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Abstract. We can realise the representations of the group SLy(R) on the unit disc. This is
due to the isomorphism between the group SLs(R) and the group SU(1,1). The discrete series
representations for the group SLa(R) given by

mla)o() = (F) (@- e, ne )

a — Cz

are on the Bergman space where n > 2 [5, 6, 10]. Lang [13, IX] studied the discrete series on the
group SL(R) in the upper half-plane and on the unit disc. For n = 1, the SLy(R) representation is
called the mock discrete series. The representation space of the mock discrete series is the Hardy
space [5, 6, 10]. In this paper we describe the SLy(R) representation on the Dirichlet space.
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1. Introduction

The Lie group SLa(R) consists of 2 x 2 matrices with real entries and a determinant

equal to one
SLe(R) = {(CCL Z) cad —be =1, a,b,c,dER}.

It acts on the upper half-plane by Mobius transformation

az+b
cz+d’

where g € SL2(R) and z € {z € C: Imz > 0}.
The group SL2(R) contains the following three subgroups:

cosf sinf
K_{<—sin0 Cosﬁ>'9€R}’
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a={(5 ) axo}.
v={(p 7):ecrf

The Lie algebra sly(R) is the set of all 2 x 2 real matrices of trace zero. It is a three-
dimensional Lie algebra so we can choose a basis{Z, A, B} of sla(R) by setting

0 1 1/-10 1/0 1
z=(0 o) a=5 (3 D) e =5(7 5): @)

(Z,A] = 2B, [Z,B]=—24, [A,B]= —%Z. (3)

Note that

2. The Group SU(1,1)

The Cayley transform of the upper-half plane to the unit disc D is defined by
z—1
Z+i

(4)

where z € D and z € {z € C,Imz > 0}.
By the transformation (4) we can transfer the action of the group SLy(R) from the upper
half-plane to the action of the group SU(1,1) on the unit disc, where

SU(1,1) = {<g g) ca,BEC,|af* - |8 = 1}.

Furthermore, the matrix <(CL b) € SLy(R) can be an element of the group SU(1,1) by

d

OEYEC)-ED o

V2
Next, any g € SU(1,1) has a unique decomposition of the form

a BY 1 Bat ‘% 0
;i a>_|a|(ﬁof1 1 )(0 g|>

B 1 1w\ [e? 0

S /I-up\E 1) \0 )"
where § = arga, u = fa ' and |u| < 1 ( since |a?> — B> = 1). Let u = re'®, then
the identity (6) describes an element g € SU(1,1) by a triplet of numbers (r, ¢, #) where
0<r<1land —7 < ¢,0 < m. The connection with the («, ) coordinates is as follows:

oif 1oi(0—0)

the following identity:

(6)
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B B

r=|—|, ¢=—arg—, 0=arga.
a

Moreover, the decomposition (6) can be rewritten with the same variables as

_ . 1 T .
o BY_ (5 o\ (viE Vi) (€0 o
— | = g r 1 ; ¢ (7)
B @ 0 -3 0 —i(0—%)
¢ VIR VAP e
The last presentation is a decomposition of the group SU(1, 1) as the product K AK of its

subgroups, which is called the Cartan decomposition. The base of the Lie algebra sly(R)
consists of the following three matrices:

= (i 0\ ; (0 —% = (0 3
Z_<O —i>’A_<§ O)andB-(; 0). (8)

The matrices Z, A and B satisfy the commutation relation (3). Also, the exponential map
of each matrix generates a one-dimensional subgroup of the SU(1,1) group, that is

- ei9 0
= (5 ) )

- [ . 3 0
9i _ [ coshg —isinh3
¢ (z sinh g cosh g ’ (10)
5 0 10
0B cosh g sinhg
= . 11
¢ <sinh é cosh %) (11)

3. Induced Representation on the Unit Disc

In this section, we induce a representation of the group SU(1,1) from the subgroup K.
Mainly, we use the references [8, 11].
The one-dimensional compact subgroup K is defined as follows:

K = {(eée eoi9> . —r<0< 7r.} (12)

Using the decomposition (6) of any element g € SU(1,1), we can identify the homogeneous
space X = SU(1,1)/K with the open unit disc D. Let the section s : D — SU(1,1) be
defined as follows:

1 1 wu
StUR ——— | _ . 13
= 1) 13
There is a natural projection map p : SU(1,1) — D, which assigns to an element of SU(1, 1)
its equivalence class in SU(1,1)/K:
(o B
o (5 2)~

SIRSY

(14)
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Mapping r : SU(1,1) — K associates f to the natural projection p, and the section s is

defined as follows: B
a f ﬁ 0
r: T = a 15
<5 0‘> (0 |a|> "

” .

For the homogeneous space SU(1,1)/K defines a left action denoted by as follows:

g:u—g-u=np(g*s(u)), (16)

where * is the multiplication of the group SU(1,1).

The invariant measure du(u) on D comes from the decomposition dg = dyu(u)dk, where
dg and dk are the Haar measures on G = SU(1,1) and K respectively. The measure du(u)
is given by

du A du
d = 1
fu(u) A= a2 (17)
Let xn : T — C be a character of the subgroup K ~ T defined as follows:
Xn(w) =w", neZ. (18)

This character induces a representation of SU(1, 1) constructed in the Hilbert space L™ (SU(1,1)),
consisting of the functions F), : SU(1,1) — C with the property

a B a B
Fn — = Xn | 77 F —_]> 1
G )l (@) (&) ®
where F' € Ly(D). Then, the norm of the function F, is defined as follows:
du A du
17 = [ PP s (20
= [u?)*

The space L3"(SU(1,1)) is invariant under the left shift of the SU(1,1) group. The
restriction of the left shift on Ly"(SU(1,1)) is the left regular representation of SU(1, 1),
which can be written as follows:

[A(9)FRl(g) = Fulg™ '+ ¢)), (21)

where * is a matrix multiplication.
The lifting map £, : L2(D) — LY"(SU(1,1)) for the subgroup K and its character
Xn is defined as follows:

et (5 D) (e (5 D)1 (o(5 D)
(@) (2)

The pulling map is given by the following:

(22)

P: Ly (SU(1,1)) = La(D),
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P(F(w, w)) = F(s(w)),

such that Po Ly, =T and £,, 0P =1
Therefore, the representation m, : La(ID) — Lo(D), which is induced by the character
Xn is given by the following;:

5 D)-7ea(s e

By simple calculation, we get:

frnl) (0, ) = 2P ¢ (

@ - Bul
_<a—5w>3f(aw—ﬁ aw—5>
- \a—Bw a—pw’ a-pw/)’

[9] For n € Z, an n-peeling is an isometry P, : La(D, dw) — La(D, (1—|w|?)"~2dwAdw)
defined as follows:

aw — B aw—ﬁ)
a—pw’ a-pw (23

f(w)

P f(w Prnfllw) = ———"—,
)= [Pafl() = s

w=u+ 1. (24)

The representation (23) is intertwined 7, 0P,, = Py om, by the n-peeling with the following
representation:

o) () = @ By s (2220, (25)

a— fw
which is unitary in Lo(D, (1 — |w|?)" 2dw A dw). The demonstration of the intertwining
properties is based on the following analogue of identity for the unit disc :
aw—pBl 1—|wl?

a-pBw| |a—pBw?

The matrix <g g) € SU(1,1) is transformed to <Z b) € SLy(R) by the identity (5).

d

Therefore, the representation ﬁf can be transformed to a holomorphic representation of
the group SLs(R):

o)1) = =025 (555, (26)

which is unitary on the upper half-plane where z = x + iy € Ri with the measure

du(g) = 432
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4. Actions of Ladder Operators

In this section, we study the left and right actions of the ladder operators for the
representation m, given by (23). First, the derived representations are given as follows:

Bf)(w,) = L) f (10, )10

dt (27)
= [—inl — 2iw0y, + 2iwdy) f(w, W),
_ d tA _
[Alf] (w7 UJ) = %Wn(e )f(w7 w)|t:0
ni i i (28)
= [4(11} +w)I + 5(1 + w?)Dy — 5(1 + wQ)G@} f(w,w),
_ d tB _
1B1f) ) = Zma(e!P) (w0, =g
n 1 1 (29)
= {4(11; —w)l + §(w2 —1)0y + 5@2 — 1)aw] f(w,w).
The ladder operators are defined as
. n 2
L+:Bl—zA1:§wI+w 8w—8ﬁ,
L_ =B +iA, = %HEIJMDZ%— O,
and satisfy the following relations:
[E,Ly]=42iLy, [Ly,L_]=—iFE. (30)
The Casimir operator is given by
dmn(C) = E* —2[L,L_ + L_L,] (31)
= (ww — 1)[n*I + 2nwdy, — 20wy + 4(ww — 1)y, 0.
The Casimir operator in the polar coordinate w = re® is as follows:
drp(C) = (r* = 1)(n?1 — 2indy) — (r* — 1)2(% + 710, + r7202). (32)

Lemma 1. The operator (27) has two eigenfunctions:

(i) For m # 2,4,6,8......,

m V=i 1
f_%’n(ij) _ fw77(1 —wu?)li 21 “F<2[1 +n—m=E/1-— ,u]y

1
sh—n= l—u],l—n;,ww) (33)
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- m Nie=m 1
Foapnli0m) = 0% (- wm) S5 P (11— mt T

2
1 mo
5[1+nﬂ: \/1—u],1+2,ww>, (34)

where F' is a hypergeometric function.

Proof.
To find the eigenfunction of the subgroup K, we will solve the following partial differ-
ential equation by using the method of characteristics:

[Ef](w,w) = [—inl — 2iwdy, + 2iwdyg|f(w,w) = 0.
We can write the characteristics for this equation as follows:

df  dw  dw

inf  —2w 2w
dw B dw

=—= (] =wuw.
“oiw | 2w 1= ww

We need to obtain another integral curve that involves f. This is possible from the
following equation:

o dw
inf  —2iw’
Then, the general solution of (4) is of the form Cy = ¢(C1), that is

f(w, @) = w2 gp(ww).

we get Oy = w%f.

Now, for m € Z the eigenfunction is given by

fop (w,w) = w2 $(ww), (35)

which satisfies
[E fm](w, W) = i(m — n) fm(w, ). (36)

Therefore, the eigenvalue of the operator E is m — n.
Next,let w = re®. Then the eigenfunction (35) will be given by

frm(r,0) = (re) "% 6(r?).
The Casimir operator (32) is applied to f_m (r,6)

m

(A (C) fom ] (r,0) = (re™®) ™% [(r* = 1)(n® — nm)p(r?)
—2(r* = 1)’((—m +2)¢'(r*) + 2r°¢" (r*))].  (37)
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To find the value of ¢ in (35), we need to solve the differential equation
[dmn (C) f1(r,0) = puf(r,0).
That is,
(12 = 1)(n® = nm) — pld(r?) = 2(r* = 1)*(=m + 2)¢/ (r?)
— 402 = 1)%20" (r)) = 0. (38)
Let = 2. Then we get
[(& = 1)(n® — nm) — plg(x) — 2(x — 1)*(=m + 2)¢' (2)
—4(z —1)%%¢ (z) = 0. (39)

Now, let
¢(z) = a(1 — 2) ().
Then by substitute ¢(z) in (39), we get

14 T=
a=Zor0, g=——"F

Hence, we have two solutions:

(i) ¢(z) = (1 —2)2 " y(a),
1+yT=p

(i) ¢(z) =22 (1 —2)" > ¢(z).

By substituting the first solution in the differential equation(39), we get

o1 —z) (z) + (1 - % —(1+y1—-p+1- %)w) Y (x)

+ [g + (—wgﬂ) (1 — %) - i (n® - nm)] P(x) =0. (40)

This is a hypergeometric differential equation that takes the following form:
21— )" (2) + [c— (a+ b+ 1)z]y () — aby(z) = 0.

By simple calculation, we get

a==[14+n—m=%/1—y,



A. S. Alghamdi / Eur. J. Pure Appl. Math, 16 (4) (2023), 2348-2367 2356
Then, ¢(z) = F(a,b, c,z), and the solution of (38) is

6(r2) = (1—12) "% " F(a,b,c,r%).

The hypergeometric function is given by

(a)r(b)x (r*)*
(Or Kk

o
F(a,b,c,m?) = 1—1—2
k=1

Finally, the eigenfunction is given by

m
2

+v/Ii—p 1
fom (w0, W) = w =R(

(1 —ww) 2 5[1+n—m:|: 1— pl,
1
Si—n= 1—M],1—%,w@),

where m # 2,4,6,8.......
Following the same calculation for the second solution, we get the eigenfunction

- m Vi—p 1
Fo @) =@ (1 —wo) =2 PG —n+m T,

1
5[1+ni\/1—u],1+%,wﬁ),

The commutator relation [F, Ly] = £2iL4, implies that
[Bf - n(w,@)] = " | (w, ).

Hence E = (m — n)i. Additionally, by using the relation [L4,L_] = —iE, and (31), we
get the following identities:

AL, L_ = E* - 2%FE — dm,(C),

AL_L, = E* 4+ 2iE — dr,(O).
Then, for dr,(C) = ul,

1
Lol =—[m—n—17+p-1] (41)
1
L_L+:—Z[(m—n+1)2+u—1]. (42)
Now, since L} = —L_, we have
X 1 1
Ll =Lz = || = Ly L]
1 (43)

= Sln—n -1+ 1],
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Similarly,
1 1
L4l = glm —n+ 17 4~ 1]}, (44)
Let 1 — = (n — 1)%, where n is an integer. The functions (33) are given by
[ 0,7) = w0 (1 = wm) (45)

The functions f_m ,(w,w) = w2 (1—ww)?2, are Ly summable for n > 1 and m < 0.

Proof. Let w = re', then f_%’n(rew,re*w) = (re") 2" (1 — r2)2. The measure is

rdrA\df
2m o rdr A df
|f,?, —)] w

dp = 22" Then,
B /2”/ 2rdr Ado
a (1 —1r2)2

27
/ / ) 2rdrdf

§7r/ (1 —rH""22rdr, for m<0
0

|3

(re”)="(1—r?)

(1 _ T.Q)n—l 1

n—1

0

il <
= 00.
n—1

Hence, f_%,n are Lo summable if n > 1 and m < 0.
By simple calculation, we get

m

2

Loyl = (05 ) foporalwm) (46)
(L fop ) (w,@) = T f (w0, D). (47)

At m = 0, we have the function fo,(w,@) = (1 — ww)2. Then, L_ fo,(w,@) = 0,
which means that fy,(w,w) is the vacuum of the operator L_. This is represented by the
following diagram: Next, let 1 — yz = (n + 1)2. Then, the functions (34) are given by

Ly Ly Ly
00— fO,n fl,n f2,n
L_ L_ L_ L_
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which are Lo summable for n < —1 and m > 0; that is,

2 i

~ 9 ~ |7 dw A dw
||ff%,n|| - /]D) ’f?,n(wvw) (1 — ’w‘g) <oo, n<-—l1
[LJrff%,n](w?w) = %f—(%-{-l),n(wvw)’ (49)
L ) (0,) = (? - n) F iyl ). (50)

-_n

At m = 0, we get the function fon(w, @) = (1—ww) 2 . We can then see that [L, fo ] (w, @) =
0, which means that fy, is the vacuum of the operator L. This is represented by the
following diagram: The Lie derivatives of the representation m, are

Ly s Ly - Ly ~ Ly
o f—2,n 7 f—l,n fO,n 0
oZ — _9,, (51)
e = L sin(o — 2600 — S (1~ un) [0, + 0] (52)
B — gcosw —20)0y — %(1 — uu) {ezwau - e—zieaﬂ} . (53)

The right ladder operators are then represented by
g, = gAtiB _ o2 [;uag —(1- uu)(?ﬂ} (54)
g = pA-iB _ 20 |:;’L_L69 +(1— uﬂ)@u} . (55)
Proof. The Lie derivative £X for an element X of the Lie algebra su(1,1) is given by
b% d
(€7 F(g) = - F(gexptX)|i—o, (56)

8 &
We know that the space Ly"(SU(1,1)) consists of the functions F,, : SU(1,1) — C

with the property B
a B\] _ o BB
a6 )] (@)r (55)

for any differentiable function ' on SU(1,1) and g = (a b > .

where F' € Ly(DD).
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= re'?, we have

Qllwl

Hence, for v = @—‘ =¢e and u =

(X Fl(g) = %Fn(g exptX)

t=0
d _
= 2 (V) F (u(t), a(t)) (57)
=0
~ Oxn do(t) OF du(t OF du(t)
S Ov dt |, Ou dt |,_, Ou dt |,_,

From section 2 we have Z, A and B € su(1,1) given by (8). Then, the Lie deriva-
tives corresponding to the subgroups exptZ,(9), exptA,(10) and exptB(11) are obtained
through the differentiation of the right action of these subgroups as follows:

d _
[stn] (g) = %Fn(g €xp tZ)
t=0

_ dp (ac pe
dt” " \pe" ae™)|_,

d oeit Be—it Beit
=—Xnl|T—7 | '\ ==t —==
dt |aet| ae~’ qe?

t=0
d .
= — Z(6+t) F 7
LI
_or
Oy’
e _ peil0—9)
where a = Wi and 8 = W
Similarly, it is easy to determine that
i d -
[£7Fal(9) = o Fu(gexptA)
t=0
- F 1 L OF OF
= 77“ sin(¢ — 29)%9 — 5(1 — i) {emgaau + ezw({;u} )
B d -
[£7Fal(g) =  FulgexptB)
=0
r oF 1 g OF g OF
= — —20)=— — (1 — ui 2607 207 |
5 cos(¢ ) % 2( ua) [e 2 e o

The function f_%,n given by (45) is an eigenfunction with an eigenvalue in for the

operator 22, That is, for '
Falg) =™ f (0, ),
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we have o '
SZemtf_%,n(w,@) = inemtf_%’n(w,ﬁ). (58)

Moreover, f_%n (48) is an eigenfunction with an eigenvalue in for the operator ez

Lemma 2. We have o
A+iB |
e -ffg,n%j;%,ni%
and

A+iB |} 7
Lo -f—%,n%f—%,n:l:?

Proof. From the commutator relations [22 , gA+iB | = +2i2A%B  for the eigenfunction
f-m n given by (45), we can see that
[SZSAi’LB]eznt f— o — SAilé (sZeint f— m ,n) + 2Z£Ailéelnt f— .
— EA:I:iB (m’emtf,%n) + 2i£Ai"Bemtf,%,n (59)

Similarly,for the eigenfunction f‘_%,n (48), we have

[SZSAiié]ei”tf_%n — (n + 2)7;£A:tif3’eintf_%7n‘

The vacuum fo,(w,@) = (1 — ww)?2 is annihilated by the operator gA+iB That
is, [£AFBeint f ](w,w) = 0. Then, all the vectors fj, = (L+)? fo, are vacuums of the

operator £4+iB que to the commutation of the left and right actions:

£A+iij,n — £A+iB(L+)jf[)7n

il (60)

— (L+)J£A+1Bf07n —0.
For each vacuum fy ., the collection of vectors f;, = (L+)j fo,n forms an orthogonal basis
of an irreducible component with the respective ladder operators (46) and (47). The left
and the right actions for the eigenfunctions f, , (45) jointly create the two-dimensional
lattice structure that can be seen in the following diagram:
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Lo\l Lollo. oo
_ Ly Ly Ly
0 — f22 fou fo6
£ £ £
olle. ol ||l
_ £y £y Ly
0 — fi2 f1,4 fi6
£ £ £
ol ool ol
_ Ly Ly Ly
0 — foz2 Jo,a Jo,6
£_ £ £
L_ L_ L_
0 0 0

Figure 1: The left and the right actions of the ladder operators for f_m .
2z "

Furthermore, the function fo,(w,w) = (1—ww)2 is a vacuum of the operator gA-iB,
That is, [£4~P e fy ,,](w, @) = 0. Then, all the vectors fi,, = (L_)* o, are vacuums of
the operator £47*5 due to the commutation of the left and right actions:

eV fn = L) fon
’ B (61)

— (Lf)kng_zBfO,n —0.
For each fo,n, the collection of vectors fk;n = (L,)kfo’n forms an orthogonal basis of an
irreducible component with the respective ladder operators (49) and (50). The left and the
right actions for the functions fmn (48) jointly create the two-dimensional lattice structure
that can be seen in the following diagram:
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0 0 0
L, L, L,
e, o, e, Ie,
foe fo,a fo,2 0
£ £ £
Lo\l ool .||z
e, Woe, e gl
pr— S f-14 f-1,2 0
£ £_ £
rlle. ol r.|lro
e, T A T
pr— Y f-24 22 0
£ £ £
Lol ool oo ||lL.

Figure 2: The left and the right actions of the ladder operators for f;m n-
3

5. Representation on the Dirichlet Space

The Dirichlet space, the Hardy space and the Bergman space are the three classical
spaces of holomorphic functions in the unit disc. In the present section, we find the su(1,1)
module (which is the space of the derived representation) on the Dirichlet space.

[4] The Dirichlet space D on the unit disc D = {w : |w| < 1} consists of the holomorphic
functions f(w) on D, for which the following semi-norm is finite:

D(f) = (}T i If’(w)\Zd:cdyf, w=1+iy. (62)

For g = <g g) € SU(1,1), the SU(1,1) representation on the Dirichlet space is

defined as follows:

ralaw) = 1 (2. (63

The semi-norm D(f) is not a norm because D(f) = 0 whenever f is a constant. Then, 7
is a non-unitary representation.

Lemma 3. The Dirichlet space has two su(1,1) vector module:

e the lowest weight vector module Voiom = {wom : m =0,1,2,3.....}, with the follow-
ing ladder operators

Liwom = imwoms1, m € Zy —{0},
L_wom = imwom—1, m € Zy —{0},
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Liwoo =0,

e the highest weight vector module Voyom = {wom : m = 0,1,2,3.....},with the follow-
ing ladder operators

Liwom = imwomy1, m € Zy — {0},
L_wom = imwom-1, m € Zy—{0},
L_woo =0,

Proof.
The representation 7o (63) is the SU(1, 1) representation 7, for n = 0. The represen-
tation 7, is defined as follows:

) (= puy (64

where n € Z. The derived representations for the basis {Z, A, B} (8) are as follows:

B = di = % tu(e7) f(w)limo = [~ind — 20 ]f (),
Ay = it = G ) (Wl = gl + (1 7)) (),
By = i = L) f(w)limo = glmol + (u? — 1)9u]f ().

The commutator relations are
1
[E, Ai] = 2By, [E, B = —2A1, [A1,B1] = _iE'

The ladder operators are defined as
L. = A, +iB; = inwl +iw?dy,, L_= A, —iB] =iy,

and
[E,Ly]=—2iLy, [E,L_]=2iL_ and [L4,L_]=1iFE. (65)

The Casimir operator is
dit,(C) = dit, (2% — 4A% — 4B?) = —n* + 2n. (66)

The representation 7, on LQ(ID)) is irreducible, and V,, 9., is the one-dimensional subspace
generated by wy, n, [13]. Indeed,

v ei@ 0 —i0(n—+2m
n << 0 ei@)) (wn»m) =€ O(n+2 )wn,m
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i0(n+2m)

Hence, V,, 9., is an eigenspace of K with an eigenvalue e~ , which is the character

of the subgroup K. Then
Tn (€Xp tZ) = e Hnt2m)tr o Vit om,
and the derived representation is given by
E=—in+2m)l on Vyiom.
From the commutator relation (65), we have

E(L+wn,m) = L+(Ewn7m) — 2’L'L+’U)n7m

E(L_wnm) = L_(Ewnm) + 2iL_wnm
=L_(—i(n+2m)) + 2Ly = —i(n+2m — 2)L_.

Therefore, the ladder operator Ly acts as follows:

L+ : Vn—}—?m — Vn+2m+2a L_: Vn+2m — Vn+2m—2'

L, L. L, Ly
: (L—) Vitom—2 (L—) Vitom (L—) Viroma2 <L—5

Vatom = {wpm : m=0,1,2,3.....} is the lowest weight module and is given as follows:

Ewy, = —(n + 2m)iwy, m,
Liwnm = AiWnm + iB1wn,m = (n+ m)iwy my1, m € Zy — {0},
L_wym = AiWn m — iB1Wy m = Miwy m—1, m € Z;y — {0}
L_wm[) = 0,
ditn (CYw = (—n? + 2n)w, w € Viiom.

The vector wy, o is called the lowest weight vector.

Ly Ly Ly
0 ¢—— Wno —T—= Wn,1 Wn,,2
L L_ L_ L_

Vatom = {wnm : m =0,1,2,3.....} is the highest weight module and is given as follows:

Ewy, pm = —(n — 2m)iwy, m,
L_wym = A1Wnm + iB1wn m = i(n + m)wy m—1, m € Z; —{0},

Liwpm = Aiwpm — iB1Wym = imwp mt1, m € Zy — {0}
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L, Ly Ly
- 2 Wn2 W, 1 Wn,0 — ()
L_ L_ L_ Ly

L+wn,0 = 07
ditn,(C)w = (—n? + 2n)w, w € Vi_om.

The vector wy, o is called the highest weight vector.

The vector module V,, | a,, is unitarisable if and only if n > 0, and V},; 9,, is unitarisable
if and only if n < 0 [7, p.96].

Next, for the Dirichlet space the su(1,1) vector module is Vo1, which is given as
follows:

Ewym = —2imwom,
Liwom = imwomt1, m € Zy — {0},
L_wom = imwom-1, m € Zy — {0},
Liwop =0,

dio(C) = 0.

This is shown in the following figure:

0 <L— [wo,0] wo,1 wo,2

- L_ L_ L_

In addition, wq is the highest weight vector for the vector module Voo, which is
given by

Ewym = —2tmwom,
L+w0,m = imw07m+1, me Ly — {0},
L_’IUQ,m = imwo7m_1, me Ly — {0},
L_woo =0,
dmo(C) = 0.
and presented in the following figure:
L, Ly Ly

. T W2 —— wo,1 [wo,0] —— 0
L_ L_ L+
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6. Conclusion

This paper considers the discrete series representation of the SLy(R) group 7, defined
by (1) on spaces of holomorphic functions on the unit disc. The group SL2(R) is more
convenient for complex analysis in the upper half-plane. However, the group SU(1,1) of
2 X 2 matrices, with complex entries and a determinant equal to one, is well suited in
unit disc . The Cayley transform (4) defines an isomorphism of the group SLa(R) with
the group SU(1,1). We present the action of the ladder operator of representation on the
su(1,1) Lie algebra. This action can be realised on the Bergman space for n > 2, on
the Hardy space for n = 1 and on the Dirichlet space for n = 0. The vector module
of the representation on the Dirichlet space has been described. It is worth to studying
the su(1,1) vector module on other spaces of holomorphic function, for instance the Poly-
Bergman space [16].
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