negative values. So, the new system (1) is unstable.
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Table 2: Routh Arrays for new R-F system.

At 1 0.791129 -0.8047432
A3 -3.954 -3.6993302 0

A2 1.72672 -0.8047432

A -5.5421 0

A% | -0.8047432

3.2.3. Hurwitz stability criteria

Using the coefficients of the characteristic equation, we form a square matrix in which the
number of rows and columns equals the degree of the equation:

as ai 0
Ay = a3 = —3.954 < 0,Ay = Zi Z; — —6.827454266 < 0,A3 = | as as ap | =
0 az ai

as a; 0 O
a4 ag ag 0
0 a3 aip 0
0 a4 a2 Qg

10.4683797, Ay = = 30.4502404. Since (A1, Az) < 0, the new system

(1) is unstable.

3.2.4. Lyapunov function

Let the Lyapunov function of new R-F system (1) is

Vieyzw) = 502+ 42+ 2 ) ¢
V(x,y,2,u) = x& + yy + 2% + uit (3)
Substitute the new system (1) in equation (3) we get:

V(z,y, z.u) = ax? + ay® — 2022 + dayz — 20y2* + arvu — ayu + ku sin(u) (4)
substitute the initial conditions in (4) we get: V(z,y,2,u) > 0. Hence the system is
unstable.

3.3. Graphical numerical analysis

New system (1) has been solved by Runge-Kutta technique of fourth order with initial
values [xo, Y0, 20, uo] = [4, —11,18, 3].
3.3.1. Wave-form

The wave form x(t), z(t) for system (1) is characterized with a non-aperiodic shape, shown
in figure (1), which is one of the basic characteristic of chaotic dynamical system :
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Figure 1: The wave-form of new system (1): (la)x —t, (1b)z — ¢.
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3.3.2. Phase space of new system (1)

I this paragraph figure (2)(a,b) shows the chaotic attractors in (z—y), (x—z), (y—=2), (z—u)
plane, and figure (3) in (z,y, 2), (y, 2, u) space:
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Figure 2: 2-D for the chaotic attractor for new system (1) (2a)z — y(2b)z — z.(2¢)y —
z.(2d)z — u.

3.4. Multistability

Multistability (coexisting attractors) of nonlinear dynamical system mean , by chang-
ing the initial condition for same parameters of the system , and changing the initial
condition with changing parameters is achieve the coexistence of many aspects according
to the table (2), as in figure (4).
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Figure 3: 3-D chaotic attractor for new system (1).

The presence of multistability does not necessarily indicate chaos, but it can provide
a favorable environment for the emergence of chaos in dynamical system. Multistability
can increase the complexity and richness of the system’s behavior and provide a basis for
emergence of more complex dynamics, such as chaos.

Table 3: Coexistence with different parameters and initial conditions.

Initial conditions Parameters Color Figures
Xo =5,¥o=-12,zy = 15,u, =9 a=0.077 Red
Xo =6,y =-13,z,=5u, =2 b=0.1 Green | Figure (4) (a)
Xo=4,y,=-11,z, = 18,u, = 3 k=4 Blue
Xo =5,¥o=-12,zy = 15,u, =9 a=-0.4 Red
Xo =6,y =-13,z,=5u, =2 b=-0.0001 Green | Figure (4) (b)
Xo=4y,=-11,2, =18 u5 =3 k=0.2 Blue

zzzzzz

Figure 4: Multistability of three attractors with three initial conditions corresponding to

table (3).

3.5. Hopf-bifurcation

The Jacobian matrix(J) have pair of complex eigenvalues with modulus approximately

equal one, so the new system (1) has Hopf-Bifurcation. Analyzing new system (1) using
bifurcation diagrams. The bifurcation parameter (a) is changed interval [-0.5-0.05] with
the rest of the parameters fixed, shown in figure (5a), also the bifurcation parameter (b)
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is changed with the rest of parameters fixed show in figure(5a). Which shows the chaotic
behavior of the system (1).
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Figure 5: Bifurcation diagram for the system (1).

3.6. Lyapunov Exponent

The Lyapunov exponent is simple way of describing the dynamics of a chaotic sys-
tem. The system is chaotic if at least one Lyapunov exponent greater than zero. The
values of Lyapunoc exponents are L; = 14.025946, Lo = 0.295151, Ly = —2.854401, L4 =
—13.736833. and Ele L; = —2.270137therefore the Lyapunov dimension is Dy, = 3 +
% = 3.83474 . So, the system (1) is Hyper chaotic system since the necessary
condition are satisfied: Two Lyapunov exponent are positive from the four Lyapunov
exponents, as shown in figure (6).
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Figure 6: Lyapunov Exponent of new system(1).
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4. ADAPTIVE CONTROL TECHNIQUE

4.1. Theoretical results

To achieve the stability of the new hyperchaotic R-F system (1) by adaptive control
technology, with the undefined parameter (b).

i=y(z—1+2%) +0.077z + v1(t)
y=2(32+1—22) +0.077y + va(t)

2= —2z(b+ xy) + v3(t)
U= ax — ay + k sin(u) 4 v4(t)

()

where (v1(t), va(t),v3(t), va(t) are feedback controllers and (x,y, z,u) are state variable.
The adaptive control functions are:

vi(t) = —yz +y — x>y — 0.077x — Bz
vy(t) = —3zz — x + 2° — 0.077y — Pay
v3(t) = 2bz + 2xyz — B3z

v4(t) = —ax + ay — k sin(u) — Bau

where the constants (81, B2, 83, 84) > 0, and b is the estimate parameter of (b): Substi-
tuting the adaptive control functions into (5), we get:

T = —51.1‘
Y= —Pay (©)
5=20b—b)z — P32
U = —fau
Let the parameter estimation error:
€p — b— Z; (7)

Substituting (7) in (6) we obtain:

T = —5156

y=—P2y (8)
Z = —2epz — P3z

U= —Fau

Consider the Lyapunov function: V(z,y, z,u,e) = %(mQ +y? + 22 +u?, e%)
V is positive-definite on R°.
Differentiating V' we get:

V=22 +yy+ 22 + ut + epéy 9)
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Also,

~

ép=—> (10)
We substituting the equation (10) and the system (8) in equation (9) we get:

V =~z — Boy — B3z — Bau — ep(227 + é) (11)

Not that: .
b= —222 + Bsep (12)

Substitute (12) in (11) we obtain:

V = —Bia? — Bay® — B32® — Bau® — Bsei (13)

where ((5) is positive.

We substitute (51, B2, 83, 54.5) and the initial value in equation (13) we get V(az, Y, 2, u, ep) <
0. So, the following proposition 1 is proved.
Proposition 1: By adaptive control design, the chaotic system (5) with unknown pa-
rameter is stabilized for every initial value, where the estimated parameter is obtaind by
(12) and (B4, B2, B3, B4.P5) are greater than zero.

4.2. Numerical results

Simulation for controlled hyperchaotic system (8) with initial values z¢g = 3,y9 =
—2,20 = —5,up =7, 61 = 10,82 = 15,83 = 20,84 = 5,85 = 10 and unknown parameter
(b=0.9). Figure (7) shown the controlled state path of new system:

2

4

CNK X

XY,z U

L . L L .
[s] 10 20 30 40 50 60

t(s)

Figure 7: Paths of state variable x,y, z, u for controlled system.

5. Strategy for adaptive synchronization

5.1. Theoretical results

This section adaptive synchronization of hyperchaotic system, when the parameter (b)
is unknown parameter.
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The drive system, we consider the chaotic new (R-F) dynamical system described by:

T1=y121 — Y1 + l’%?ﬂ + 0.077x1
U1 = 3x121 + 21 — 25 4+ 0.077y

(14)
21 = —0.221 — 21’1]/121
w1 = 0.077z1 — 0.077y; + 4sinuy
where (x1,y1, 21, u1) are state variables. The response system, is given by:
T = Y222 — Y2 + 25Y2 + 0.077y + 01 (1)
Yo = 3T220 + 2 — 1:3 + 0.077y2 + Ug(t) (15)

Z9 = —2bzy — 2x01y929 + Ug(t)
ug = 0.077x2 — 0.077y2 4+ 4sinus + U4(t)

where (vi(t),v2(t), v3(t), v4(t)) are the feedback control and (x3, Y2, 22, u2).

Are state variables.

adaptive synchronization error given by e; = 2o — 1,60 = Yo — y1,€3 = 22 — 21,64 =
ug — uUq.

Hence, the dynamical system of synchronization error:

€1 = ege3 + 2169 + Yy1e3 — o + 6%62 + y1e1 + x%eg +0.077e1 + v1(t)
éo = 3(eres + z1€1 + x1€3) + €1 — e:f +0.077eq + va(t)

é3 = —2bez — 2(e1eze3 + z1€1e2 + yre1e3 + rrezez + zieres + yieres + wiezes) + vs(t)
é4 = 0.077e; — 0.077eq + 4dsiney + v4(t)

(16)
Defined adaptive control function:
v1(t) = —eges3 — z1e2 — y1€3 + €2 — 6%62 —y1e1 — x%eg —0.077e1 — Brer
Ug(t) = —3(6163 + z1e1 + .38163) —e1 — 6? —0.077eq — Paes
v3(t) = 2bes + 2(e1e2e3 + z1€102 + Y1e1€3 + T1€203 + Z1€102 + Y1€163 + T1e2e3) — P3€3
v4(t) = —0.077e; + 0.077eq — 4dsines — Pyey
X (17)
where (1, 52, B3, 4) are positive real values, and (b) is the estimated value of the param-
eter (b).
Substituting (17) into (16) we get the dynamical system of synchronization error:
e1 = —pier
ey = —[fa2eg

. . (18)
é3 = —2(b—b)es — Bses

€4 = —Baey
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The parameter estimation error is:
ep=b—b (19)

Substitute (19) into (18) we obtain synchronization error system is:

e1 = —fier

ea = —[aeg (20)
e3 = —2epe3 — Baes

eq = —Paey

To prove the stability of the system (20), Consider the quadratic Lyapunov function is
considered as:

1
Ve ea,e3,ea,e) = 5(€1 + €3 + €5+ el + ) (21)

which is a positive definite on R°. Not that:

ép = —b (22)

Differentiating equation (21) and substituting the system (20) and (22) we get:

V = —B1€2 — Bael — B3e2 — Baed — ep(b + 2e3) (23)

Hence, the estimated parameter is:

B = —2e3 + Bsep (24)

Where (85) is a positive.
Substitute (24) into (23) we obtion:

V = —Bie? — Bacs — Bae3 — Bac — Bser (25)

Which is a negative on R°. Hence, by Lyapunov stability its immediately that the param-
eter error and error synchronization decay exponentially to zero. Thus the proposition 2
is proved.

Proposition 2: The identical chaotic of the drive and the response systems, with the
unknown parameter (b) are synchronized for all initial value by adaptive control (17),
where the estimated given by (24) and constant f;, (i = 1,2,3,4,5) are positive, since
lim;— o0 €; — 0, Therefor the system (20) is stable.

5.2. Numerical results

By the 4th-order Runge-kutta method to solve the master system (14), slave sys-
tem (15), and synchronization error system. We take initial value of the system (14)
(II(O), Y1(0)5 Z1(0)> ul(o)) = [3,6,5,12] and initial value of the system (15). (xQ(O) s Y2(0)» 22(0)> UQ(O)) =
[19,10, —4, 5] ,the parameter unknown b=24and 3 = 6 for i = 1,2,3,4,5. Dynamic
synchronization error system shown in figure (8).
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Figure 8: The convergent for system (16) with adaptive control (17).

6. Conclusion

This paper present the successful creation of a new 4D Rabinovich-Fabrikant dy-

namical system from a 3D version using the state augmentation technique. A compre-
hensive investigation of the system’s dynamical behaviors was conducted, revealing an
unstable hyperchaotic with coexistence self-excited attractors, the system multistability,
Hopf-bifurcation, wave form analysis and phase space analysis. Were meticulously ana-
lyzed. Importantly, the Lyapunov exponents are: L; = 14.025946, Lo, = 0.295151, L3 =
—2.854401, Ly, = —13.736833. confirmed the system’s unstability. While the Lyapunov
dimension Dy, = 3.83474. underscord. It’s hyperchaotic state. Despite the inherent chaos,
the system’s stability was effectively attained through the implementation of adaptive con-
trol and adaptive synchronization techniques, illustration the potential of these methods
for controlling and managing complex dynamical systems.
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