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Abstract. Let G be a graph with vertex and edge sets V(G) and E(G), respectively. A set
C C V(G) is called an outer-convex hop dominating if for every two vertices z,y € V(G) \ C, the
vertex set of every x —y geodesic is contained in V(G) \ C and for every a € V(G)\ C, there exists
b € C such that dg(a,b) = 2. The minimum cardinality of an outer-convex hop dominating set of
G, denoted by Feonn(G), is called the outer-convex hop domination number of G. In this paper,
we generate some formulas for the parameters of some special graphs and graphs under some
binary operations by characterizing first the outer-convex hop dominating sets of each of these
graphs. Moreover, we establish realization result that identifies and determines the connection of
this parameter with the standard hop domination parameter. It shows that given any graph, this
new parameter is always greater than or equal to the standard hop domination parameter.

2020 Mathematics Subject Classifications: 05C69

Key Words and Phrases: Outer-convex set, outer-convex hop dominating set, outer-convex hop
domination number

1. Introduction

A subset S of a vertex set of a simple graph G is called a hop dominating in G if
NE[S] = V(G), that is, for every v € V(G) \ S, there exists u € S such that dg(u,v) = 2.
The minimum cardinality among all hop dominating sets in G, denoted by ~,(G), is
called the hop domination number of GG. This concept was introduced and investigated
by Natarajan et al. in [11]. They have studied this concept on some types of graphs
and generated some interesting results. Some extreme values and properties of the said
parameter can be found in [1, 2, 11]. Recently, Canoy et al. [9] investigated hop domination
parameter on graphs under some binary operations.
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Because of its nice application in networks and different fields, researchers have intro-
duced variants of hop domination and they studied these variants for some special graphs
and graphs under some operations. (see [3-7, 10, 12]).

In this paper, we will introduce new variant of hop domination called outer-convex
hop domination. This study is motivated by the introduction of convex hop domination in
[5]. We will investigate this concept on some classes of graphs, and join and corona of two
graphs. We believe that this new parameter and its results can lead to other interesting
research directions in the future.

2. Terminology and Notation

Let G = V(G), E(G)) be an undirected graph. Given two vertices u and v of G, the
distance dg(u,v) is the length of a shortest path joining u and v. Any u-v path of length
dg(u,v) is called a u-v geodesic. The interval I [u, v] consists of u, v, and all vertices lying
on a u-v geodesic. The interval Ig(u,v) = Ig [u,v] \ {u,v}.

Let G be a graph. A set C' C V(G) is called a conver if for every two vertices z,y € C,
the vertex set of every z — y geodesic is contained in C.

A set C' C V(G) is a clique if the subgraph (C’) induced by C’ is complete. The
maximum cardinality among all clique sets of G, denoted by w(G), is called the clique
number of G.

Two vertices x,y of G are adjacent, or neighbors, if zy is an edge of G. The open
neighborhood of x in G is the set Ng(z) = {y € V(G) : zy € E(G)}. The closed
neighborhood of x in G is the set Ng[z] = Ng(z)U{z}. If X C V(G), the open neighborhood
of X in G is the set Ng(X) = U N¢g(z). The closed neighborhood of X in G is the set

zeX
Ng[X] = Ng(X) U X.

A set P C V(QG) is a pointwise non-dominating set if for every v € V(G)\ P, there exists
u € P such that v ¢ Ng(u). The minimum cardinality of a pointwise non-dominating set
of G, denoted by pnd(G), is called a pointwise non-domination number of G.

A path graph is a non-empty graph with vertex-set {xi,x2,...,x,} and edge-set
{z122, 2073, ..., Y12y }, Where the iL';S are all distinct. The path of order n is denoted by
P,. If GG is a graph and u and v are vertices of G, then a path from vertex u to vertex v
is sometimes called a u-v path. The cycle graph C, = [x1,x2,...,Tn,x1] is the graph of
order n > 3 with vertex-set {x1, z2, ..., x,} and edge-set {x1x2, Toxs, ..., Tp_12Tpn, Tnx1}.

Let G and H be any two graphs. The join G + H is the graph with vertex set
V(G+ H)=V(G)UV(H) and edge set

E(G+H)=EGUEH)U{uw: :ueV(G),ve V(H)}.

The corona G o H is the graph obtained by taking one copy of G and |V (G)| copies of
H, and then joining the ith vertex of G to every vertex of the ith copy of H. We denote
by H" the copy of H in G o H corresponding to the vertex v € G and write v + HY for
{v}) + H.
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The distance dg(u,v) in G of two vertices u, v is the length of a shortest u-v path in
G. The greatest distance between any two vertices in G, denoted by diam(G), is called
the diameter of G.

A vertex v in G is a hop neighbor of vertex w in G if dg(u,v) = 2. The set
Ni(u) = {v € V(G) : dg(v,u) = 2} is called the open hop neighborhood of u. The
closed hop neighborhood of u in G is given by NZ[u] = NZ(u) U {u}. The open hop neigh-
borhood of X C V(G) is the set N (X) = U N&(u). The closed hop neighborhood of X

ueX
in G is the set NZ[X] = NZ(X)U X.

A set S C V(G) is a hop dominating set of G if NA[S] = V(G), that is, for every
v € V(G)\S, there exists u € S such that dg(u,v) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by 4(G), is called the hop domination number of
G. Any hop dominating set with cardinality equal to v, (G) is called a ,-set of G.

3. Results

We begin this section by defining the new concept called outer-convex hop domination
in a graph.

Definition 1. Let G be a simple graph with vertex and edge-sets V(G) and E(G), re-
spectively. Then C' C V(G) is called an outer-convex hop dominating set if C' is hop dom-
inating and V(G) \ C is convex in G. The minimum cardinality among all outer-convex
hop dominating sets of G, denoted by F.onn(G), is called the outer-conver hop domination
number of G. Any outer-convex hop dominating set C' satisfying |C| = F.onn(G), is called
a Yeonh-set of G.

Example 1. Consider the graph G given in Figure 1. Let C = {as,aq,...,a13}. Then
NZ[C] = V(G) and so C is a hop dominating set of G. Observe that
V(G)\ C = {a1,a2,a3,a4} is convex in G. Hence, C' is an outer-convex hop dominat-
ing set of G. Next, consider C' = {as, ag, ar,a11,a12}. Then C’ is a hop dominating set
in G. However, C’ is not an outer-convex hop dominating set in G since V(G) \ C’ is not
convex in G. Moreover, it can be verified that J.on(G) = 9.
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Figure 1: Graph G with J.onn (G)=9

Remark 1. (i) Any graph G admits an outer-convex hop domination.

(ii) If S is an outer-convex hop dominating set of G, then S and V(G) \ C are not
necessarily conver and hop dominating sets in G, respectively.

Remark 2. Let G be any graph. Then every outer-convex hop dominating set C in G is
hop dominating but the converse is not always true.

The converse part can be seen by considering C” in the previous example.
Proposition 1. Let G be any graph. Then Y,(G) < Yeonh(G).

Proof. Let G be any graph and let S be a minimum outer-convex hop dominating set
of G. Then .onn(G) = |S|. By Remark 2, S is a hop dominating set of G. It follows that

’WL(G) < |S| = S/conh(G)- ]
Remark 3. The bound given in Proposition 1 is sharp. Moreover, strict inequality can

also be attained.

To see this, consider the graph G; in Figure 2. Let C' = {f,g}. Then C is both a
Yr-set and a Yeonp-set of G1. Hence, v4,(G1) = 2 = Yeonn(G1).-
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Figure 2: Graph G1 with v,(G1) = Fconn (G1)
For strict inequality, consider the graph G in Figure 3. Let C' = {e, f} and

C" ={e, f,g,h,i}. Then C" and C” are ~u-set and F.onp-set of Ga, respectively. Thus,
’Yh(G2) =2<5= :Ycanh(G2)-

Goy:

Figure 3: Graph G2 with v,(G2) < Feonn(G2)

Theorem 1. Let G be any graph. Then 1 < Feonn(G) < |V(G)|. Moreover,
(1) Feonn(G) = 1 if and only if G is trivial.

(17)  Feonn(G) = 2 if and only if G has yp-set C = {x,y} such that V(G) \ C is convex
set of G.

(131)  FYeonn(G) = |V(G)] if and only if every component of G is complete.
Proof. Clearly, 1 < Jeonn(G) < |V(G)].

(7) Suppose that Yeonn(G) = 1. Then v,(G) = 1 by Proposition 1. It follows that G = K;
which is a trivial graph.

The converse is clear.
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(74) Suppose that Yeonn(G) = 2, say C = {x,y} is a Jeonn-set of G. Then G is non-trivial
by (i) and so y,(G) > 2. By assumption and Proposition 1, v,(G) < 2. Thus, v,(G) = 2.
In particular, C is a y,-set of G. Moreover, V(G) \ C is a convex set of G by assumption.

Conversely, suppose that G has vy,-set C = {z,y} of G such that V(G) \ C is convex
set of G. Then C is an outer-convex hop dominating set of G. Thus, J.onn(G) < 2. Since
Y (G) = 2, it follows that J.onn(G) = 2 by Proposition 1.

(7i7) Assume that Yeonn(G) = |[V(G)|. Suppose that there is a component C' of G which
is non-complete. Then there exist u,v € V(C) C V(G) such that do(u,v) = 2 = dg(u,v).
Let S* = V(G) \ {u}. Then S* is an outer-convex hop dominating set in G. Hence,
Feonh(G) < [V(G)| — 1, a contradiction. Therefore, every component of G is complete.

Conversely, suppose every component of G is complete. Then V(G) is the minimum
outer-convex hop dominating set of G. Therefore, J.,nn(G) = |V (G)]. O

The next result is a direct consequence of Theorem 1.

Corollary 1. Let G be any graph of order k > 1. Then each of the following statements
holds.

(2) Aeonn(G) =k if G is complete.
(13) Yeonn(G) < k —1 if G is non-complete.

The following result is a realization result involving outer-convex hop domination and
hop domination.

Theorem 2. Let a and b be positive integers such that 2 < a < b. Then there exists a
connected graph G such that v,(G) = a and Yeonn(G) = b.

Proof. For a = b, consider the graph G in Figure 4. Let C = {v1,v2,...,0.}. Then C
is both x-set and J.onp-set of G, respectively. Hence, v, (G) = a = Feonn(G).

U1 U2 U3 Vg—2 VUg—1 Vg

Figure 4: Graph G with v,(G) = Yeonn (G)

Suppose that a < b. For a = 2, let s = b — 2 and consider the graph H given in
Figure 5. Let C = {vy,v2} and C" = {v1,v2,y1,¥2,.-.,Ys}. Then C and C” are y-set and
Feonh-set of H, respectively. Therefore, y,(H) = 2 and Jeonn(H) = s+ 2 = b.
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Figure 5: Graph G with v, (G) < eonn (G)

For a > 3, let s = b—a and consider the graph G’ in Figure 6. Let C' = {v1, v, ..., v4—2,u, Vg }
and C” = {v1,v2,...,Va,Y1,Y2,---,Ys}. Then C" and C” are vy,-set and Jeonp-set of G,
respectively. Therefore, 7, (G’) = a and eonn(G') = s+ a=b. O

’Ul U2 ’1)3 Ua -2 va— 1

G

Figure 6: Graph G’ with v,(G") < Yeonn(G')

Corollary 2. Let n be a positive integer. Then there exists a connected graph G such that
Yeonh(G) — Y (G) = n. In other words, Feonn(G) — Yo(G) can be made arbitrarily large.

Proposition 2. Let n be any positive integer. Then each of the following holds.

o B 2 an:273
(1) Veonn(Pr) = {n_Q if n>4.
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2 if n=4,5
(ZZ) ﬁconh(cn) — 3 Zf n = 3,6
n—4 ifn>"7.

Proof. (i) Clearly, eonn(Pn) = 2 for n = 2,3. Suppose that n > 4. Let
P, = [v1,v9,...,v,] and consider S = {vy,va,...,v_3,v,_2}. Clearly, S is a hop domi-
nating set of P,,. Observe that V(P,)\ S = {v,_1,v,} is convex set of P,. It follows that
S is an outer-convex hop dominating set of P,. Since the induced subgraph of a convex

set is always connected, it follows that S is a minimum outer-convex hop dominating set
of P,. Thus, Yeonn(Pn) =n — 2 for all n > 4.

(ZZ) Cleaﬂ% ﬁconh(04) =2= :Yconh(c5) and :Yconh(c?)) =3 = iconh(c6)' Suppose that
n > 7. Let C, = [v1,v2,...,0,,v1] and consider S* = {vy,v9,...,vy_5,0n-4}. Clearly,
S* is hop dominating set of C),. Notice that V(C},) \ S* = {vn—3,0n—2,Un-1,0n} is a
convex set of C,,. It follows that S* is an outer-convex hop dominating set of C,,. Since
the induced subgraph of any convex set is connected, it follows that S* is a minimum
outer-convex hop dominating set of C,,. Therefore, J.onn(Cpn) =n — 4 for all n > 7. O

Proposition 3. Let G be any graph on n > 2 vertices. If Yeonn(G) = 2, then v,(G) = 2.
However, the converse is not always true.

Proof. Suppose eonn(G) = 2. Then v,(G) < 2 by Remark 1. Since 7,(G) > 2 for any
graph of order n > 2, it follows that v4(G) = 2.

To see the converse is not necessarily true, consider P5 = [v1,va,v3,v4,05]. Let
C = {v2,v3}. Then C is a 7y,-set of Ps. Hence, v,(P5) = 2. However, Jeonn(P5) = 3
by Proposition 2. O

The following concept can be found in [6] and it will be used to characterize outer-
convex hop dominating sets in the join of two graphs.

Definition 2. Let G be a non-complete graph. Then D C V(G) is called an outer-clique
pointwise non-dominating set in G if D is pointwise non-dominating set and V(G) \ D is
clique set in G. The smallest cardinality of an outer-clique pointwise non-dominating set
of G, denoted by ocpnd(G), is called the outer-clique pointwise non-domination number of
G. Any outer-clique pointwise non-dominating set D of G with |D| = ocpnd(G), is called
an ocpnd-set of G.

The following results will be used to calculate the exact values of the parameter on the
join of two graphs.

Theorem 3. Let G be a non-complete graph of order n. Then 1 < ocpnd(G) < n — 1.
Moreover,

(1) pnd(G) < ocpnd(G).
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(17) ocpnd(G) = 1 if and only if G has an isolated vertex v such that (V(G) \ {v}) is

complete.

Proof. Since @ is not an outer-clique pointwise non-dominating set of G, it follows
that ocpnd(G) > 1. Also, since V(G) \ {v} is an outer-clique pointwise non-dominating
set of G for every v € V(G), by definition we have ocpnd(G) < n — 1. Consequently,
1 <ocpnd(G) <n—1.

(i) Since every outer-clique pointwise non-dominating set is a pointwise non-dominating
set, it follows that pnd(G) < ocpnd(G).

(ii) Suppose that ocpnd(G) = 1, say {v} is an ocpnd-set of G. Then pnd(G) =1 by (i). It
follows that G is either a trivial or GG has an isolated vertex v. Since outer-clique pointwise
non-domination is not defined on any complete graph, it follows that G has an isolated
vertex v. Moreover, (V(G) \ {v}) is complete by assumption.

Conversely, suppose G has an isolated vertex v such that (V(G)\{v}) is complete. Then
{v} is an outer-clique pointwise non-dominating set of G. It follows that ocpnd(G) = 1. O

Proposition 4. Let n > 2 be any positive integer. Then each of the following holds:

2 ifn=3
n—2 if n>4

(1) ocpnd(Py) = {

(13) ocpnd(Cy) =n —2 for all n > 4.
(iii) ocpnd(K,) =n —1 for alln > 2.

Proof. (i) Clearly, ocpnd(Ps) = 2. Suppose that n > 4. Let P, = [v1,v2,...,v,] and
consider C' = {v1,v9,...,vy_3,U,—2}. Observe that C' is a pointwise non-dominating set
of P,. Since (V(P,) \ C) = Ky, it follows that V(P,) \ C is clique in P,. Hence, C is an
outer-clique pointwise non-dominating set in P,. Since K; and K are the only complete
subgraphs of P, for all n > 4, it follows that C' is a minimum outer-clique pointwise non-
dominating set of P,. Therefore, ocpnd(G) =n — 2 for all n > 4.

(74) Suppose that n > 4. Then applying the same argument as in the proof of (i), we have
ocpnd(Cy) =n — 2 for all n > 4.

(i7i) Let V(K,) = {v1,v2,...,v,}, where n > 2 and consider C* = {v1,v2,...,05_1}.
Then C* is a minimum outer-clique pointwise non-dominating set of K, for all n > 2.

Hence, ocpnd(K,) =n —1 for all n > 2. O

Theorem 4. [9] Let G and H be any two graphs. A set S C V(G + H) is hop dominating
set of G+ H if and only if S = SgU Sy, where Sg and Sy are pointwise non-dominating
sets of G and H, respectively.
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Theorem 5. [8] Let G and H be two connected graphs. Then a proper subset C' = S1U S
of V(G + H), where S1 C V(G) and Sy C V(H), is a convex set in G+ H if and only if
S1 and Sy induce complete subgraphs of G and H, respectively, where it may occur that
S1 =9 or Sy, = @.

Theorem 6. Let G and H be two non-complete graphs. A set C C V(G + H) is an
outer-convex hop dominating set of G+ H if and only if C' = CqUCy, where Cg and Cygy
are outer-clique pointwise non-dominating sets of G and H, respectively.

Proof. Suppose that C'is an outer-convex hop dominating set of G+H. If Cq = &, then
V(G) ¢ NZ[C]. However, this is a contradiction to the fact that C is a hop dominating
set of G + H. Thus, Cg # &. Similarly, Si # @. Now, since C' is a hop dominating
set of G + H, it follows that Cn and Cpy are pointwise non-dominating sets of G and
H, respectively by Theorem 4. Moreover, since V(G + H) \ C is convex set in G + H,
V(G)\ Cq and V(H)\ Cg are cliques in G and H, respectively by Theorem 5. Therefore,
Cq and Cp are outer-clique pointwise non-dominating sets of G and H, respectively.

Conversely, suppose that C' = Cq U Cg, where Cg and Cg are outer-clique pointwise
non-dominating sets of G and H, respectively. Then (V(G) \ Cg) and (V(H) \ Cy) are
complete in G and H, respectively. Hence, by Theorem 5, V(G 4+ H) \ C' is convex set
in G 4+ H. Since Cg and Cg are pointwise non-dominating sets, C' = Cg U C is a hop
dominating set of G + H by Theorem 4. Therefore, C' = Cg U Cg is an outer-convex hop
dominating set of G + H. O

The next result follows from Proposition 4 and Theorem 6.
Corollary 3. Let G and H be two non-complete graphs. Then
Yeonh (G + H) = ocpnd(G) + ocpnd(H).

In particular, given positive integers n and m, we have

4 ifnm=3

m ifn=3m2>4
i) A P,+ Pp) = -
(©) Feonn (P m) n ifn>4m=3

n+m—4 if n,m > 4;
(17) Yeonh(Cp + Cp) =n+m —4 for all n,m > 4; and

m ifn=3,m>4

i11) Aconh(Pn + Cim) =
(#48) Feonn(Pn + Cm) {n+m_4 if nym > 4.

Theorem 7. Let G be any non-complete graph and H be any complete graph. Then
C C V(G + H) is an outer-convexr hop dominating set of G + H if and only if
C =CgUV(H), where Cg is an outer-clique pointwise non-dominating set of G.
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Proof. Suppose that C' is an outer-convex hop dominating set in G + H. Since H
is complete, it follows that C' = Cg U V(H), where Cg # @. By Theorem 6, Cg is an
outer-clique pointwise non-dominating set of G.

Conversely, assume that C'= Cg UV (H), where C¢ is an outer-clique pointwise non-
dominating set of G. Then NZ, ,[C] = V(G + H), that is, C is a hop dominating set in
G + H. Since Cg is an outer-clique set in G, it follows that V(G + H) \ C' is clique in
G+ H, that is, V(G + H) \ C is convex in G + H. Therefore, C' is an outer-convex hop
dominating set of G + H. O

The next result follows from Corollary 1, Theorem 3, Proposition 4, and Theorem 7.

Corollary 4. Let G be any non-complete graph and H be any complete graph. Then
Yeonh (G + H) = ocpnd(G) + |V (H)]|.
In particular, given positive integers n and m, we have

m+ 2 ifn=3,m>1

i) A P+ Kp) =
()Vconh(n m) {n+m—2 ifn>4, m>1,;

(17) Yeonn(Cp + Kip) =n+m —2 for alln >4,m > 1.

Theorem 8. Let G be a connected non-trivial graph and H be any graph. If
C = Uzev(e) V(H?), then C is an outer-convex hop dominating set of G o H. More-
over, ;?conh(GoH) < ’V(G)HV(H)’

Proof. Suppose that C' = ey (q) V(H"). Let a € V(G o H) \ C. Then a € V(G).
Since G is connected non-trivial graph, there exists b € V(H?) for some x € V(G) such
that dgop(a,b) = 2. Thus, C is a hop dominating set in G o H. Clearly, V(G o H) \ C is
convex in GGo H. Therefore, C is an outer-convex hop dominating set in Go H. Moreover,
since |C| = |V(GQ)||V(H)|, it follows that .onn(G o H) < |V(G)||V (H)]. O

Remark 4. The sharpness of Theorem 8 is attainable. Moreover, strict inequality can be

attained.

For the sharpness, consider the graph Py o Py in Figure 7. Let C' = {uy,us, ..., ug}.
Then C' is the minimum outer-convex hop dominating set of P4 o P». Thus,

ﬁconh(Pll © P2) = 4(2) = |V(G)||V(H)|
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w1 uy U3 Ug yy Ue  uy us
P4 e} P2 : ; ; ; ; E ;
é ; 9, 9,
Uy u10 Uil U2

Figure 7: Graph Py o Py with Jeonn (Pa 0 P2) = [V(P4)|[V(P2)]
For strict inequality, consider the graph C4 o K3 given in Figure 8. Let
C' ={a,b,c,d,e, f,g,h}.
Then C’ is a minimum outer-convex hop dominating of C4 o K3. Hence,

:}/conh(C4 © K3) =8<12= ’V(C4)HV(K3)|

Figure 8: Graph C4 0 K3 with J.onn(Ca 0 K3) < |V(Cy)||V(K3)|

4. Conclusion

2046

The concept of an outer-convex hop domination has been introduced and investigated
in this study. Necessary and sufficient conditions for sets in some special graphs and the
join of two graphs have been formulated. These results have been used to derive bound
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or exact value of outer-convex hop domination number of each of these graphs. Moreover,
we have established upper bound for the parameter on the corona of two graphs. Other
interested researchers may investigate the concept for other graphs that were not consid-
ered in this study. Providing a real-life application of the concept will be an interesting
topic to consider.
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