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Abstract. Differential subordination and superordination results are obtained for analytic functions
in the open unit disk which are associated with the integral operator. These results are obtained by
investigating appropriate classes of admissible functions. Sandwich-type results are also obtained.
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1. Introduction

Let H(U) be the class of functions analytic in U = {z : 2 € C and |z| < 1} and H[a,n] be
the subclass of H(U) consisting of functions of the form f(z) = a + a,2"+ a,;,2"* + ..., with
Hy=H[0,1] and H = H[1,1]. Let A(p) denote the class of all analytic functions of the form

f(z)=2" +Zap+nzp+” (peN={1,2,3,..};z€U) 1)

n=1

and letA(1) =A. Let f and F be members of H(U). The function f (z) is said to be subordinate
to F(z), or F(z) is said to be superordinate to f(z), if there exists a function w(z) analytic in
U with w(0) = 0 and |w(2)| < 1(z € U), such that f(z) = F(w(2)). In such a case we write
f(2) < F(z). If F is univalent, then f(2) < F(z) if and only if f(0) = F(0) and f(U) c F(U)
(see [8] and [9].

For two functions f(z) given by (1) and

o0
g(z) =2+ Z by,

n=1
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the Hadamard product (or convolution) of f and g is defined by
o0
() @ =2+ ayenbypen 2 = (g5 ) 2.
n=1

Motivated essentially by Jung et al. Liu [5] and Owa [7] introduced the integral operator
Q% oA (p) — A(p) as follows:

pta+f—1

a (¢ T
- - B-1 . _1-
p+p—1 )ZﬁL (1 Z) tP=if (t)dt, (a>0;8>-1;peN), (2)

%5,/ @= (

and

QQFE) =f@), (a=0;p>1).
For f € A(p) given by (1), then from (2), we deduce that

2t (a>0;>—-1;peN). (3)

Q%’pf(z)=zp+r(a+ﬁ+p)i r'(B+p+n)
n=1

r'(B+Dp) F(a+ﬁ+p+n)ap+n

It is easily verified from the definition (3) that (see [7])

z (Q%,pf(z))/ =(a+B+p-1)Q5, f(x)— (a+p-1)QF f(2). 4)

We note that the one-parameter family of integral operator Q%)l flz) = Q% was defined by
Jung et al. [5].

To prove our results, we need the following definitions and Lemmas.

Denote by & the set of all functions q(z) that are analytic and injective on U\E(q) where

E(q)= {C edU: lirréq(z) = oo},
and are such that q’({) # 0 for { € dU\E(q). Further let the subclass of & for which q(0) =a
be denoted by & (a), #(0) = %, and (1) = ;.

Definition 1 ([8], Definition 2.3a, p. 27). Let Q be a set in C, q € & and n be a positive
integer. The class of admissible functions W, [, q], consists of those functions 1 : C3 x U — C
that satisfy the admissibility condition:

Y(r,s,t;2) € Q
whenever
q'(©)
where z € U, { € dU\E(q) and k > n. We write ¥[Q,q] as ¥[Q,q].

r=q(0), s =k{q'(Q), %t{§+1}2k§}t{1+gq (C)},
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In particular when q(z) =M %, with M > 0 and |a| < M, then
qU)=Uy ={w:|w| <M}, q(0)=a, E(q) = and g € &. In this case, we set
V. [Q,M,a] = ¥,[Q,q], and in the special case when the set Q = Uy, the class is simply
denoted by ¥, [M,a].

Definition 2 ([9], Definition 3, p. 817). Let Q be a set in C, q(z) € H[a,n] with ¢’(z) # 0.
The class of admissible functions W’ [, q] consists of those functions 1 : C2 x U — C that satisfy
the admissibility condition

Y(r,s,t;) €N

r:q(z),szzq(Z), m{f+1}zim{1+zq (Z)},
m s m

whenever

q'(2)
where z € U,{ € U and m > n > 1. In particular, we write ¥ [Q,q] as ¥'[Q,q].
Lemma 1 ([8],Theorem 2.3b, p. 28). Let ) € ¥, [Q,q] with q(0) = a. If the analytic function
g(2) = a+ a,z" + a,4 12" + ... satisfies

Y(g(2),28'(2),2%¢ (2);2) € Q,

then g(z) < q(2).
Lemma 2 ([9],Theorem 1, p. 818). . Let 1) € ¥/ [Q,q] with q(0) = a. If g(z) € F(a) and

P(g(),28'(2),5°¢ (2);2)
is univalent in U then
Qc {P(g(2),2¢'(2),2°¢ (2);2):2 €U},
implies q(2z) < g(2).

In the present investigation, the differential subordination result of Miller and Mocanu
[8,Theorem 2.3b, p.28] is extended for functions associated with the integral operator Q% »
and we obtain certain other related results. A similar problem for analytic functions was
studied by Aghalary et al. [1], Ali et al. [2], Aouf [3], Aouf et al. [4], and Kim and Srivastava

[6]. Additionally, the corresponding differential superordination problem is investigated, and
several sandwich-type results are obtained.

2. Subordination Results Involving the Integral Operator

Definition 3. Let Q be a set in C and q(z) € &, N H[0,p]. The class of admissible functions
o, [Q,q] consists of those functions ¢ : C3 x U — C that satisfy the admissibility condition

¢ (w,v,w;2) €Q
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whenever

kZq’ —1
i=a, v O 4000

gR{(oz+[3-|—p—1) (a+B+p—-2)w—(a+-1)(a+f—-2)u
(a+B+p-1)v—-(a+p—-1)u

2q" ()
> km{1+ 70 }

wherez €U, { € OU\E (q), and k > p.

—2(a+[3’)+3}

Theorem 1. Let ¢ € ®, [Q,q]. If f(2) €A(p) satisfies

{¢ (@4, f().Qe f(2),Qu2f(3);2) i€Vt c@ (a>2 B>-1;peN), ()

then
Q4 f(2) =<q(x) (zeU).

Proof. Define the analytic function g(z) in U by
gz)=Qp,f(z) (a>2B>-1;peN;z€U). (6)
In view of the relation (4) from (6), we get

28’ (2)+ (a+p—-1)g(2)

a—1 _
Qﬁ,pf(z)_ a+ﬁ+p_1 (7)
Further computations show that
2// /
wnern 28 @+2(a+p-1)2g' @)+ (a+p—1) (a+p—2)g(z)
Up /)= (@rp+p-1)(@+hrp-2) - ®
Define the transformations from C> to C by
s+(a+p-1)r t+2(a+p-1)s+(a+p-1)(a+p—-2)r
u=rv= , W= )
a+pB+p-1 (a+B+p—-1)(a+B+p—2)
Let

Y(r,s, t;2) = ¢ (u,v,w;z)
3 s+(a+B-1)r t+2(a+B-1)s+(a+B—-1)(a+p—-2)r
= P\ Taxprpo1 (a+P+p—1)(atp+p—-2) -

(10)
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The proof shall make use of Lemma 1. Using equations (6), (7) and (8), from (10), we obtain

Y(p(2),2p'(2),2%p" (2);2) = ¢ (Q& . (20, Q% F(2), Q2 F ()5 an

(a>2; B>-1; peN;zeU).

Hence (5) becomes )
Y(p(2),2p'(2),2°p (2);2) € Q.

The proof is completed if it can be shown that the admissibility condition for ¢ € &, [Q,q]
is equivalent to the admissibility condition for 1) as given in Definition 1. Note that

t+1: (a+B+p—-1)(a+B+p—-2)w—(a+p—-1)(a+p—-2)u

s (a+B+p—-1)v—(a+pB—-1)u —2(a+p)+3,

and hence v € ¥, [Q,q]. By Lemma 1,

g(z)<qx) or Q%,f(x)=<q() (zeU).

If Q # C is a simply connected domain, then 2 = h(U) for some conformal mapping h(z)
of U onto Q. In this case the class ®,[h(U),q] is written as ®,[h,q]. The following result is
an immediate consequence of Theorem 1.

Theorem 2. Let ¢ € ®y[h,q]. I f(2) € A(p) satisfies

¢ (Q),f(),Q0 f(2),Qe2f(2);2) <h(z) (a>2;f>-1; peN; z€U),  (12)

then
Q5 f@)=qk) (eU).

Our next result is an extension of Theorem 1 to the case where the behavior of q(z) on
dU is not known.

Corollary 1. Let Q C C and let q(z) be univalent in U, q(0) = 0. Let ¢ € ,[Q,q,,] for some
p €(0,1) where q,(2) = q(p2). If f(z) €A(p) and

¢ (Q),f(@),Q5 f(2),Qe 2f(@)sz) €@ (a>2; B>-1; peN; z€U),

then
Q4 ,f(=)=<q(x) (eU).

Proof. Theorem 1 yields Q% ) f(z) < q, (2). The result is now deduced from q,(z) < q(z).

Theorem 3. Let h(z) and q(z) be univalent in U with q(0) = 0 and set q,(z) = q(pz) and
h,(z) = h(pz). Let¢ : C3 x U — C satisfy one of the following conditions:

(1) ¢ €®4[h,q,], for some p €(0,1), or
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(2) there exists py € (0, 1) such that ¢ € ®4[h,,,q, ], for all p € (py, 1)
If f(2) € A(p) satisfies (12), then
Q4 ,f(x)<q(x) (=eU).
Proof. The proof is similar to the proof of [8, Theorem 2.3d, p.30] and is therefore omitted.
The next theorem yields the best dominant of the differential subordination (12).

Theorem 4. Let h(z) be univalent in U. Let ¢ : C> x U — C. Suppose that the differential
equation ,
¢ (q(2),2q'(2),5°q (2);2) = h(2) (13)

has a solution q(z) with q(0) = 0 and satisfy one of the following conditions:

(1) q(z) € Fo and ¢ € Bo[h,ql,

(2) q(2) is univalent in U and ¢ € ®4[h,q,,], for some p €(0,1), or

(3) q(2) is univalent in U and there exists p, € (0,1) such that ¢ € ®q[h,,q,], for all

P € (Po, 1)
If f(2) € A(p) satisfies (12), then
Q5,f(2)<q@) (zeU),

and q(z) is the best dominant.

Proof. Following the same arguments in [8, Theorem 2.3e, p. 31], we deduce that g(z) is
a dominant from Theorems 2 and 3. Since q(z) satisfies (13) it is also a solution of (12) and
therefore g(z) will be dominated by all dominants. Hence q(z) is the best dominant.

In the particular case q(z) = Mz, M > 0, and in view of the Definition 1, the class of
admissible functions ®,[€2,q], denoted by ®,[, M], is described below.

Definition 4. Let Q be a set in C and M > 0. The class of admissible functions ®, [, M ] consists
of those functions ¢ : C2 x U — C such that

o kta+p—1 o L+[2(a+p—-1)k+(a+—1)(a+p—2)]Me®
qb(Me ’a+[9’+p—1Me ’ (a+B+p—-1)(a+B+p—2) 2 | £ 4

(14)
whenever z € U, 6 € R, R (Le‘ie) > (k—1)kM for all real 6, a > 2, f > —1,p € N and
k > p.

Corollary 2. Let ¢ € ®o[Q,M]. If f(2) € A(p) satisfies
¢ (Q4,f(2),Q5,1f(2),Qe 2f(@)sz) €Q  (a>2; f>-1; peN; z€D),

then
<M (ze€lU).

Q5 f(@)
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In the special case 2 = q(U) = {w : |w| < M}, the class ®,[Q, M] is simply denoted by
®,[M].
Q

Corollary 3. Let ¢ € ®,[M]. If f(2) €A(p) satisfies

6 (3,087 (). Q2 ()52

<M (a>2;8>-1;peN;zeU),

then
<M (zelU).

Q5,f ()

Remark 1. Putting M = 1 in the Corollary 3 we obtain the result obtained by Aouf [3, Theorem
2]
Corollary 4. If k > p and f(z) € A(p) satisfies

then
Q5@ <M (zeU).
Proof. This follows from Corollary 3 by taking ¢ (u,v,w;2) =v = ’;it;j:ﬁj Mei®

Remark 2. For M =1, Corollary 4 yields the result obtained by Aouf [3, Corollary 2].

Definition 5. Let Q be a set in C and q(z) € %y, N H,. The class of admissible functions
®o.1 [, q]consists of those functions ¢ : C3 x U — C that satisfy the admissibility condition:

¢ (u,v,w;2) €Q

whenever
kg (@ +(a+B+p—2)q(0)

u=q(0), v = Pt :

é“{(%L/D’er—Z) [(a+B+p-1)w—(a+B+p—3)u]
(a+p+p—-1)v—(a+B+p—2)u

. km{qu (c)},

—2(a+[3’)+5}

q' (&)
wherez € U,{ € OU\E (q) ,a>2,8>—-1;peNand k > 1.

Theorem 5. Let ¢ € ®q; [Q,q]. If f(2) €A(p) satisfies

Q% f(z) Q% 1f(2) Q%2 f(2)
{qb( /52’5_1 /3;;_1 ’ /5;;_1 ;z):zeU}CQ (a>2;8>-1), (15)

J

then

%%ﬁﬂ<q@)@€U}

-1
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Proof. Define an analytic function g(z) in U by

Qﬁpf( )

g(z)= (a>2; B>-1;peN; z€U). (16)

By making use of (4) and (16), we get

Q% f(z) zg’(z)+(a+ﬁ+p—2) g(2)
= ) 17
zP~1 a+f+p-1

Further computations show that

Q%;zf(z) zg(z)+2(a+[3’+p 2)2g’(2)+ (a+B+p—2)(a+B+p— 3)g(z)

zP~1 (a+B+p—-1)(a+B+p—2)

(18)
Define the transformations from C> to C by

s+ (a+B+p-2)r
at+pB+p—1
t+2(a+p+p—2)s+(a+p+p—-2)(a+B+p-— 3)r
(a+B+p—1)(a+B+p—2)

u = rv=

(19)

Let

Y(ns,t;z) = ¢w,v,w;z)
s+(a+B+p-2)r
¢ (7
at+f+p—1
t+2(a+B+p—2)s+(a+f+p-2)(a+B+p—3)r
(a+B+p-1)(a+B+p—2)
The proof shall make use of Lemma 1. Using equations (16)-(18), and from (20), we obtain

) QG f() Q,f() QF,f@)
¥ (2(),58' (2),5%¢ (z);z)=¢( T )

b

;7). (20)

(21

>

Hence (15) becomes
Y (8(2),28'(2),2%¢" (2);2) € Q.
The proof is completed if it can be shown that the admissibility condition for ¢ € @, ; [€2,q]
is equivalent to the admissibility condition for 1) as given in Definition 1. Note that
t (a+B+p-2)[(a+B+p—-1)w—(a+B+p—3)u]

;+1: (a+B+p-1)v—(a+B+p—-2)u —2(a+p)+5,

and hence ¢ € ¥ [Q,q]. By Lemma 1,

Q5 ,f @)

g)=<q(z) or — =—=q) (Eel).
b4
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If Q # C is a simply connected domain, then Q = h(U), for some conformal mapping h (2)
of U onto . In this case the class ®,; [h(U),q] is written as ®q; [h,q]. In the particular
case q(z) = Mz, M > 0, the class of admissible functions &, ; [Q,q], denoted by ®q1[Q,M].

Proceeding similarly as in the previous section, the following result is an immediate con-
sequence of Theorem 5.

Theorem 6. Let ¢ € @, ; [h,q]. If f(2) € A(p) satisfies

J

zp_l ’ zp_l zp_l

a a—1 a2
(Qﬁ’pf(z) U I ) Qf"’f’f(z);z) <h(z) (a>2p>-LpeN;zel), (22)

then

Q””P‘j—f(z) <q(z) (zeU).

-1

Definition 6. Let Q be a set in C and M > 0. The class of admissible functions &g, [Q,M]
consists of those functions ¢ : C> x U — C such that

b (Meie k+a+[5+p—2Mei9 L+ (a+B+p—2)(2k+a+p+p—3)Me?

a+B+p—-1 (a+B+p—-1)(a+B+p—2) ’z)¢ﬂ

>

(23)
whenever z € U, 6 €R, R (Le‘ie) > (k—1)kM forallreal 8,p eNand k > 1.

Corollary 5. Let ¢ € ®q; [Q,M]. If f(2) €A(p) satisfies

5

a a-1 a—2
(Q[ipf(z) Qﬂ,P f(z) Q[D’,P f(z);z) cq (a > 2;[’3 >—-1; peN; z € U) 5

zp_l zp_l ’ zp_l

then
Qg f (=)

=) <M (zelU).
z

In the special case Q = {w : |w| < M}, the class &, ; [©2, M] is simply denoted by &, ; [M].

Corollary 6. Let ¢ € ®q; [M]. If f(z) €A(p) satisfies

‘(p (Qg,pf(z) QG f(2) Qf*f(=) )

e R M R e <M (a>2;B>-1,peN;zelU),

then
QG ,f (@)

= <M (zeU).
z
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Corollary 7. If k > 1 and f(z) € A(p) satisfies

Q41 f ()
’p—_l <M (a>1;B>-1;peN;z€U).
2z
then
Q3 ,f (@)
——— | <M (zel).
zP~1
Proof. This follows from Corollary 6 by taking ¢ (u,v,w;2z) =v = %M et

Definition 7. Let Q be a set in C and q(z) € Z1NH. The class of admissible functions ®q 5 [, q]
consists of those functions ¢ : C> x U — C that satisfy the admissibility condition

¢ (u,v,w;2) €Q

whenever

1
(@), v——{—1+(a+ﬁ+p—1)q<c)+

kZq' (%)
a+B+p-2 ’

q($)

[(a+B+p—-3)w—(a+B+p—-2)v+1]v
{ (a+B+p—-2)v—(a+Bf+p—1)u+1l

(a+[3’+p—2)v—2(a+ﬁ+p—1)u+1}

29" ()
- km{H q' (%) }

where z € U,{ € 9U\E (q),peNand k > 1.

Theorem 7. Let ¢ € &, [Q,q] and Qs fR)#0. Iff(z) €A (p) satisfies

Q51 (2) Q572 f(2) QF ) f(=)
{ ( f’p , ff’l , gfz ;z):zeU}cQ (a>3;8>-1;peN), (24
2 J & Q) Q5 (@)
then
Qg f(2) @ v
——— <X (q\z z € .
@ J@
Proof. Define an analytic function g(z) in U by
Qg f(2)

g(2)= (a>3;8>-1;peN;z€U). (25)

Q3 @)
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Using (25), we get
'@ 7 (@) 2(Qp,f@)

= = - 2 (26)
@ Qf® o)
By making use of (4) in (26), we get
Q4 2 f (2) 1 2g’ (%)
B.p g (z
- 1+ (a+B+p-1)g(=)+ : @7)
Q@) a+ﬁ+p—2{ (atptp—1)s g(z)}
Further computations show that
Q5 2 f () 1 2g’ (%)
B.p g'(z
= -2+ (a+B+p-—-1)g=x)+
Q;}‘;,zf(Z) a+/5+p—2{ (ath+p-1)s g(2)
Vol (o) 4 @ P () (28
N (a+p+p—1)sg'(x)+ 55 + =8 - (23) ©8)
—1+(a+[5+p—1)g(2)+2"7(—g)
Define the transformations from C> to C by
u =
. { 1+ (a+p+p—1) +S} (29)
y = ————{— a -1)r+-¢,
a+pB+p-2 P r
2
1 s (a+B+p-1)s+i+L- (2
= — —2+(a+[3+p—1)r+—+( Jst ity (s’”)
a+pB+p—2 r —1+(a+pf+p-1)r+=
Let
Y(rs,t;2) = ¢ (u,v,w;z)
o ( { 1+ (a+B+p-1) +S} !
= r,————— 4 - a -)r+-t,———
a+pB+p-2 P r a+B+p-2
2
s (a+B+p-1)s+i4+L-(2
—2+(a+[3+p—1)r+—+( Jsti s (Sr) ;7).
r —1+(a+B+p—1)r+2
(30)

The proof shall make use of Lemma 1. Using equations (25), (27) and (28), from (30), we
obtain ) ) s
Q) QGG QRIE)
Q,f(2) Q' f(2) Qp (@)

Y(p(2),2p"(2),2%p (2);2) = ¢ ( (31)
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Hence (24) becomes )
Y(p(2),2p'(2),2°p (2);2) € Q.

The proof is completed if it can be shown that the admissibility condition for ¢ € ®; 5 [©,q]
is equivalent to the admissibility condition for 1) as given in Definition 1. Note that

[(a+B+p-3)w—(a+B+p—2)v+1]v

(a+B+p—2)v—(a+B+p—1)u+1
+ (a+B+p—-2)v-2(a+B+p—1)u+1,

t
-+1
S

and hence ¢ € ¥ [Q,q]. By Lemma 1,
a—1
B.p

W—<q(2) (ZEU).

8(z) < q(z) or

If Q # C is a simply connected domain, then 2 = h(U), for some conformal mapping h(z)
of U onto . In this case the class ®,, [h(U),q] is written as &, , [h,q]. In the particular
case q(z) = Mz, M > 0, the class of admissible functions @, [2,q] becomes the class
0 [Q,M].

Proceeding similarly as in the previous section, the following result is an immediate con-
sequence of Theorem 7.

Theorem 8. Let ¢ € @, [h,q]. If f(2) € A(p) satisfies

a—1 a—2 a—=3
Qf’p (2) ’ Qﬁflf(Z), Qﬁfzf(Z);z <h(2) (a >3, f>—1;peEN;z€ U) s (32)
Q&) QL) Q@

then w1
Qg , (2)
Q)
Definition 8. Let Q be a set in C and M > 0. The class of admissible functions &, [Q,M]
consists of those functions ¢ : C> x U — C such that
o k=1+ (a+p+p—1)Me? 1
('b(MelG’ (Et+[9’ﬁ+pp—2) ‘a+pB+p-2
(a+B+p—1)kM2e!® + kM + Le™® — kM
(k—1)M+ (a+B+p—1) M2 };2)¢Q’

<q(z) (ze€lU).

{k—2+ (a+B+p—1)Me*

(33)

whenever z € U, 0 € R, R (Le‘ie) > (k—1)kM for all real 6, a > 3,8 > —1,p € N and
k>1.
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Corollary 8. Let ¢ € ®,, [Q,M]. If f(2) €A(p) satisfies
( QL) QL@ QR
a > ~a—1 > ~a—2 >
Q,F() Q5 () Q5 f ()

z)eﬂ (a>3;6>-1; peN;zeU),

then .
Qg , (2)

Q)

In the special case 2 = q(U) = {w : |w| < M}, the class &, 5 [©2, M] is denoted by &, , [M].

<M (zeU).

Corollary 9. Let ¢ € ®q, [M]. If f(z) €A(p) satisfies
Qg () Qf f(x) Qf  f(2)
3 J ;Z
Qg ,f(2) Q%;,lf () Q%jf ()

<M (a>3;p>-1;peN;z€U),

then w1

Q1)
Q5 ,fG)
Remark 3. The result in the Corollary 9 is extension of the result obtained by Aouf [3, Theorem

4].

<M (zelU).

3. Superordination of the Integral Operator

The dual problem of differential subordination, that is, differential superordination of the
integral operator Q% is investigated in this section. For this purpose the class ofvadmissible
functions is given in the following definition.

Definition 9. Let Q be a set in C and q(z) € H[0, p] with 2q’(z) # 0. The class of admissible
functions CI>22 [Q,q] consists of those functions ¢ : C3 x U — C that satisfy the admissibility
condition:

¢ (u,v,w;0)eq

whenever

u=q(2) v:Cq/(z)+m(a+/5—1)Q(z)
ER m(a+B+p—1) ’

m{(oz+[3-|—p—1) (a+B+p—-2)w—(a+-1)(a+f—-2)u

@iPip—Dv-(a+h-1u _2(“+ﬁ)+3}

1 2q (2)
= mm{H q'(2) }

whereze U, { €dU, a>2,>—-1,peNand m > p.
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Theorem 9. Let ¢ € &, [Q,q]. If f(z) €A(p), Qg ,f () € Fy and

¢ (Q4,F(),Q5,f(),Q52f (2);2)
is univalent in U, then
Qc {(73 (Q%,pf(z),Q%;lf(z),Q%;Zf(z);z) 1z € U} (a>2;8>-1; peN), (34)
implies
q(z) < Q%’pf(z) (z€U).
Proof. From (11) and (34), we have
2 < {Y(g(2),28'(2).2%¢ (2);2) :z € U}.

From (9), we see that the admissibility condition for ¢ € CI>22 [Q,q] is equivalent to the
admissibility condition for 1) as given in Definition 2. Hence 1) € \IJ;J [2,q], and by Lemma 2,

4(=) < () or q(x)=<Q%,f(x) (@eU).

If Q # C is a simply connected domain, then Q = h(U) for some conformal mapping h(z)
of U onto Q. In this case the class &, [h(U),q] is written as &, [h,q].

Proceeding similarly as in the previous section, the following result is an immediate con-
sequence of Theorem 9.

Theorem 10. Let h(z) is analytic on U and ¢ € ¥, [h,q]. If f(z) €A(p), Qg ,f(2) € Zy and

¢ (Q%,pf (2),Q5, f(2),Q5 f(z);z)
is univalent in U, then
h) < (Q,F().Q QL Ez) (a>2 B>-TpeN;zel),  (35)
implies
4(x)<Q%,fz) (z€U).

Theorems 9 and 10 can only be used to obtain subordinants of differential superordination
of the form (34) or (35). The following theorem proves the existence of the best subordinant
of (35) for certain ¢.

Theorem 11. Let h(z) be analytic in U and ¢ : C3 x U — C. Suppose that the differential
equation

¢ (9(2),2¢'(2),22q (2);2) = h(2)
has a solution q(z) € Fy. If ¢ € ¥ [h,q], f(z) €A(p), Q%’pf(z) € Z, and

¢ (Q%,pf(z)’Q%;lf(z),Q%;Zf(z);z)
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is univalent in U, then
Rz < (Q4,F () Qe f(2),Q5 2 (2)2) (a>2 B>~1; peN; z€U)
implies
4@ <Q5,f(z) (EeU).
and q(2) is the best subordinant.

Proof. The proof is similar to the proof of Theorem 4 and is therefore omitted.

Combining Theorems 2 and 10, we obtain the following sandwich-type theorem.

Corollary 10. Let h,(z) and q;(2) be analytic functions in U, h,(z) be univalent function in

U, q2(2) € o with q1(0) = q5(0) = 0 and ¢ € &g [hy,q,] N &G, [h1,q1]. If f(z) € A(p),
Q%’pf(z) € H[0,p]NF, and

¢ (Q4,f(2),Q5 f(2),Qe 2f(2)z) (a>2; B>-1;pEN; z€U)
is univalent in U, then

m(2) < ¢ (Q4,F(2), Qe f(2),Q4 2 (2)2) <hy(s)  (a>25 peN; z€D),

implies
0@ < Q% f@) <qa(z)  (z€U).

Definition 10. Let Q be a set in C and q(z) € H, with 2q’(z) # 0. The class of admissible
functions <I>’Q’1 [Q,q] consists of those functions ¢C3 x U — C that satisfy the admissibility
condition:

(v, w;{)eq (36)

whenever ,
_2q' (@) +m(a+B+p-2)q(2)

u=q@),v= m(a+B+p—1) ’

m{(a+/5+p—2)[(a+/5+p—-1)w—(a+/5+p—3)u]
(a+B+p—-1)v—(a+B+p—2)u

< Lo 1+@—EQ ,
m q'(2)

whereze U, {€dUandm=>1

—2(a+ﬁ)+5}

Now we will give the dual result of Theorem 5 for differential superordination.
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QMﬂ)

Theorem 12. Let ¢ € ¥, [2,q]. If f(2) €A(p), € Z, and

( 2 F() Q) Q) )

zp_l ? zp_l ’ zp 1

is univalent in U, then

Q5 ,f(2) Q5 f(®) QFf(2)
Qc{d)( /21;{12’ ﬁ;;i ) ﬁ;;i ;z):zeU} (a>2;8>-1; p€eN) 37)

implies
Q4 ,f (=)

) (zeU).

q(z) =
Proof. From (21) and (37), we have

Qc {1/) (g(z),zg’(z),zzg”(z);z) :zeU} (a>2;>-1;peN).

From (19), we see that the admissibility condition for ¢ € <I>22,1 [Q,q] is equivalent to the
admissibility condition for 1 as given in Definition 2. Hence ¢ € ¥’ [Q,q], and by Lemma 2

Q5 ,f (@)

=) (a>2;8>-1;peN;zeU).
Z

q(z) <p(z) or q(z) =<

If Q # C is a simply connected domain, and Q = h(U) for some conformal mapping h(z)
of U onto  and the class &, , [h(U),q] is written as &, [h,q].

Proceeding similarly as in the previous section, the following result is an immediate con-
sequence of Theorem 12.

Theorem 13. Let q(z) € Ho, h(z) is analytic on U and ¢ € &, [h,q]. If f(z) €A(p),
Qﬁ"f( 2 € Z, and

b

zP~1 gp~1 7’ zp 1

(Qg,pf(z) Q) Qi) )

is univalent in U, then

a—1
o~ (Q[o’ pf(z)’ Qﬁzifl(z), Qs prl(z);z) (o2 o tipetiscy) GO
implies
Q5 ,f(2)
4@ <= (zev).

Combining Theorems 6 and 13, we obtain the following sandwich-type theorem.



M. Aouf, T. Seoudy / Eur. J. Pure Appl. Math, 3 (2010), 26-44 42
Corollary 11. Let h;(2) and q,(2) be analytic functions in U, h,(z) be univalent function in U,
q2(z) € Fy with q1(0) = ¢,(0) =0 and ¢ € &g, [h2,q2] N ‘I’ZM [h1,q1]. If f(2) € A(p),
%) HyNZ, and

zP~1

J 5 )

2P~ 1 2Pl zP~1

(Q;';,pf(z) Qp, f(@) Q5 f(2) )
, 2

is univalent in U, then

a a—1 Qa—2
hy (2) < ¢ (Qi‘;ffz), Qi;’;fl(z), f";,fl(z);z) <hy(z) (a>2;>-1;peN;z€U),

implies

Qs ,f (@)
q:(2) < E—— <q2(z) (z€U).

Z
Definition 11. Let Q be a set in C, q(z) # 0, 2q’(z) # 0 and q(z) € H. The class of admissible
functions ¢ € <I>22,2 [©,q] consists of those functions ¢ : C3x U — C that satisfy the admissibility
condition:
¢ (w,v,w; )€

whenever

B B 1 1 1 28’ (2)
H—Q(Z),V—m -1+ (a+B+p-— )g(z)+mg(z) ,

[(a+B+p—-3)w—(a+B+p—2)v+1]v
{ (a+B+p—-2)v—(a+B+p—-1)u+1

+ (a+/5+p—2)v—2(a+[5+p—1)u+1}

m q' ()

wherez €U, { € dU,peNand m > 1.

Now we will give the dual result of Theorem 7 for the differential superordination.

Q' f(2)
Qg ,f(@)

Theorem 14. Let ¢ € &/, [Q,q]. If f(z) €A(p), € Z, and

Qg f(@) Q5 f(x) QF ) f()
3 2 ;z
5ol () QG f(2) Qg f(2)
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is univalent in U, then

{ (Qg S (@) QG 1f(2) QF 3f(Z)
QC
QG f @ Q5 @) Q@)

):zeU} (a>3; >—-1;peN) (39)

implies

L T (OB
< evl).
T e

Proof. From (31) and (39), we have

QcC {1[) (g(z),zg’(z),zzg// (z);z) 1z € U}.

In view of (29), the admissibility condition for ¢ € <I>f2 , [, q] is equivalent to the admissibil-
ity condition for 1) as given in Definition 2. Hence ¢ € ¥’ [Q,q], and by Lemma 2

a 1

Qﬁpf() (=<0,

q(z) < g(z) or qz) < ———

If Q # C is a simply connected domain, then Q = h(U) for some conformal mapping h(z)
of U onto Q. In this case the class &, , [h(U),q] is written as &, , [h,q].

Proceeding similarly as in the previous section, The following result is an immediate con-
sequence of Theorem 14.

Theorem 15. Let q(2) € H, h(z) be analytic in U and ¢ € ¥, [h,q]. If f(z) €A(p),
Q@)
Qg ,f (2)

€ F; and

(Q;; ) Q@) Q) )
f@ Q& Qg;f(z)

is univalent in U, then

h(z)< ¢ (Q%;lf(Z), Q%;Zf(Z), Q%jf(Z);z) (a>3;8>-1;peN; z€U), (40)
& S@) Q@) Q5 f @)
implies
Qg f (@)
q(2) = —/——— f() (z€U).

Combining Theorems 8 and 15, we obtain the following sandwich-type theorem.
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Corollary 12. Let h,(z) and q;(2) be analytic functions in U, h,(z) be univalent function in
U, 42(2) € Fy with q1(0) = q,0) = 1 and ¢ € ®q, [hy,q5] N &G, [h1,q1]. If f(2) € A(p),

Qf, (@)
Q7@ € HN %, and

Qp, (@) Q=) QF f(=)
> 5 52
ol () QG f(2) Q  f (=)

is univalent in U, then

Q%;,lf (2) Q%;,Zf () Q%jf (=) - _ _
hi(z) < ¢ ( %,pf(z) ) Q%;lf(z)’ Q%;zf(z)’z <hy(z) (a>3;>-1;peN;z€l),
implies
Q41 (=)
q:1(2) = W <qy(z) (z€U).
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