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Abstract. A subset T = {v1,v2, - ,v,} of vertices of a graph G is called a J?-set if
NZ[vi] \ N&[v;] # @ for every i # j, where i,j € {1,2,...,m}. A J%set T is called a
J?-hop dominating in G if for every a € V(G) \ T, there exists b € T such that dg(a,b) = 2.
The J2-hop domination number of G, denoted by 72;,(G), is the maximum cardinality among
all J2-hop dominating sets in G. In this paper, we initiate the study on J2?-hop domination and
we establish its properties and connections with other known parameters in graph theory. We
show that every maximum hop independent set is a J2-hop dominating, hence, this parameter is
greater than compare to the hop independence parameter on any graph. Moreover, we derive some
lower and upper bounds of the parameter for a generalized graph, join and corona of two graphs,
respectively. Finally, we obtain exact values of the parameter for some special graphs and shadow
graph using the characterization results that are formulated in this study.
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1. Introduction

Hop domination was introduced by Natarajan et al. in [9]. A subset S of a vertices of
a graph G is called a hop dominating if for every a € V(G)\S, there exists b € S such that
dg(a,b) = 2. The minimum cardinality among all hop dominating sets of GG, denoted by
Yr(G), is called the hop domination number of G. This parameter had studied on some
families of graphs and graphs obtained from some operations in [1, 2, 9]. Researchers in the
field had further investigated this concept, and introduced new variants and obtained some
significant results that contributed a lot to the hop domination theory (see [3-8, 10-12]).

In this paper, new parameter called J2-hop domination in a graph will be introduced
and investigated. We will establish its relationships with other known parameters in graph
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theory. Moreover, we will determine its bounds or exact values on some special graphs,
shadow graph and join of two graphs. We believe that this parameter and its results would
give additional insights to researchers in the field and would help them for more research
directions in the future.

2. Terminology and Notation

A path graph is a non-empty graph with vertex-set {zi,z9,...,x,} and edge-set
{z122, 2973, ..., THn_12,}, Where the :):;s are all distinct. The path of order n is denoted
by P,. If G is a graph and u and v are vertices of GG, then a path from vertex u to vertex
v is sometimes called a u-v path. The cycle graph C, is the graph of order n > 3 with
vertex-set {1, x2,...,z,} and edge-set {x1x2, xox3,. .., Tp_1Tn, Tpr1}.

Let G = (V(G), E(G)) be a simple and undirected graph. The distance dg(u,v) in G
of two vertices u, v is the length of a shortest u-v path in G. The greatest distance between
any two vertices in G, denoted by diam(G), is called the diameter of G.

Two vertices x,y of G are adjacent, or neighbors, if zy is an edge of G. The open
neighborhood of x in G is the set Ng(z) = {y € V(G) : zy € E(G)}. The closed
neighborhood of x in G is the set Ng[z] = Ng(x)U{z}. If X C V(G), the open neighborhood
of X in G is the set Ng(X) = U N¢g(z). The closed neighborhood of X in G is the set

zeX
NG[X] = Ng(X) U X.

A vertex a in G is a hop neighbor of a vertex b in G if dg(a,b) = 2. The set
Nia) = {b € V(@) : dgla,b) = 2} is called the open hop
neighborhood of a. The closed hop neighborhood of a in G is given by N2[a] = NZ(a)U{a}.
The open hop neighborhood of S C V(G) is the set NZ(S) = U N&(a). The closed hop

acs
neighborhood of S in G is the set NA[S] = NA(S)U S.

A subset S of V(G) is a hop dominating of G if for every a € V(G)\S, there exists
b € S such that dg(a,b) = 2. The minimum cardinality among all hop dominating sets of
G, denoted by v4(G), is called the hop domination number of G. Any hop dominating set
with cardinality equal to v, (G) is called a y,-set of G.

A subset S of V(G) is called a hop independent if for every pair of distinct vertices
x,y €S, dg(x,y) # 2. The maximum cardinality of a hop independent set in G, denoted
by ap(G), is called the hop independence number of G. Any hop independent set S with
cardinality equal to ap(G) is called an ay-set of G.

Let G and H be any two graphs. The join of G and H, denoted by G + H is the graph
with vertex set V(G + H) = V(G) U V(H) and edge set

E(G+H)=EG)UEH)U{w :ueV(G),ve V(H)}.

The corona G and H, denoted by G o H, the graph obtained by taking one copy of
G and |V (G)| copies of H, and then joining the ith vertex of G to every vertex of the ith
copy of H. We denote by H" the copy of H in G o H corresponding to the vertex v € G
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and write v + HY for ({v} + H").

The shadow graph S(G) of graph G is constructed by taking two copies of G, say G
and Go, and then joining each vertex u € V(G1) to the neighbors of its corresponding
vertex v’ € V(Ga).

3. Results

We begin this section by introducing the concept of J2-hop domination in a graph.

Definition 1. Let G be an undirected graph and m € N. A subset T' = {v1,va, -+ , vy} of
vertices of G is called a J%set if NZ[v;] \ NZ[v;] # @ for every i # j, where
i,5 €{1,2,...,m}. A J?%set T is called a J?-hop dominating in G, if T is a hop dominat-
ing set in G. The J2-hop domination number of G, denoted by 72, (G), is the maximum
cardinality among all J?-hop dominating sets in G. Any J?-hop dominating set T with
IT| = vj2,(G) (resp. |T'| = v1(G)), is called a 7 2j,-set or the maximum (resp. minimum)
J2-hop dominating set of G.

Example 1. Consider the graph G in Figure 1 and let T = {uj,u2,...,ug}. Notice
that u; € NZ[u;] \ NZ[u;] Vi # j where i,j € {1,2,...,6}. Thus, T is a J%-set of G.
Since NA[T] = V(G), it follows that T is a J-hop dominating set of G. Observe that
NE[uz] € Ni[us), N3[us] € NZ[us], Nilug] C Niui], and NZ[uig] € NA[us]. Thus, T is
a maximum J2-hop dominating set of G. Hence, 72, (G) = 6.

us Uyg uy

u1 U2
7

U9

us u10

Figure 1: Graph G with v;2,(G) =6
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Theorem 1. Let G be any graph of order m > 1. Then each of the following holds:

(i) N CV(G) is a yu-set in G if and only if N is a minimum J*- hop dominating set
n G.

(i) Wh(G) < 720(G).
(1i1) 1 <~y (G) < m.

Proof. (i) Suppose that N C V(G) is a y,-set in G. Then N is a minimum hop
dominating set in G. It suffices to show that N is a J?-set in G. Suppose on the contrary
that IV is not a J%-set in G. Then there exist x,y € N such that either N2[z]\ N2[y] = @
or NA[y] \ NZ[z] = @. This means that either NZ[z] C NZ[y] or Na[y] C Ni[z]. If
N&[z] € NZ[yl, then D' = N\ {z} is a hop dominating set in G, contradicting the
minimality of N. Similarly, when NZ[y] C NZ[z]. Consequently, N is a minimum J2-hop
dominating set of G.

Conversely, suppose that N is a minimum J?-hop dominating set of G. Then
|IN| = ~,(G) (by definition). It follows that IV is a yj-set in G.

(ii) Let S be a vyp-set of G. Then by (i), S is a minimum J?-hop dominating set in
G. Since 7,25, (G) is the maximum cardinality among all J2-hop dominating sets in G, it
follows that v, (G) = |S| < 7.2, (G).

(iii) Since y,(G) > 1 for any graph G of order m > 1, we have 7;2;,(G) > 1 by
(ii). Since any J2-hop dominating set N of G is always a subset of V(G), it follows that
vr2n(G) < |V(G)| = m. Therefore, 1 < 72, (G) < m. O

Theorem 2. Let G be any graph. Then N C V(G) is a maximum J?-set if and only if
N is a v2p,-set of G.

Proof. Let N be a maximum J2-set of G. Assume that N is not a hop dominating set
in G. Then there exists u € V(G) \ N such that u ¢ NA[N]. This implies that u ¢ NZ[v]
for every v € N. Let N’ = {u}UN. Since N is a J%-set in G and u € NZ[u], it follows that
NEla) \ N3[b] # @ and NZ[b] \ NZ[a] # @ for every a # b, where a,b € N’. This means
that N’ is a J?-set in G, contradicting the maximality of N. Hence, N is a hop dominating
set of G. Since N is a maximum J2-set of G, N is a maximum J?-hop dominating set of
G, that is, N is a 7y 2j-set of G.

Conversely, suppose that N is a 72;,-set of G. Then N is a maximum J?-hop domi-
nating set of G. Hence, the assertion follows. O

The following result follows from Theorem 2.

Corollary 1. Let G be a graph and let N = {x1,22,...,21} be a J*-set of G. Then

IN| =k < v,21,(G).
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Proposition 1. Given any positive integer k > 1, we have

(1ifk=1
2if k=234
Vren(Pr) =43 if k=5
4ifk=6,7
k—4ifk>8

Proof. Clearly, vy2,(P1) = 1,v52,(Px) = 2 for k = 2,3,4, vy2,(P5) = 3 and
vren(Py) = 4 for k = 6,7. Suppose that k& > 8. Let P, = laj,a2,...,a;] and let
S = {as,aq4,...,a5_3,a5—2}. Then NI%k[S] = V(P), showing that S is a hop domi-
nating set in Pj. Observe that a;_o € Nl%k [ai] \ Nl%k [a;] and aji2 € Nl%k [a;] \NI%k [a;] for
all j > 4, where 7,5 € {3,4,...,k — 3,k —2}. Thus, N%k[ai] \ Nl%k[aj] # & for all 1 # 7,
where i,j € {3,4,...,k — 3,k — 2}, that is, S is a J?-set in P,. Therefore, S is a J2-hop
dominating set in Py. Since N]%k [a1] C N]%k [as], NI%k [as] C NI%k [a4], Nz%k [ax] C Nf-,k [ak—2],
and Nl%k [ak—1] C Nl%k [ag_3], it follows that S is a maximum J2-hop dominating set of P.
Hence, v 2, (Pr) = k — 4 for all £ > 8. O

Theorem 3. Let G be any graph of order n and N be any J*-hop dominating set of G.
Then each of the following holds:

(i) a € N if and only if Ni[a] € N&[b] and NA[b] € Nila] Vb e N\ {a}.

(i4) vy2n(G) = |V(G) = n if and only if Ni[v;] € NZv;] V i # j where
i,jef{l,2,...,n}

(iii) If G is K, or K, then vy2,(G) =n for alln > 1.

Proof. (i) Let G be a graph and N be a J2%-hop dominating set of G. Suppose that
a € N. Then NZla] \ N3[b] # @ and NA[b)\ Nila] # @ V b € N\ {a}. It follows that
NZ[a] ¢ NZb] and N2(b & N3fal V b e N\ {a}!

Conversely, suppose that NZ[a] € NZ[b] and NA[b] € NZ[a] V b € N\ {a}. This means
that N2[a] \ N&[b] # @ and NZ[b]\ N3[a] # @ V b€ N\ {a}. Hence, a € N.

(ii) Suppose that v;2,(G) = |[V(G)| = n. Then N = V(G) = {v1,v2,...,v,} is the
v2p-set of G. Thus, NZ[v;])\ N[v;] # @ ¥V i # j, where i,j € {1,2,...,n}. It follows that
N&[vi] &€ N&[vj] Vi # j, where i,j € {1,2,...,n}.

Conversely, suppose that NA[v;] € N&[vj] V i # j, where i,j € {1,2,...,n}. Then
NE[wi) \ N3[v;] £ @ Vi3, 4,5 €{1,2,...,n}. It follows that v;,v; are in J%-set S of G
Vi # j, where i,5 € {1,2,...,n}. Thus, S = V(G). Consequently,

Tn(@) = 18] = [V(@)| = n.
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(iii) Let G = K,, and V(G) = {a1,as,...,a,}. Then {a;} = NZ[a;] € Nila;j] = {a;}
# j, where 4,5 € {1,2,...,n}. Thus, by (i), v;2,(G) = [V(G)| = n. Similarly, if

Vi
G = K, then v,2;,(G) = |[V(G)| = n.
O

Theorem 4. Let a,b be positive integers with 2 < a < b. Then there exists a connected
graph G such that v,(G) = a and v;2,(G) = b. In other words, v;2,(G) — Y (G) can be
made arbitrarily large.

Proof. For a = b, consider K,. Then by Theorem 3, vy2,(K,) = a = y,(K,).
Suppose that a < b. Consider the following two cases:
Case 1: a is odd.
Consider the graph G in Figure 2. Let m = b — a and let S = {z1,292,...,2,} and
S ={x1,29,...,Xq-3,U,V,Tq,C1,C2,...,Cn}. Then S and S are vyp,-set and 7 y2;,-set in G,
respectively. Hence, v,(G) = a and v2;,(G) = a+m = b. Consequently, 7,(G) < v.2,(G).

1

1 T2 I3 T4

Figure 2: Graph G with v, (G) < v2,,(G)

Case 2: a is even.
Consider the graph H in Figure 3. Let t = b — a and let C = {z1,22,...,2,} and
C'={x1,22,...,2q-2,0,w,¢1,C2,...,¢}. Then C and C” are ~y;,-set and v j2;,-set in H, re-
spectively.  Therefore, v4(H) = a and ~j,(H) = a +t = b, showing that
W(H) < vy2n(H). O
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1

I T2 T3 T4

Figure 3: Graph H with v, (H) < v 2, (H)

Theorem 5. Let G be any graph and let S C V(G). Then every hop independent set
S is a J?-set in G. In particular, every ap-set is a J*>-hop dominating set. Moreover,

an(G) < 72n(G).

Proof. Let S be a hop independent set in G. Then dg(a,b) # 2 for every a,b € S.
Suppose on the contrary that S is not a J2-set in G. Then there exist z,y € S such that
NE[z]\N&[y] = @ or NZ[y]\ NZ[z] = @. It follows that NZ[z] C NZ[y] or Na[y] C N[z].
In either case, we have dg(z,y) = 2, a contradiction to the fact that S is a hop independent
set in G. Therefore, S is a J%-set in G. Next, let S’ be an ajp-set of G. Then S’ is a
maximum hop independent set of G (by definition). Thus, S’ is a J2-set in G by the first
part. Now, suppose on the contrary that S’ is not a hop dominating set of G. Then there
exists z € V(G) \ S’ such that z ¢ N2[y] ¥V y € S’. This means that dg(z,y) # 2 for all
y € 5. Thus, S* = {z} U S’ is a hop independent set in G, contradicting the maximality
of S’. Hence, S’ is a hop dominating set of G, showing that S’ is a J?-hop dominating in
G. Consequently, ap(G) < v,2,(G). O

Theorem 6. Let G and H be two connected graphs. If N = NgUNg C V(G+ H), where
Ng and Ny are J*-sets in G and H, respectively, then N is a J?-set in G + H.

Proof. Let a,b € N. Suppose that a,b € Ng. If dg(a,b) = 1, then
a € NZ, yla) \ N&, y[b] and b € NZ, ;[b] \ N&, ;lal. Since a,b are arbitrary, the as-
sertion follows. Assume that dg(a,b) = 2. Since Ng is a J?- set in G, there exist
w, z € V(G) such that w € NZ[a]\NZ[b] and z € NA[b]\NZ[a]. Let s € N (w)NNg(a) and
t € Ng(2) N Ng(b). Then s € N2,y [B\N&, yla] and ¢t € N2, ;[a]\NZ, ;[b]. Since a,b are
arbitrary, N is a J2-set of G + H. Next, suppose that dg(a,b) > 3. Let u € Ng(a) and
v € Ng(b), then u € NZ&, y[b\NZ, yla] and v € NZ& ;[a]\NZ_ ;[b]. Since a,b are arbi-
trary, N is a J?-set of G+ H. Similarly, if a,b € Ng, then N is a J?-set of G4+ H. Next, sup-
pose that a € Ng and b € Ny. Then a € N2, y[a]\ NZ&, ;[b] and b € NE&, ;[b] \ N&, ylal.
Since a, b are arbitrary, it follows that NN is a J2-set of G + H. O
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Theorem 7. Let G and H be two connected graphs. If N = NoeUNg C V(G+ H), where
Ng and Ny are J?-hop dominating sets in G and H, respectively, then N is a J*-hop
dominating set in G + H. Moreover, 725, (G + H) > 721, (G) + v.y25,(H).

Proof. Let N = Ng U Ny, where Ng and Ny are J2-hop dominating sets in G and
H, respectively. Since Ng and Ny are J2-sets in G and H, respectively, it follows that
N is a J2-set in G + H by Theorem 6. Since Ng and Ny are hop dominating sets in
G and H, respectively, we have NA[Ng] = V(G) and Ni[Ng] = V(H). Observe that
NZ[Ng] € N&, y[Ng] and N3 [Ny € N&, ;7 [Nu]. Thus,

Né+H[N] = Ng:JrH[NG UNy|=V(G+ H),

showing that N is a hop dominating set in G + H. Therefore, N is a J?-hop dominating
set in G+ H.

Next, let N = N U Ny, where N, and N, are v,2j,-sets in G and H, respectively.
Then by the first part, N’ is a J?-hop dominating set in G + H. Consequently,

Yy2n(G + H) > [N'| = NG| + [Ny | = 721, (G) + v y2n(H).

O]

Remark 1. The bound given in Theorem 7 is sharp. Moreover, strict inequality is attain-
able.

For the sharpness, consider the join graph Ps; + Py in Figure 4. Let S = {a,b,e, f}.
Then N]%S +p, 1Sl = V(P53 + Py), showing that S is a hop dominating set in P3 + Pj.
Observe that @ € Nj  p [2] \ Np,_ p [yl and y € N3 p [y] \ N3, p,[z] for every z # y
where x,y € S. This means that N]%3+P4 [x]\NI%3+P4 [yl # @ and N, , p, [y]\]V]%BJrP4 [x] # @
for every x # y where z,y € S. Thus, S is a J?-hop dominating set in P; + P;. Since
N3, . plcl © Np,,plal, Np  plfl € Np ,pld], and N3 p[e] © Np_ p lg], it follows
that S is a maximum .J2-hop dominating set of P; + P;. Hence, v;2,(P3 + P5) = 4 . By
Proposition 1, v2;,(FP3) = 2 and 72, (Ps) = 2. Consequently,

Yoen(Ps + Py) = 4 = v2,(P3) + v521,(Py).
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P;+ Py

Figure 4: Graph P3 + Py with v 2, (Ps + P1) = 4 = v 2, (P3) + 72, (P1)
For strict inequality, consider the graph Po+ Ps in Figure 5. Let S’ = {a,b,d, e, f, g, h,i}.
Then S’ is a v 2p,-set in P+ Ps. Thus, 72, (P2 + P3) = 8. By Proposition 1, 72, (P2) = 2
and 725, (Pg) = 4. Hence,

Yoen(Po 4 FR) = 8 > 6 = v2,, () + v2,(FR).

P>+ Ps:

Figure 5: Graph P>+ Pg with ’szh(PQ —+ Pg) > ’szh(Pg) + "/th(Pg)

Theorem 8. Let G be any non-trivial connected graph and H be any connected graph. If
T = Uyev(e) Tv, where T, is a mazimum J?-set in HY for each v € V(G), then T is a

J?-hop dominating set in G o H. Moreover, v2,(G o H) > |V(G)| - v2p,(H).

Proof. Suppose that T = UveV(G) T,, where T, is a maximum J?-set in H? for each
v € V(G). Let a,b € T. Suppose that a,b € T, for some u € V(G). If dy(a,b) = 1,
then a € N2 yla] \ N&, g [b] and b € NZ_ ,[b] \ N&.yla]. It follows that T is a J?-set in
G o H. Assume that dg(a,b) = 2. Since T, is a J2- set in H*, there exist w,z € V(HY)
such that w € N%,[a]\NZ.[b] and z € NZ.[b]\N#.[a]. Let s € Nyu(w) N Nyu(a) and
t € Nyu(z) N Ngu(b). Then s € N&, ;[b]\N.yla] and t € N2y [a]\N&.y[b]. Since a,b
are arbitrary, T is a J?-set of G o H. Next, suppose that dg(a,b) > 3. Let u € Ny(a) and
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v € Ng(b), then u € N2 ;[b]\N&.x(a] and v € NZ, [a]\NZ,;[b]. Since a, b are arbitrary,
T is a J2-set of G o H. Next, assume that a € T, and b € Ty, for some =,y € V(G),z # y.
Then a € Ng’oH[a] \ NCQ}OH[b] and b € NéoH[b] \ NéoH[a]' Thus’ NéoH[a] \ NéoH[b] 7& g
and N2,y [b] \ NZ,yla] # @. Since a and b are arbitrary, T is a J2-set in G o H. Now,
since T, is a maximum J2-set in H" for each v € V(G), it follows that T}, is a maximum
J%-hop dominating set in H? for every v € V(G) by Theorem 2. Thus,

U V#H") C NEeulT].
veV(G)

Now, let r € V(G o H) \ Uyey(e) V(H"). Then r € V(G). Since G is a non-trivial
connected graph, there exists g € Ty such that dgop(r,q) = 2 for some s € V(G). Hence,
NE. 4Tl = V(G o H), and so T is a J*hop dominating set in G o H. Consequently,
V(G o H) > |V(G)| - v 2p,(H). a

Lemma 1. [7] Let G be a non-trivial connected graph and let G1 and Ga be two copies
of G in the graph S(G). If w € V(G1) and w' € V(G3) is the corresponding vertex of w,
then

Lemma 2. Let G be a non-trivial connected graph and let G1 and Go be two copies of G
in the graph S(G). If NCQh [a] C Nél [b] or NéQ [a] C N%Q [b], then Né(G)[a] C Né(G) [b].

Proof. Let a,b € V(G1) and suppose that N§ [a] € Ng [b]. Let = € Né(G) [a]. Then
dscy(a,z) = 2. If z € V(Gy), then dg, (a,z) = 2. So, x € N& [a]. Thus, by assumption,
T € NC2¥1 [b]. By Lemma 1, z € Ng(G) [b], and we are done. Suppose that z € V(Ga).
Then 2 € Ng,[a'] for some a' € V(Gs). Since N [a/] € N [V'] € Né(G) [b], it follows
that @ € NZ ) [b], and so Ngla] © N§)[b]. Similarly, if N2 [a] © NZ,[b], then
Ng(G) [a] C Ng(G) [b]. O

Theorem 9. Let G be a connected non-trivial graph. Then T C V(S(G)) is a J*-set in
S(G) if and only if T satisfies one of the following conditions:

(i) T is a J?-set in G1.
(ii) T is a J?-set in Ga.

(i4i) T = Tg,UTq,, where Tg, UTG, and T, UTg, are J?%-sets in G1 and G, respectively,
where Tg, = {x € V(G1) : 2" € Tg,} and T, = {y € V(G2) : ¢ € T, }-

Proof. Suppose that T'is a J%-set in S(G). Let Tg, = TNV (G1) and T, = TNV (Ga).
If Tg, = @, then T = Tg, is a J?set in Gy. If Tg, = @, then T = Tg, is a J?-set in
G, showing that (i) or (i7) holds. Assume that T, # @ and Tg, # @. Suppose on
the contrary that S = T, U T’G2 is not a J?-set in G1. Then there exist a,b € S such
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that Ngl[a] \ N2 (o] = @ or NE []\N2 [a] = @. It follows that Nél[a] C Nél[b] or
Ng. [b] € Ng, [a ] Ifa be TGI, then a,be T. Since Ng [a [ ] € Ng,[b] or N&, [b] € N, [al,
we have NS(G) [a) C NZ (G )[b] or NS(G) b C NS(G) [a] by Lemma 2.  Thus,

[ 1\ S(G)[ | =@ or NE(G)[ | \N [ | = @, a contradiction to the fact that 7" is a
J2-Set in S(G). Suppose that a,b € Tg, . Then ',V € T, CT. Since Ng [a]\NE [b] = @
or Ng [b ] \ Ng, la] = @, it follows that N [a] \ N&,[V'] = @ or Ng,[b']\ N&,ld] = @.

Thus, N, [a'] € Ng,[b'] or NE,[V'] € Ng, [a [ ] and so

N§la'] € N5y [b'] or N3 ['] € N§(g)la]

by Lemma 2, which is a contradiction. Now, suppose that a € T, and b € TG Then
b € Tg,. Since Ng [a] € Ng [b] or Ng [b] € NE [a], it follows that NS(G)[ a] C N2 e )[b’]
or NQ( )[b’] C NQ( )[ a] by Lemma 1 and Lemma 2, a contradiction. Thus, S = Tg, UTg,
is a J2-set in G. Similarly, TG, UTg, is a J?-set in Gy. Thus, (iii) holds.

Conversely, if (i) or (ii) holds, then the assertion follows. Assume that (iii) holds.
Let v,y €e T =T, UTg,. If 2,y € Tg, C Tg, UTG , then NGI[ ]\NGI[ | # @ and
NG1[ ] \ NGé[m] # @ by assumption ThlS means that Ng [x] ¢ N [y] and
Ng [y] € N&,[z]. Thus, N2 z] ¢ N S(G ] and N y] ¢ N2 S(@)lzl, and we are
done. If z,y E Tc,, then 2,/ 6 TG CTg, UTG Since TG1 UTG is a J?-set in G, we
have Ng [¢'] € Ng [y] and N [y] € Ng [«']. Thus, by Lemma 1, g(G) [z] € Ng(G) [y]

and N2 yl ¢ N2 x] Now, assume that z €Tg and y € T,. Then ¢ € TéZ, and
so z,1 G TG1 U TG Smce Tg, U TG is a J? —set in Gl, we have NG Q NG d and
Ng,ly'] € Ng,[z]. Thus, by Lemma 1, NZ (2] € N§q [yl and NG [y] € N2 ) [z]-
Since z,y are arbitrary, it follows that 7" is a J 2 set in S(G). O

Theorem 10. [5/ Let G be a non-trivial connected graph. Then S is a hop dominating
set in S(Q) if and only if one of the following conditions holds:

(1) S is a hop dominating set in G.
(13) S is a hop dominating set in Gs.

(43i) S = Sa, U Sg, such that Sg, U S, and S;, U Sg, are hop dominating sets in G
and Ga, respectively, where

Si, ={aeV(Gy):d €S} and S, = {be V(Ga) : ' € Sg, }.

Theorem 11. Let G be a connected non-trivial graph. Then T C V(S(Q)) is a J*-hop
dominating set in S(G) if and only if T satisfies one of the following conditions:

(i) T is a J?-hop dominating set in Gy.

(i) T is a J?-hop dominating set in Ga.
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(#4i) T = TgUTh, where Tg, UTg, and Tg, UTg, are J2-hop dominating sets in G1 and
G-, respectively, where

TG, ={zeV(G):2' €Tg,} and T, ={y € V(G2) : ¢/ € T, }.

Proof. Suppose that T is a J?-hop dominating set in S(G). Let Tg, = TNV (G1) and
Ta, = TNV (Ge). If T, = @, then T = Sg, is a J%-hop dominating set of G1. If T, = &,
then T = Tg, is a J?-hop dominating set of G, showing that (i) or (i) holds. Now, since
T is a J%set in S(G), Tg, U T¢, and Tg, UTg, are J2-sets in G1 and Go, respectively, by
Theorem 9. Also, since T is a hop dominating set in S(G), Tg, U Ty, and T(; UTg, are
hop dominating sets in G; and Ga, respectively, by Theorem 10. Consequently, T, U7, éz
and Téh U Tg, are J?-hop dominating sets in G; and Gs, respectively.

For the converse, suppose (i) holds. Then T is both a J2-set and a hop dominating
in G1. Thus, by Theorem 9 and by Theorem 10, 7" is a J2-hop dominating set in S(G).
Similarly, if (ii) holds, then T is a J?-hop dominating set of S(G). Suppose that (iii)
holds. Then by Theorem 9 and Theorem 10, T is a J2-hop dominating set of S(G). O

Corollary 2. Let G be a connected non-trivial graph. Then

Yr2n(S(G)) = 7520 (G).

Proof. Let T be a ~y,2j,-set of G. Then by Theorem 11, T is a J?-hop dominating
set of S(G). Thus, v2,(S(G)) > |T| = v2,(G). On the other hand, suppose T* is a
v y2p-set of S(G). If T* is of type (i) or (i), then T* is a J*hop dominating set of G by
Theorem 11(i) and (ii). Hence, 7v;2,(S(G)) = |T*| < 7v2,(G). Next, suppose T™ is of
type (ii1), say T* = Tg, UTg,. Then T¢, = Tg, UTg, is a J%-hop dominating set of Gy by
Theorem 11(ii7). This implies that v;2,(S(G)) = |T*| = |T4| < vs2,(G). Consequently,
V21 (S(G)) = 7721(G). u

Example 2. Consider the shadow graph S(Cy) of Cy in Figure 6. Let V(Cy4) = {a, b, c,d}
and let N = {a,b}. Then N [N] = V(Cy), a € Ng [a] \ Ng, [b] and b € Ng, [b] \ NE [a].
Thus, N is a J?-hop dominating set of Cy. Since N [d] = N¢,[a] and Ng [c] = N, [b], it
follows that N is a maximum J2-hop dominating set of Cy. Hence, 72;,(C4) = 2. Observe
that a € NSQ,(C4)[a] \NSQ,(C4)[b] and b € Ng(al)[b] \NSQ,(C4)[a], showing that N is a J2-set in
S(Cy). Since Ng(@) [N] =V (5(Cy)), it follows that N is a J?-hop dominating set in S(Cy).
By Lemma 1, Ng(@)[u] = Ng(@)[u’] for every u € V(Cy). Since Ng(al)[a] = Ng(@)[d] and
Ng(c4)[b] = N§(04)[c], it follows that N is a maximum J2-hop dominating set of S(Cy).
Thus, 7,21,(Ca) = 2 = 72,(S(C4)).
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S(Cy) :

Figure 6: Graph Cy with v;2,(Cs) = 2 = 772, (S(C4))

4. Conclusion

The concept of J%-hop domination has been introduced and initially investigated in
this study. Its bounds with respect to other known parameters in graph theory have been
determined. In addition, characterizations of J?-hop dominating sets in some graphs and
shadow graph have been formulated and were used to solve exact value of the parameter
of each of these graphs. Interested researchers may study further this parameter on graphs
that were not considered in this study. Further, researchers may consider the investigation
on the complexity of solving this parameter and provide application especially in real-life
situation, network and other fields.
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