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Derivations and representations of commutative
algebras verifying a polynomial identity of degree five
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Abstract. In this paper we study a class of commutative non associative algebras satisfying a
polynomial identity of degree five. We show that under the assumption of the existence of a non-zero
idempotent, any commutative algebra verifying such an identity admits a Peirce decomposition.
Using this decomposition we proceeded to the study of the derivations and representations of
algebras of this class.
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1. Introduction

Albert[1] was one of the authors who made a major contribution to the study of Jordan
algebras in the algebra theory of population genetics. Following him, several authors
[4] studied algebras verifying more general polynomial identities, such as almost Jordan
algebras. The irreducible identities of degree five, not a consequence of commutativity,
have all been determined by Osborn in [8], in characteristics other than 2, 3, and 5. In[7],
he proceeds to study his first identity

2((x2x)x)x — 3(2?2?)z + (2x)z? = 0. (1)
More recently, in [2], A. Dembega study the second identity under certain conditions

)z)x]+
((yz)a)a)e + ((ya)a?)z+ (2)
)z)a — (ya*)a® + ((yx)r)2?] = 0

Bilyz* — 4(ya®)z + 6((ya?)z)x — 3(((yx)x
Bg[—y(z:Q.x2) + 5(y:v3)x — 9((yx2)x)x +4
(y2®)a® — (yo)a®] + B3[((ya?)z)e — (((ya
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where 31, f2 and 83 € K, where K is a commutative field.
The aim of the this paper is to determine the representations and the derivations of
commutative algebras A defined by

yz' = 4(ya®)z + 6((y2*)z)z - 3(((yz)z)z)z =0, (3)

corresponding to $; = 1, f2 = B3 = 0 in the identity (2). Such algebras can be illustrated
by the following examples given in [2]. In the rest of the paper, K refers to the field C of
complex numbers.

Example 1.1. Let A be the commutative five-dimensional algebra whose the multipli-
cation table in the basis {e1,e2, e3,e4,65} is €2 = eq, e1eg = €3, €3 = ey4, €163 = €5,
the other products not mentioned being zero. This algebra verifies (3). Indeed, A? =<

eo,e3,e4,6e5 >, A3 =< e3,e4,e5 >, A* =< e5 > and A° = 0.

Example 1.2. Let A be the commutative 5-dimensional algebra whose the multiplication
table in the basis {e,xo,y1, 2x;, Wx, } 1S €2 = €, €Y1 = Y1, €2y, = A2y, €Wr, = A2W),,
ToZxn, = Zxp, Y1Wy, = Wy, With A\ = % and Ao = 3%5‘/5

mentioned being zero.

, all other products not

2. Peirce decomposition

In the rest of the paper we study commutative algebras verifying the identity (3) and
admitting a non-zero idempotent e. By setting x = e in (3), we obtain

[Le(Le —ida)(3L2 — 3L. + I))(y) = 0, (4)

where y € A, idy : A - A,x — x and L, : A — A,y — ey is the multiplication by e.
Consider p(t) = —3t* + 6t3 — 4t% + t which factorises to p(t) = —t(t — 1)(3t> — 3t + 1).
Since K is algebraically closed, then the polynomial 3t — 3t 4+ 1 has two roots A\; and
A2, i.e p(t) = —t(t — 1)(t — A1)(t — A2), in which case A = Ay @ A; & Ay, & A),, where
Ay ={x € Alex = px}, \1 = % and Ao = %.

The products of the components of the Peirce decomposition are given by the following
theorem.

Theorem 2.1. (/2],Théoréme 5.1.1) Let A be an algebra satisfying the identity (3). Sup-
pose that the polynomial 3t> — 3t + 1 = 3(t — M\1)(t — X2) in K[t]. Then the Peirce de-
composition of A is A = Ay ® A1 @ Ay, @ Ay,, where \; = % and Ay = 3%&‘/5. We
have:

i) A;A\, C Ay, withi € {0,1} and j € {1;2};

ii) Ay, Ay, = {0}, withi,j € {1;2};
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iii) A;A; C A; with @ € {0;1};
iv) Ag4; = {0}.

The following theorem gives us the identities used in the rest of the document.

Theorem 2.2. ([2], Théoréme 5.1.2) Let A be an algebra satisfying the identity (3),
whose Peirce decomposition of A is written A = Ay @ A1 ® Ay, ® Ay,, then

i) zo(yozr,) + Yo(wozy,) = QkaUAk (oyo);
il) z1(y1ea,) + y1(z1zn,) = (1= 3(Me)?) 2, (2101) 5
111) xl(x)\kflfo) = l’()(xll’)\k),

where i, is the conjugate of Mg, and x;,y; € Ai, x5, € Ay, fori € {0;1} and k € {1;2}.

3. Derivations

Let A be a K-algebra satisfying (3). We say that an endomorphism d of A is a derivation
of Aifforall z, y € A, d(zy) = d(x)y+zd(y). The set Derg(A) of all derivations of A with
the Lie bracket [,], is a Lie subalgebra of Endg(A)~, where Endg(A) is the associative
algebra of endomorphisms of A. The Lie bracket is defined by: [d,d'] = dd' —d'd ([5], [6]).
The following theorems characterise the derivations of an algebra satisfying (3).

Theorem 3.1. Let A = Ay ® A1 & Ay, ® Ay, be the Peirce decomposition of an alge-

bra satisfying (3). If d is a derivation of A, then d satisfies the following properties, for
(S {07 17)\1a>\2}; o€ {)‘1’)\2} ; B € {Oa 1}

i) d(e) = 0;

i) d(z;) € A;;

i) fi=d, ;

iv) fa(zgya) = 28fa(ya) + yafo(2s).

Proof. 1) Since e is an idempotent of A then 2ed(e) = d(e). By setting d(e) = xo+x1+
T, +Ty,, we have —zg+x1+ (2A1 —D)zy, +(2A2—1)xy, = 0lexg = 21 = 2y, = Ty, = 0;
hence d(e) = 0.
i1) and i) Let x; € A; for i € {0,1, A1, Ao}; then ex; = ix; i.e ed(x;) = id(x;) because
d(e) = 0. So we have d(z;) € A, and f; =d, .

iv) We have x5y, € Ay for o € {1, X2} and 8 € {0,1} according to the products of
the Peirce subspaces of A, since d(z3ya) = 23d(yn) + Yad(zg) then, applying iii), we have
foa(zgya) = ©5f3(Ya) + Yafal(zp).



H. Ouédraogo, A. Dembega, A. Conseibo / Eur. J. Pure Appl. Math, 16 (4) (2023), 2145-2155 2148

Theorem 3.2. Let A = Ay ® A1 @® Ay, ® Ay, be the Peirce decomposition of an algebra
satisfying (3). Let d and d' be derivations of A, then the derivation [d,d'] satisfies for
i€ {0;1; A1 02} a € {A1; A2} and B € {0;1} the following conditions:

i) [d,d'](e) =0
i) [d,d|(x;) € Ai;
iii) figa (@) = [d,d']ja, = fa(fa(zi) = for (fa(z:)).
Proof. We have d(¢) = 0 by the theorem(3.1), so [d, d](¢) = d(d'(e)) — d'(d(e)) = 0.

Hence 1).

Also [d, d|(x;) = fa(far(z:)) — for(fa(zi)), hence ii) and iii).

4. Representations

We are interested here in the representations of algebras defined by the identity (3)
([4]). Following Eilenberg [3], if A is a commutative K-algebra belonging to a class C
and M a vector space on K, a linear application p: A — End(M) is a representation
of A in the class C if the extension S = A & M of M with multiplication given by
(a+m)(b+n) =ab+ p(a)(n) + p(b)(m) for all a,b € A, m,n € M; belong to the class C.
In the following section, we give some results on the representations of algebras verifying
the identity (3).

4.1. General results

Lemma 4.1. Let A be an algebra verifying the identity (3) and p: A — End(M) a
linear application. The application p is a representation of A if and only if for all a,b € A
the following identities are verified:

Pat = Apapas + 6p%pa> — 3pg = 0; (5)

PoPaPa> + 20605+ PbPas —4PapoPa = 8PaPbPs — 4Pasb+ 1207 PbPa+6papa2y+6Pa(a2e) = 304 b
— 302 Pab — 3PaPa(ab) — 3Pa(a(ar)) =0 (6)

where pg == p(a) € End(M) and for any a € A.

Proof. The application p is a representation of A if and only if for all z = a + m, and
y=b+ne AP M, the equality (3) is satisfied.
Since:
yat = a*b + pppapez(m) + 2pp03(m) + pas(n) + pppgs (m);
2(yz®) = a(@®b) + papppe> (M) + 2papppa (M) + papas (n) + pasy(m);
z(z(yz?)) = a(a(a®h)) + 20 pppa(m) + papa2(n) + papas(m) + pagaze) (M);
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z(x(z(yz))) = alala(ab))) + pa(n) + pipe(m) + ppab(m) + Papa(ab) (1) + Pa(a(ab)) (M);
Equality (3) becomes:

[a*b—4a(a’b)+6a(a(a’b))—3a(a(a(ab)))|+[pbpapaz+2p6P)+PbPa—4PaPbPa2—8PaPbPe—4Pa3y
+ 1202 popa + 6papaz + 6Pa(a2s) — 35Pb — 3P Pab — 3PaPa(ab) — 3Pa(a(ab))) (M) + [Pt — 4papes
+6p2pa2 — 3p5)(n) = 0. (7)

Since a and b are elements of the algebra A, then:
a*b — 4a(a®b) + 6a(a(a?b)) — 3a(a(a(ab))) = 0.
We then obtain,
[06PaPa2 +2P0P5+ PbPas —4PaPbPa> —8PapbPs —4Pa3s+ 1207 PbPa+6Papazs+6pa(a2s) — 3056
— 302 Pab — 3PaPa(ab) — 3Pa(a(ar)| (M) + [Pat — 4papas + 6p%paz — 3p5)(n) = 0. (8)

Then finally:
Pat — 4Papas + 6p2pe2 — 3p; = 0;

PbPaPaz 20604+ PoPad —4PapbPuz —8papbPa —APart+ 1202 pbPa+6PaPazs +6Pa(a2s) — 305 0b
— 3p2Pab — 3PaPa(ab) — 3Pa(a(ab)) = 0-

Proposition 4.2. Let A be an algebra verifying the identity (3). Suppose that A has an
idempotent e # 0. Let p: A — End(M) be a representation of A. Then:

M:MO@M1®MA1 @M)\27

with M; = {m € M, p.(m) = im} for i € {0,1, A1, Ao} where \; = % and \g = 3*23‘/?:
are roots of the polynomial 3t> — 3t + 1.

Proof. Putting a = e into the identity (5), we obtain —p(pe — I)(3p% — 3pe + I) = 0.
The kernel lemma gives us: M = My @® My @ My, ® M),, with M; = {m € M|p.(m) =
im} for i € {0,1, A1, A2}

Let’s study the action of A on M. In this section, we’ll focus on the products of A;.M;,
for i;7 € {0,1, A1, A2}

Theorem 4.3. Let A be an algebra verifying the identity (3) admitting an idempotent
e #0. Let p: A — End(M) be a representation of A. Then the action of A on M
satisfies the following relations:

i) A;. My, € My,, wherei € {0;1} and j € {1;2};

ii) Ay;.M; € My;, where i € {0,1} and j € {1,2};
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i) Ay, My, = {0}, with i,j € {1,2};

iv) A;.M; C M; with i € {0,1};

v) A M; = {0} with i,j € {0,1}, i % J.

Let A = Ay @ A1 @ Ay, ® Ay, be the Peirce decomposition of an algebra satisfying
(3) relative to an idempotent e and that of the modulus M = My & My & My, & M),
then the Peirce decomposition of the extension S is S = Sy @ S1 @ Sy, ® Sy, where
S ={a+meS:e(la+m)=k(a+m)} and k = {0,1, A1, A2} such that the following
result is verified.

Proposition 4.4. The subspaces S; of the extension S satisfy the relations:
i) ;.S\, € Sy,, and Sx,;.8; C Sy, with i € {0,1} and j € {1,2};

ii) Sy,-Sx, = {0}, withi,j € {1,2};

iii) S;.5; C S; with i € {0,1};

iv) S;.5; = {0} withi,j € {0,1}, ¢ # j.

Proof. This follows from the fact that the algebra S must belong to the same class as A,
i.e it must verify the identity (3). Consequently, its subspaces verify the same properties
as those of A.

4.2. Irreducible representations

As in the case of groups, rings or vector spaces, a submodule is a non-empty part of a
module, stable for the laws of modules, hence the following definition:

Definition 4.5. Let A be a K-algebra and p: A — End(M) a representation of A.
i) Let N be a subspace of M, N is a submodule of M if and only if A.N C N.

ii) M is an irreducible module or p is an irreducible representation of A, if M # 0 and
the only submodules of M are its trivial submodules.

iii) An A-module M is said to be simple or irreducible if M is not the null module and
there are no submodules outside {0} and M.

Lemma 4.6. Let A be an algebra satisfying the identity (3), then My, and M), are
submodules of M.

Proof. Using Theorem (4.3), we observe that for all a € A and m € M), we have
a.m € M)y for any A € {\1, A2}
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Proposition 4.7. Let A be an algebra satisfying the identity (3) admitting an idempotent
e # 0 and p : A — End(M) an irreducible representation of A. Then one of the
conditions below holds:

1) M:M() or M = Ml,'
ii) M = M,,;
iii) M = M,,.

Proof. Using the Lemma 4.6, we have M), and M), are submodules of M. Since M
is irreducible, then: My, = M or My, = {0}. In other words, My, = M or M), = {0}.

Theorem 4.8. Let A be an algebra verifying the identity (3). Suppose that A has an
idempotent e # 0 and M an irreducible module. If M = M;, with i € {0;1}, then-
Va,b e A;me M

1) (a,b,m) = (a;, bj,m;);
2) (a,m,b) = (a;, mj,b;).

Proof. Suppose M = M;, ¢ € {0;1} then M,, = M), = {0}. We'll do the proof for
M = My; for the case where M = Mj, the proof is done simply. Let a,b € A be such that
a = ag+a;+ay +ay, and b = by+by+by, +by,, where a, by € Ay, 1 € {0;1; A1; \a}. Take
m € M = My, so m = mg, where mg € My, i.e p.(mg) = 0. Let’s calculate (a,b, mgp),
(a,mg,b) Ya,b € A and m € M. We have:

(a,b,m) = (ap + a1 + ax, + ax,,bo + b1 + by, + bxy, mo)

= (ag, bo, mo) + (ag, b1, mo) + (ao, bx,, mo) + (ao, br,, mo) + (a1, bo, mo) + (a1, b1, mo)
+ (a1, b)\l,mo) + (a1, b)\Q,mo) + (a,\l,bo,mo) + (a)\l, b1,m0) + (a>\1, b>\1am0)

+ (ax;; bags mo) + (axy, bo, mo) + (axy, b1, mo) + (axy, bay; mo) + (axy, bry, Mo)

= (agbo)mo — ag(bomo) + (aob1)mo — ag(bimg) + (agby, )mo — ag(bx,mo) + (aobx,)mo
— agp(ba,mo) + (arbo)mo — ai(bomo) + (a1b1)mo — a1 (bimo) + (a1by, )mo — a1(bx,mo)
(a1br,)mo — a1(by,mo) + (ax,bo)mo — ax, (bomo) + (ax,b1)mo — ax, (bymg)
(ax,br,)mo — ax, (bx,mo) + (ax,ba,)mo — ax, (ba,mo) + (ax,bo)mo — ax, (bomo)
(ax,b1)mo — ax, (b1mg) + (ax,ba, )mo — ax, (ba,mo) + (ax,bx, )mo — ax, (br,mo)

= (ao, bo, mo)

_|._
_|._
+

This result is found by using the multiplication table of A (see theorem (2.1)) and the
action of A on M (see theorem (4.3)), for all m € M, we have: (a,b,m) = (ag, by, mp).
Similarly, if m € M = My, then we have:

(a,m, b) = (a() + a1 +ay + a>\2,m0,bo + by + b>\1 -+ b)\z)

= (ap, mo, bo) + (ao, mo, b1) + (ag, mo, by, ) + (ao, mo, bx,) + (a1, mo, bo) + (a1, mo, br)



H. Ouédraogo, A. Dembega, A. Conseibo / Eur. J. Pure Appl. Math, 16 (4) (2023), 2145-2155 2152

+ (a1, mo, by,) + (a1, mo,by,) + (ax,, mo,bo) + (ax,, mo, b1) + (ax,, mo,by,)
+ (ax,, mo, bx,) + (ax,, mo, bo) + (ax,, mo, b1) + (ax,, Mo, bx,) + (ax,, Mo, bxy)
= (apmo)bo — ag(mobo) + (aomo)bi — ag(mobr) + (agmo)bx, — ao(moby,) + (aomo)by,
— ag(moby,) + (a1mo)bo — a1(mobo) + (a1mo)b1 — a1(mob1) + (a1mo)by, — a1(moby,)
+ (a1mo)bx, — a1(moby,) + (ax,mo)bo — ax, (mobo) + (ax,mo)b1 — ax, (Mmoby)
+ (ax,mo)bx, — ax, (moby,) + (ax,mo)bx, — ax, (Mobx,) + (ax,mo)bo — ax,(mobo)
+ (ax;mo)b1 — ax,(mob1) + (ax,mo)bx, — ax,(moby,) + (ax,m0)br, — ax,(moby,)

(a’Oa mo, bO)

Theorem 4.9. Let A be an algebra verifying the identity (3). Suppose that A has an
idempotent e # 0 and M an irreducible module. If M = My, with A\ € {\1, A2} then

32— 1
9\3

Proof. Suppose M = My, A € {A\i, A2} then My = M; = {0}. Let a,b € A be such
that a = ag+ a1 +ay, +ay, and b = bg + by + by, +by,, where a;,b; € A;, i € {0;1; A1; A2}
Take m € M = M), so m = my, where my € My, i.e p.(my) = Amy. Let’s calculate
(a,b,my), (a,my,b) Va,b € A and m € M. We have:

())(a,b,m) =0 ,Ya,be A;me M  (ii)pppe = peb sVa,be Ayme M (9)

(a,b,m) = (ap + a1 + ax, + ax,,bo + by + by, + bx,, my)

= (ag, bo, mx) + (ag, b1, my) + (ao, br,, mx) + (ao, bay, my) + (a1, bo, my) + (a1, b1, my)
+ (a1, b>\1am>\) + (a1, by m)\) + (a,\l,bo,mA) + ((I)\l,bbm)\) + (a,\l,b,\l,m,\)

4 (ax;; bags mA) + (axy, bo, mr) + (axy, b1, ma) + (axy, bay, M) + (axy, bry, my)

= (apbo)mx — ao(bomy) + (apbi)my — ag(bimy) + (apby, )mx — ag(by,my) + (apby, )mx
—ag(bx,m) + (a1bo)my — a1(bomy) + (ar1br)my — ar(bimy) + (a1by,)my — a1(bx,my)
+ (a1by,)mx — a1 (by,my) + (ax,bo)mx — ax, (boma) + (ax,bi)mx — ax, (bimy)
+ (a,\lb,\l)mA — ay, (bx,my) + (ax, by, )my — ax, (ba,mn) + (ax,bo)my — ax, (bomy)
+ (ax,b1)mx — ax, (bimy) + (ax,ba, )ma — ax, (ba,my) + (ax,br, )ma — ax, (ba,my)
(aobo)m/\ — ap(bomy) — ag(bimy) — a1(bomy) + (a1b1)my — a1(bymy)
= (a0, bo, my) + (a1, b1, my) — ag(brmy) — a1(bomy)

Similarly, if Vm € M = M), we have:

(a, m, b) = (ao + a1 +ay + a)\Q,m)\,b() + by + b>\1 + b)\Q)
= (ap, mx, bo) + (ag, my, b1) + (ao, mx, by, ) + (ag, mx, by,) + (a1, my, bo) + (a1, my, b1)
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+ (a1, mx, bx,) + (a1, my, by,) + (ax,, mx, bo) + (ax,,mx, b1) + (ax,, mx, by,)
+ (ax,, mx, by,) + (ax,, mx, bo) + (ax,, ma, b1) + (ax,, ma, by, ) + (ax,, mx, by,)

= (apmz)bo — ao(mabo) + (agmy)bi — ag(mxrbi) + (agma)bx, — ao(maby,) + (agmay)by,
—ag(maby,) + (a1ma)bo — a1(mabo) + (a1mx)br — a1(mabr) + (arma)by, — a1(maby,)
+ (a1my)by, — a1(maby,) + (ax,mx)bo — ax, (mabo) + (ax,mx)b1 — ax, (mabr)

+ (ax,ma)bx, — ax, (maby,) + (ax,ma)bx, — ax, (maby,) + (ax,mr)bo — ax, (mabo)

+ (ax,mp)by — ax, (mabr) + (ax,ma)bx, — ax, (maby,) + (ax,mr)br, — ax,(maby,)

= (apmx)bo — ap(mrbo) + (agmyr)by — ag(mxrby) + (army)bo — a1(mabo) + (a1my)by
—ai(mxby)

= (ag, mx, bo) + (ag, mx,b1) + (a1, my, by) + (a1, my, by)

Partial linearisation of the terms of the identity (6) gives us:

PbPaPa? = PoPcPa? + 2PbPaPacs

20005 = 2(pbpep + PoPaPePa + PoPAPC);
PbPa3 = PbPea? T 2PbPa(ac);

4papvpaz = 4(pcpoPaz + 2papbPac);

8papvpa = 8(pePoPs + PaPbPecPa + PapbPape);
4pa3p = 4(P(ca)p T 2P(aac))p);

1202 pvpa = 12(PapePsPa + PePaPbPa + Papbpe);
60aPa2b = 6(PcPa2b + 2Pap(ca)p);

60a(a2b) = 6(Pe(a2t) T 2Pa((ac)p));

30306 = 3(PcPap + PaPePaps + Papeps);
3p2pab = 3(pcPaPab + PaPePab + P2Peb);
3papa(ab) = 3(PcPa(ab) T PaPe(ab) T PaPa(ch));
3Pa(a(ab)) = 3(Pe(a(ab)) T Pa(e(ab)) T Pa(a(ch)))-

Putting it all together gives:

[0bPePaz + 200PaPac + 2bPcPe + 2PbPaPePa + 2PbPaPe + PoPeaz + 20bPa(ac) — APcPbPaz
~8paPbPac—8PcPbPa—8PaPbPePa—8PaPbPaPe—4P (ca2)p—8P(a(ac)bT12PaPePsPat120cPapbpa+ 1207 pope
+6pcpa26+120aP(caypH6Pe(a26)+120a((ac)b) —3PePaPb—3PaPePaPs—3PaPePs—3PcPaPab—3PaPcPab—3PaPch

— 3PcPa(ab) — 3PaPe(ab) — SPaPa(ch) — 3Pe(alab)) — SPa(c(ab)) — SPa(a(eby)](m) = 0. (10)

If we put a = e in (10) then

[obPePe2 + 2pbPepec + 2pbPepl + 20uPePePe + 2pbPePe + PoPec? + 2PbPe(ec) — APcPbPe2
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—8DepbPec—8PePbPr—8PePbPePe—8PePbPePe—4P(ce2)p—8P(e(ec) b 12Pe PePbPet12pcpepbpet1207 phpe
+6pcpe2p+120eP(cepyH6Pc(e20) + 1206 ((ecyp) —3PcPiPb—BPePePePb—3Pz PePb—3PcPePeb—3PePcPeb— 3P Peb
— 3PcPe(eb) = 3PePe(eb) — PePe(ch) — Pe(e(eb)) — Pe(ceb)) — IPe(e(eb))] (M) = 0. (11)

We will demonstrate (i) and (ii) by taking a,b € Ay and m € M), with A € {A\, \o}. If

M = My,,1 = 1,2, we have p. = Njidys. By replacing b,c € A; and m € M in (11) we
obtain:

[APsPcA2AP6PeA20° Do P+ 202 PP+ 202 phpet-Popet205Pe—ANPePb—8Apbpe—8N pepp—8A° pope
— 8X\?pupe — 4peh — 8pch + 1202 pepy, + 1202 pepy, + 120% pype + 6pepy + 12X pe + 6pcs + 12
—3X2pepy—3Npepb—3N2 pepb—3APePb—3APepb—3A P —3pepb—3APeb—3Apeb—3Peh—3Ppeb—3pep) (m) = 0.

After reduction we have:
(2A% — B+ 3)pppe + (TA2 — 10X + 3)pepp + (=322 46X — 3)pey, = 0. (12)
Since 3A\% = 3\ — 1, then
1 1 1
3(Z9A+ Dpppe + 5 (=9A +2)pepy + 5(9A — 6)pey = 0.
(=9A+ 7)pope + (=9A + 2)pepy + (9IX — 6)pey = 0 (13)
By interchanging b and ¢ in (13) we obtain:
(=9A+ T)pepp + (=9A + 2)pppe + (9A = 6)ppe = 0 (14)
The difference between (13) and (14) gives:
50ppc — Bpepy = 0 < pppe = pepb (15)
So (14) becomes
320~ pepy + (3) — e = 06 —9Npp0 + (302 — 1)puy = 0.

hence
3 -1
PbPc = 9)\3 Pcb

Remark 4.10. Taking a,b € Ag and m € M), then replacing them in (11), we have:
(OX = 2)pppe + (9N = T)pepy, — INZpep = 0 (16)

Here again, by interchanging b and ¢ and then subtracting, we obtain ppp. = pcpp =
(a,b,m) = 0. On the other hand, here we have: pyp. = %pcb.
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